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I.      INTRODUCTION 

Since World War II, chaff, which is a code name for a col- 
lection of thousands of linear resonant dipoles, has been used as 
an effective passive ECM against pertinent threat radar systems. 
One generally recognizes at least two significant roles for chaff; 
first, self-protection as in the case of aircraft against fire con- 
trol radars, and second, in situations where initially sown dipole 
corridors saturate radar receivers and the corridors are subse- 
quently utilized as penetration aids.    Heretofore, the echoing 
area or the radar cross section of a chaff cloud has been calcu- 
lated by multiplying the number of dipoles by the so-called "tumble 
average radar cross-section" of a single dipole.    Estimates based 
on this simple model  have been poor.    Experimental measurements 
are between 2-50% of the theoretical value, depending upon the 
situation.    Furthermore, once certain dipole densities have been 
reached doubling or even quadrupling the number of dipoles show 
very little increase in echo area.    The significance of these dis- 
crepancies is that the simple tumble average model  is not satis- 
factory and it is high time one undertakes a more realistic study 
of the electromaqnetic scatterina and attenuation properties of 
chaff clouds.    To fulfill the requirements, the ElectroScience 
Laboratory under sponsorship of the Air Force Avionics Laboratory 
has undertaken a comprehensive study of the electromagnetic behavior 
of chaff clouds.    The effort has been conveniently divided into three 
phases of increasing complexity.    These are 

1. Scattering behavior of single length, i.e., one 
frequency, dipoles with moderate mutual coupling 
between the elements. 

2. Same as above but witn close coupling, even touching. 

3. Clouds of different dipole lengths, i.e., multiple 
frequency clouds 

The work performed under this contract emphasized (1), with some 
effort devoted to (2) and (3). 

The scattering and extinction behavior of large ensembles of 
particles has long been a subject of study in such diverse dis- 
ciplines as acoustics, quantum mechanics and electromagnetics [1]. 
Most work is based upon certain assumptions which make the problem 
analytically tractable, such as very small particle size, large 
spacing, no coupling or forward-neighbor coupling only, etc.    In 
their domains of validity, mathematical models based on such 
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assumptions have indeed been useful in treating particulate media. 
In the case of a chaff cloud, however, two features complicate the 
problem:    the particles are linear dipoles of lengths A/2 (resonant) 
or greater and therefore cannot be considered small; and during the 
early history of the cloud, before it fully blooms, these dipoles 
are closely spaced and strongly coupled electromagnetically. 
Furthermore, blooming implies non-stationary cloud statistics, and 
packaging configuration, dispensing technique and atmospheric con* 
ditions all influence the electromagnetic behavior of the cloud in 
time.    These and many other problems face the investigator who 
wishes to answer such questions as, "How many dipoles is optimum 
for a cloud in a given tactical situation."    "Is there a par- 
ticular shape or density or density distribution of a cloud that 
is preferred?"    "What are the expected scintillation rates?"    "Can 
one make a cloud bloom faster electromagnetically?"   These 
questions cannot be answered until we understand how a medium 
composed of many strongly resonant scatterers, which may be 
closely coupled, interacts with a radar wave, that is, until we 
can answer the basic question, "How does a chaff cloud scatter?" 

Many attempts have been made in the past to answer the above 
question, usually to obtain the spatial average backscatter at 
resonance for a cloud of dipoles "frozen" in time [2,3].   Ex- 
tensions were made to include nonresonant dipoles and dipoles 
with preferred orientations [4] as well as the dynamics of the 
dipoles [5,6,7,8].    In all instances, however, the effects of 
coupling among elements were not included In the analysis due to 
ensuing computational difficulties.   Only recently has it become 
possible to account for coupling, at least on a limited basis, by 
use of large digital computer techniques [9,10,11].    Although we 
shall never be able (or ever wish) to account for all inter- 
actions among the millions of dipoles in a typical chaff cloud, 
the present capability of handling 250 resonant dipoles gives 
hope of accounting for sufficient numbers of interactions to ob- 
tain an accurate statistical description of the behavior of any 
cloud. 
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The purpose of our work was to bring the computer to bear on 
the chaff cloud problem in order to investigate the limits of 
simplifying approximations, to support, refine, or replace simple 
models, to obtain and interpret statistical data, and, basically, 
to better understand the scattering mechanism. This final report 
describes results developed over the three year time span of the 
contract. Because the effort extended over such a long period, 
many of the earlier methods for generating scattering data were 
superceded by improved methods, but the results still remain valid 
and valuable for the inferences that can be made from them. Thus, 
many of these early results, reported in Reference 12, are pre- 
sented here as well to provide a complete and integrated overview 
of the effort. 
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The main chapter of this report, entitled. Technical Discussion 
and Results, is divided into several sections. In Section A we 
discuss the concept of a frozen cloud as a useful chaff model in 
the absence of realistic lime varying data; in Section B (and 
Appendix A) are discussed the statistical quantities we have used 
to describe the radar cross section of a chaff cloud. Section C is 
a lengthy one which itself is divided into several parts: Introductc 
Remarks. which is intended to provide a very brief and general dis- 
cussion of the method of moments (more details appear in Appendix B) 
by which the integral equation describing the electromagnetic chaff 
interaction problem is reduced to a set of simultaneous algebraic 
(matrix) equations suitable for processing by digital computer; 
Direct MethodsP which describes the most commonly applied techniques 
for solving the above-mentioned matrix equations, such as the method 
of Crout; Sparse Matrix Methods, which describes special algorithms 
which are useful if the matrix is large and is sparse, i.e., has 
many zeros in it; i.e., weak coupling between chaff elements, and 
Indirect, or Iterative. Methods, which appear to be useful for large 
matrices, i.e., large numbers of chaff elements, without the as- 
sumpticn of sparsity. Typical results, as derived by each method, 
are presented in appropriate sections, together with a discussion 
and conclusions inferred from those results. In some instances 
verifying experimental data are also given to support the com- 
putations. Computer programs used to generate the results, either 
by the direct, sparse or iterative methods, t?.re documented in Ap- 
pendices D, E and F, respectively. 

The primary emphasis during the contract was the investigation 
of clouds of resonant (half-wave) dipoles which were nut "too 
closely" spaced. Some effort was expended to better define what 
"too closely" means in terms of the computer models used in our 
work, and this is discussed in Section D of Chapter II. Section 
E is addressed to chaff clouds containing multi-length elements 
for purposes of broadbanding the chaff echo to meet threats over 
a range of frequencies. Section F is devoted to experimental 
results. Although the bulk effort was primarily computational, 
some experimental data were recorded to verify the computed 
results and to observe certain scattering and extinction behaviors 
of moving dipoles in numbers much greater than can be handled by 
computer (^8000). These and other experimental efforts are reported 
in this section. 
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Section G of Chapter II is on a topic somewhat divorced from 
that of chaff cloud scattering characteristics.    In it we present 
an initial effort to investigate the aircraft-chaff cloud-tracking 
missile intercept problem.    Many of the parameters of this problem 
are unknown, such as location and motion of scattering centers 
from a particular aircraft as a function of its maneuvers, the 
precise aerodynamic and electromagnetic behavior of chaff clouds 
spawned by the aircraft, and the range and tracking behavior of 
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the missile radars under such complex returns. Although these 
quantities were assumed in this study, it is anticipated that the 
approaches suggested here will become very useful for computerized 
simulation studies when more accurate input data become available 
through diverse research programs. More detail is given in Appendix G. 

Chapter III concludes the body of the report with an overall 
discussion of our findings and suggestions for future effort. 

Six appendixes were already alluded to. One additional appendix (c) 
describes the Gaussianly distributed density of dipoles employed 
throughout most of the contract. In the late stages of our work 
uniformly dense clouds were preferred and their generation is 
briefly described as well. 
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II. TECHNICAL DISCUSSION AND RESULTS 

A. The Frozen Chaff Cloud Model 

It is appropriate to discuss the first fundamental assumption 
upon which all our work, be it by computer or by laboratory experi- 
ment, rests. This is the assumption of the "frozen" chaff cloud 
model. 

Scattering by a real chaff cloud is a stochastic process in 
the independent variable, time. At any given instant not only 
do we find the dipoles randomly positioned and oriented, but over 
a short interval of time they move and give rise to random fluc- 
tuations in the cross section (be it monostatic, bistatic, or 
foreward). Moreover, with the passage of time, the cloud evolves 
from a dense to a tenuous conglomerate of dipoles so that, viewed 
over a long interval, the stochastic scattering process appears 
nonstationary, i.e., its statistics change with time. 

In order to approximate the lower order statistics associated 
with a certain instant of time, one might consider an ensemble of 
similarly evolving clouds and take averages over this ensemble at 
the time of interest. This viewpoint leads us to the so called 
ensemble model, in which time is stopped at regular intervals, a 
"snapshot" taken of each cloud in the ensemble of clouds, and the 
ensemble average of backscatter calculated for each time sample. 
As time progresses and the cloud blooms, we assume the ensemble 
averages from each successive set of "snapshots" change and 
faithfully characterize the time average's behavior of a random 
cloud in evolution. 

The generation of a large ensemble of clouds and the com- 
putation of ensemble average backscatter, for example, as the 
clouds evolve in time is an expensive process, especially if the 
clouds contain many dipoles. Thus there arises the proposition, 
instead of generating many different clouds (requiring the cal- 
culation of mutual impedances among dipoles for each new cloud) 
to form an ensemble over which to average, can we more efficiently 
obtain an equivalent ensemble average by viewing the same cloud 
(requirinq the calculation of mutual impedances among dipoles 
only once) at many different aspects, then spatialIv averaging the 
back scattering cross section over all these aspect angles? As 
will be seen, the answer appears to be a qualified affirmative in 
that the spatial average backscattering cross sections for similar 
(i.e., same number of dipoles with same average spacing) but dif- 
ferent clouds do differ in general, so that it is not sufficient 
to spatially average only one cloud return and accept that as a 
good equivalent ensemble average. One must generate an ensemble 
of clouds, obtain a spatial average backscattering cross section 
for each and then obtain an ensemble average of these spatial 
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averages. The point being that, this latter ensemble is smaller 
than the former, thereby demanding fewer calculations of mutual 
impedances, etc. with resulting enhanced efficiency of computation 
(at least for large clouds). In all our work we obtain ensemble 
averages using this modified ensemble model, which we call the 
frozen model. 

Going one step further in the search for computational ef- 
ficiency, there arises the proposition, can we illuminate one or 
a few similar clouds from one. aspect (requiring the calculation of 
induced currents only once for each cloud generated) and average 
the bistatic scattering cross section over a range of bistatic 
angles and expect this average to be simply related to the 
ensemble average of backscattering cross section? Or further, 
can one relate the average of total scattering cross section to 
the ensemble average of backscattering cross section? The 
answer to both these propositions appears to be negative, or at 
least the relationships are not clear to us from the data we 
have generated. 

B. Representative Cloud Characteristics 

In the previous section, we discussed the frozen model of a 
chaff cloud as a substitute for the more complex time-varying 
model, under the assumption that the scattering characteristics 
derived from each model agree. The characteristics which we have 
in mind are, of course, statistical in nature and should be dis- 
cussed more fully so that the reader understands the results 
presented later. 

Viewed in time, the monostatic or bistatic echo from a cloud 
consists of an average return plus a scintillation term. The 
average is expected to change as the cloud blooms - a symptom of 
non-stationarity - but if its rate of change is slow with respect 
to the scintillation rate, the scattering process might be con- 
sidered stationary over small time intervals. With each such 
time interval, therefore, are associated a mean value, i.e., the 
time average radar cross section, a variance, i.e., the mean square 
of the time-varying component of the radar cross section, and a 
frequency spectrum of the cross section. The totality of all such 
sets of quantities taken during selected time intervals constitute 
a partial statistical description of the cloud behavior. 

By assuming a frozen model, appropriate to one of the above- 
mentioned intervals of time (i.e., with average dipole spacing 
appropriate to the time interval in the evolution of a blooming 
cloud), we substitute viewing angle for time as the independent 
variable and obtain a spatial average radar cross section. As 
mentioned earlier, it turns out that this spatial average radar 
cross section differs from cloud-to-cloud, so in the frozen cloud 
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model we assume an ensemble of clouds and obtain a distribution of 
spatial average radar cross sections. The ensemble average of this 
distribution of spatial averages is assumed to be equivalent to 
the time average radar cross section for the time interval of 
interest. From this distribution we also obtain a variance of the 
spatial average, a quantity which has no obvious meaning in the 
time-averaging process, but is useful for estimating a confidence 
level for the ensemble average cross section obtained from the 
frozen model. It may be that the variance of the spatial average 
is simply related to the variance of the random time process, 
but at present we have no supporting evidence since no time- 
varying clouds have been generated. 

The frequency spectrum of the frozen model is not expected 
to equal that of the time-varying cloud; it is useful, however, 
for estimating the minimum number of aspect angles at which to view 
the clouds in the frozen model, since a number smaller than this 
causes obvious aliasing of the spectrum. 

A more quantitative discussion of the statistical notions and 
notation employed in later sections of this report are presented in 
Appendix A. 

C. Computer-Generation of Scattering Data 

1. Introductory Remarks 

The second fundamental assumption underlying this work is that 
the generation of volumes of scattering data necessary for a 
statistical study of frozen models ultimately is more efficient, 
convenient and inexpensive by means of a computer than by laboratory 
experiment. Experimental data were considered essential to the 
contract, but primarily as verification of corresponding computed 
data. We leave discussion of the experimental aspects to a later 
section and here elaborate on the computer-generation of scattering 
data. 

The computer-solution of scattering by a cloud of coupled 
resonant dipoles is based on the reaction matching technique of 
Richmond [9]. This is a moment method of the Galerkin type, i.e., 
in which the testing functions and basis functions are identical. 
It assumes that each dipole is divided into P segments (P = 2 has 
been found to be satisfactory for the configurations discussed in 
this report), and a piecewise sinusoidal current of unknown ampli- 
tude and phase is assumed to flow on each segment. The coupling 
(i.e., mutual impedance) between each such segment of current and 
any other segment (or itself) can be expressed in the form of a 
reaction integral (i.e., an inner product integral) from which 
the method takes its name. The significant fact which makes the 
reaction matching technique particularly attractive is that all 
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these reaction integrals may be evaluated in closed form, thereby 
permitting the rapid determination of all the elements of a N x N 
impedance matrix [Z] (representing all self-and-mutual impedances 
among the M'dipoles in a cloud) whose inversion yields the desired 
dipole currents (I) induced by a plane wave (E) incident from 
any angle. This technique is well established and has been used 
to obtain scattering data for many wire obstacles. A more detailed 
description of the reaction matching technique is given in Appendix 
B. 
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With the assurance that the computer-generated scattering data 
are within the tolerance of experimental data, we turn our attention 
to the simulation of chaff clouds by the frozen model. Early in 
the program the N dipoles in a typical cloud were assumed to be 
resonant in free space, randomly oriented according to a spherical 
probability density function (i.e., all orientations equally likely) 
and randomly located according to a Gaussian radial density with 
average spacing d/A between dipoles. This average spacing was 
obtained by considering 76% of the N dipoles to be located within 
a sphere of radius 2.056, where 6 is the standard deviation of the 
aforementioned Gaussian radial distribution. The volume of this 
sphere is equated to the volume of a cube which itself is sub- 
divided Into 0.76N equal cubes, each of which is size d/X on an 
edge and,is considered to contain one dipole, yielding d/x = 
3.62 fT''3 6/x.  Appendix C contains the details of this in- 
homogeneous cloud generation. 

The aforegoing choice of a cloud tapering from a dense 
central region to tenuous edge blending with free space seemed 
logical in the beginning. An actual chaff cloud might be ex- 
pected to display such an inhomogeneity; furthermore, a uniformly 
dense cloud, for high densities, might be expected to exhibit 
a coherent scatter from the abrupt free space-cloud interface as 
well as an incoherent part. Our choice of a tapered density re- 
duces the coherent part, which is desirable since this part 
would be dependent upon the exact shape of the cloud, which in 
the actual case is unknown and changing with time. At the same 
time, however, the tapered density suffers drawbacks. The 
parameter which we used to describe the tightness of the dipoles, 
d/x, or "average spacing", is an average over a substantial part 
of the cloud. The average spacings are much smaller than this 
number near the cloud center and much larger closer to its 
edge. As the program progressed, it became clear that it would 
be better to assume clouds with uniform densities so that trends 
in the various methods, such as the sparse matrix and the iterative, 
could be correlated with respect to a more uniquely defined average 
spacing (or density) parameter. The details of the homogeneous 
cloud generation are contained in Appendix C. 

LJ 

Q 



  ■lJ,u...i.ai,...lJ.M.W^>''' -.: I- ■--■-''^"'■-■■" ■■^' ^-....'i- ..  -r—- ■■       ,      -    - .  .,.......,..,,-.. 

u 
D 

m 
«r 

We state here once and for all that, except where noted, all 
results appearing in this report are based on the Gaussian radial 
distribution for the cloud. The reader will find uniformly dense 
clouds assumed only in the section describing indirect methods. 

2. Direct Methods 

(a) Theoretical Considerations 

As discussed above, and in more detail in Appendix II, the 
electromagnetic scattering problem can be transformed via the 
method of moments into an N x N matrix equation of the form 

(1) ZI 

where the right hand vector V is known from the direction, 
polarization, and strength of the known incident plane wave and 
the elements of the Z matrix can all be calculated using 
reaction matching. The problem is to determine the current 
vector I, each component of which is the current I induced on 
the nth chaff dipole. 

A direct solution for nonsingular Z can be expressed in 
terms of the inverse matrix Z-l; i.e.. 

(2) I = Z^V 

However, the solution process may or may not include actual com- 
putation of the inverse. Practical examples of solutions ex- 
pressible in the form of Eq. (2) are Gaussian elimination and LU 
decomposition. Both of these methods are based on triangular!- 
zation of Z; Gaussian elimination yields one solution per 
triangularization whereas, LU decomposition yields any number of 
solutions for different right hand side vectors. LU decomposition 
represents a class of compact methods including the Crout, 
Doolittle and Choleskey methods [37] which do not require storage 
of intermediate matrices during triangularization as does 
Gaussian elimination. Final elements of the triangular form 
are obtained by accumulation and when done in double precision 
arithimetic and rounded to single precision before storage, 
solutions by any of these methods will contain a minimum of 
roundoff error. Solutions to certain electromagnetic problems 
require repeated responses to variety of excitations. LU de- 
composition methods are well suited to this requirement and are 
probably the most widely used in electromagnetic computations. 
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Successful decomposition or factorization of a matrix is 
based on the LU theorem.   The theorem is stated as follows: 
Let Zk represent the kth principal submatrix of Z, formed by 
eliminating n-k rows and columns from Z.    If 

I 

(3) det Zk / 0, k = l,2,..-n-l, 

then there exist two unique triangular matrices L = [«-fj] and 
U = [uij], with L the unit lower triangular (i.e., ones on the main 
diagonal and zeros above the diagonal) such that 

(4) Z = LU 

P 

and 

(5) 
n 

det Z -Tfu., 
i 11 

The U matrix in this case is the same upper triangular matrix ob- 
tained by performing Gaussian elimination and L is related to 
the sequence of matrices M^, k=l ,2,..-.n-l, which accomplished this 
triangularization. Details of computing elements of L and U are 
left to Appendix I of Reference 38. Equation (1) can now be restated 
in factored form as 

Q 

Q 

0 

Ö 

«OS H 

(6) LU I = V 

and the solution is computed by setting 

(7) UI = I 

in Eq, (6) and solving the resulting triangular system for I by 
forward substitution. This solution is then substituted back 
into Eq. (7) and the final triangular system is solved by back- 
ward substitution. These forward and backward substitutions are 
the only calculations needed for other solutions to the same sys- 
tem with different E (excitation) vectors. The factored form of 
Z defined by Eqs. (4) and (5) is referred to by Westlake [39] as 
Doolittle decomposition. The familiar Crout decomposition as 
described by Westlake performs lower triangularization on Z and 
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U becomes unit upper triangular. Choleskey's method, or the 
square-root method, requires Z to be at least symmetric. Fac- 
torization in this case leads to the form 

(8) Z = GG' 

(T denotes transpose) with the determinant given by 

N     2 

(9)    det Z = 7f (g.-T . 
i=l  11 

Gaussian elimination along with the Crout and Doolittle methods 
generally gives better results when a column reordering strategy is 
used on Z(K) to position the element of largest absolute magnitude 
in the kth row in the pivotal position (diagonal) at the kth step 
of the triangularization process. Choleskey's method, on the 
other hand, does not require this repositioning strategy when ap- 
plied to positive definite matrices. The EM problems treated in 
this study result in complex symmetric (nonhermitian) matrices and 
in general this partial positioning process should be included. 
Experience has shown, however, that for most EM problems solved in 
this manner, sufficient accuracy is obtained without pivoting in 
spite of the indefiniteness of the coefficient matrix. Elements 
along the main diagonal generally are larger in magnitude than the 
off diagonal elements which no doubt contributes to this char- 
acteristic. 

The size of a particular computer's fast access memory along 
with growth of roundoff accumulation are inherent limitations of 
these methods. The size problem can be overcome to a certain extent. 
However, unless precision is also improved, roundoff must eventually 
obscure acceptable solutions. One method for studying conditions 
which affect solution errors is to compute a relative error bound 
for the solution algorithm being used. Relative error is ex- 
pressed in the form 

(10) Relative Error I-I 

IIIII 

where I and I represent the exact and computed solutions, 
respectively, to Eq. (1) and ||>{| signifies an appropriate 
vector norm. Definitions of useful vector and matrix norms 
are given in Appendix C of Ref. [38]. 
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Error bounds naturally tend to be conservative and are often 
considered useless for this reason. Nevertheless, bounds con- 
sidered in proper perspective can yield information otherwise 
unavailable to the user. Computation of a bound based on the 
number of unknowns (N), the algorithm, and the precision, may reveal 
trends which can bring confidence or a note of caution into play 
and is justified if only to indicate such a trend is possible when 
pushing the limits of a particular machine's size and accuracy. 
More discussion of condition numbers and error bounds appears 
in Ref. [38]. 

(b) Calculated Results for Chaff Clouds 

Using the computer routines based upon the method of Crout 
and documented in Appendix II of Reference 12, clouds with N = 10, 
15, 20, 25, 30, 50, 100, 150, 200 dipoles were considered for 
average spacings, d/x = 0.5, 1.0, 1.5, 2,0. Not all combinations of 
(N, d/x) were investigated equally intensively since computations 
for larger N values are time-consuming and certain trends could be 
discerned without them. Most work concentrated on clouds with 
N <_ 30, and on the backscattering cross section. Figures 1-4 show 
the average backscattering cross section <ain> of the mth cloud in an 
ensemble of M = 29 clouds in the frozen model, where 1 < m < M. 
These figures give data for clouds containing up to N = 30 cTipoles 
and average spacings d/x = 0.5, 1.0, 1.5, 2.0. As expected, the 
values of <am> distribute themselves over a range (note that where 
the density of dots in Figs. 1-4 is high, they are plotted aside one 
another), so it is appropriate to present an average value of the 
<am>, which we denote by <ä>. This has been done in Figs. 5-8, 
where <o> is represented by a point. For the cases, N = 10,30, which 
were investigated more_extensively, the ranges which enclose 95.45% 
of all the values of <am> can be represented by a vertical line (ex- 
tending from <a>-2 Smean to <a> 

+2Smean)i where Smean is the standard 
deviation of the distribution of <am>. The details of the distri- 
butions of <am> are discussed more fully in Appendix I; here, it 
suffices to say that these curves give some idea of the expected 
cross section from a cloud of chaff with coupling as a function of 
number of dipoles and average dipole spacing (i.e., dipole density). 
In Figs. 1-8, each straight line represents the ideal case of no 
coupling, in which case the average cross section of N dipoles is 
expected to be simply N times <0o>i the average cross section of a 
single resonant dipole.* If the average cross section of a single 
resonant dipole is defined to be the cross section of that dipole 
averaged over all possible tumble angles, equally weighted (spherical 

ti 

i ■ 

a 

♦Actually, this straight line is an approximation strictly valid for 
uniform density clouds.    However, for the non-uniform clouds 
considered here, it is an extremely good approximation, 
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probability 
to about 1 
<ao>^0.15X 
spacing of 
values of < 
theory may 
values of < 
the decoupl 
for N > 30, 

density function for orientation), then <a0> is equal 
5 times the maximum cross section of the dipole, or 
.    From these curves it is evident that with an average 
d/x = 2,0, the curve N<ao> fairly well predicts the 
ö>, implying that coupling effects are weak and decoupled 
as well be applied,    ßut as d/x decreases below 2.0 the 
0> drops below those predicted by the curve N<Og> for 
ed dipoles.      Although fewer clouds were investigated 
the same trends persist, as indicated by Figs. 9 and 10. 

Although most data generated were of backscattering cross 
section, some bistatic scattering cross sections were investigated 
as well.    Figures 11-14 present results for rather dense clouds 
(d/A £ 0.59) and bistatic angles ß = 0° (monostatic), 45°, 90°, 
135° for vertical-to-vertical and vertical-to-horizontal polari- 
zations.    Computed data appear as circles and measured data appear 
as solid dots.    (The methods used to obtain the experimental data 
are described below).    Again, the straight lines N<ao(ß)> 
represent the ideal case of uncoupled elements, where <a0(ß)> is. 
the tumble average bistatic cross section a single resonant dipole, 
calculated according to the formula, 

(ID <ö0(3)> 
2 2 

0.05A [1+2 (cos a., cos a   + cos ß sin a.  sin a ) ] 

u 

* 

where at and ar are the angles of the polarization vectors as 
shown in the accompanying sketch. In every case, we observe the 
same phenomenon - coupling effects a decrease in average cross 
section for both polarization combinations and all bistatic 
angles. 
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Figure   1.    Calculated average backscattering cross sections for ensembles 
of clouds containing N < 30 dipoles with an average spacimi 
d/x = 2.    Straight line"represents decoupled dipoles. 
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Figure 2 Calculoted average backscattering cross sections for enserribles 
of clouds containing N < 30 dipoles with an average spacing 
a/A = 1.5.    Straight line represents decoupled dipoles. 
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Figure  3.    Calculated average backscattering cross sections for ensembles 
of clouds containing N <_ 30 dipoles with an average spacing 
d/x = 1.0.    Straight line represents decoupled dipoles. 
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Calculated average backscattering cross sections for ensembles 
of clouds containing N <_ 30 dipoles with m average spacing 
d/x = 0.5.    Straight line represents decoupled dipoles. 
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Figure 5.    Calculated ensemble averages of the spatial averages shovui in 
Fig. 1.    Straight line represents decoupled dipoles. 
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To obtain the bistatic scattering data of Figs. 11-U up to 
800 polyfoam spheres, each containing a dipole, were enclosed in a 
polyethelene bag which was rotated by means of strings. Horizontal 
polarization was transmitted to minimize string reflections and as 
the bag was rotated a cross section pattern was recorded and automatically 
averaged. Between runs, the bag was jostled to form a new cloud 
so thai, a variance could be observed for the average return. 

Figure 15 shows the calculated spatial average backscatter 
as a function of frequency of four particular random clouds of 
N = 30 dipoles each. In this figure, vertical-to-vertical polari- 
zation is assumed and i/x  is the electrical length of each dipole 
which is varied through the resonance region. The curves marked 
N<ao> is for the ideally decoupled case and the other curves are 
for average spacings for each cloud of d/x = 2.0 and 0.5. As 
expected, the closer spacing reduced the backscatter, but it does 
not significantly change the frequency of resonance. This result 
leads us to conclude that it is fruitless to seek a chaff cloud 
which blooms to a higher value of radar cross section than ex- 
pected early in its evolutionary history by cutting the dipoles 
to any length other than the free space resonant length. 

3. Sparse Matrix Methods 

(a) Tiieoretical Considerations 

In addition to the gathering of computed and measured data 
to obtain averages of backscattering cross sections, some effort 
has been directed at alternative methods for solving large matrix 
equations. The reaction method of Richmond leads to kernel matrices 
of the order N x N which effectively must be inverted by one method 
or another. Using Crout-type methods just discussed and a large 
scale computer limit N to about 250; if more dipoles than this are 
of interest other methods must be sought to overcome the storage 
and time problems. In this and the following section we discuss 
two methods which we investigated - sparse matrix and iterative 
techniques. 

Before launching into a discussion of these techniques, it is 
appropriate to enquire why ore is interested in larger numbers of 
dipoles, especially since informaton concerning far scattered 
data are more easily derived from smaller clouds. The answer lies 
in the intent to characterize a chaff cloud by more than its 
average cross section, in particular, to calculate the fields inside 
a cloud as a function of depth of penetration and obtain some 
insight to the extinction and phase shift incurred. In order to 
obtain a substantial depth, it may be necessary to account for 
more than 250 dipoles, in which case new computer methrds .^re 
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necessary. Such information would be useful for estimating the 
thickness of a layer of dipoles beyond which additional dipoles 
add very little to the average backscatter. 

The solution to the problem of scattering from a cloud of 
N dipoles involves a system of N equations in N unknowns. Each 
of these equations contains N tsrms. Since all N^ terms must be 
stored, even large computer systems run out of fast-access memory 
for relatively few (N < 300) dipoles. In order to study larger 
clouds, some means of reducing the number of stored elements is 
required. 

The terms in the equations relate to the interaction (mutual 
impedance) between pairs of dipoles in the cloud. For dipoles that 
are widely separated or nearly perpendicular to each other, the 
associated mutual impedance can become quite small. If some 
threshold level is chosen for the magnitude of the mutual impedance 
and all mutual impedances below this threshold are ignored (i.e., 
set to zero), an approximate solution to the scattering problem 
may be obtained. The often-used assumption of completely in- 
dependent dipoles is an extreme example of this type of approxi- 
mation. Systems of linear equations of this type (i.e., where 
each equation contains only a few terms) may be solved by what are 
known as sparse matrix methods. 

Sparse matrix methods are similar to other techniques (e.g., 
Grout, Gauss reduction), except that only non-zero terms are stored 
and only operations involving non-zero terms are performed. Thus 
they are faster and require less storage when applicable. 

In order to determine whether such an approximate solution 
can be used for studying chaff clouds, a few tests were run using 
standard solution techniques (i.e., without implementing the time- 
and storage-saving algorithms) for several values of the threshold 
mentioned earlier. In this way the applicability of sparse matrix 
techniques could be determined before effort was expended to 
develop specialized computer programs. 

Setting the threshold to a value equal to }Q% of the magnitude 
of the dipole self-impedance resulted in a satisfactory percentage 
of zeros (nearly 80%) in the impedance matrix for several test 
clouds. The bistatic scattering patterns of twenty thirty-dipole 
clouds (with d/x = 0.5) were calculated using both the full im- 
pedance matrix and the sparse matrix obtained with the 10% thresh- 
old described above. Each pattern was averaged over 360° of 
bistatic angle and for each cloud the average obtained using the 
full matrix solution was compared with the average obtained using 
the sparse matrix solution. The percentage error for each of the 
twenty clouds is listed in Table I (where a + error means the 
sparse matrix yielded an average higher than did the full matrix). 

25 

: 

^ä«»»p^',^**:^^ 



'■■ "i-       ■   • mmm$mmmBiimsmm -. fw . imm^m§Mwmm«mim riuvWpi..i>iiiu.  „     111 Ulli WIIUUII 

UX1 3A08V aP)NOIJ.03S-SSOW0 30Va2AV {(8^)^) 
» H - 

tn r— 
O) o 

r— Q. 
JD r- 
E •u 
O) 
C^) .T3 
C Uj 0) 
<u •   | — 

o c 
M- 1 3 
o Ln o • o 
tn O Oi 
c ■o 
o <?i 

•r— i^ 
+J r< +J 
o ■ ">. c 
O) X) <u 
to 10 

to 0) 
CO en s- 
to c Q. 

£' ■f— 
o 2! 

o n3 
Q. O) 

OJ to c 
CT> • r— 
nj QJ r— 
t. CD 
<u (O ■»-> 

> 5- ^: 
fO 01 05 

> »I»» 

1— <0 fO 
OS s- 

JC ■!-> 
+J +-> LO 
(O •f— 

Q. S 
(/I • 

to ^-^* 
O) Ol CD 
^: r— to 
+-> o 10 

o. o 
4- ■^ 

O T3 O 
•r— 

to O +J 

i O (Ö 
00 +-> 

r— (/) 
«3 V o > c 

z: Q 
•X3 c^ 
CJ V *w 

■!-> 

(C O o 
g— Lf) O 
3 
O cn II 

c: CO. 

IT) •r— 
(J c QJ 

• r- r—- 
TJ .r ,   CO 
C +J • c 
fO c 

c 
: to 

-o o o 
cu *i— 

i- f !    +J 
3 -C 1     it 
u-, -   3 -*-> 
K O   i/l 
O) i— •r- S oca 

> 

>':.! 

) 

Ü 

e 

26 

■^'^■■i ■' .     , ■..■■ 

'L^;i.a>»v...j;.-..f.:.uu.;.. t-B»«^,    ,:..■   '„ ^ v-,:'.-■, .w. .t' - ■JO'   .■■■■■x.:.':;k....- 



^IPiWBJffP^iPiMWtpP^l!1 .-..^-r-r^r*". ,.. Illttfusm i i i ijiiuvn.. ujguMLMiiLmiMii.HHivi.ii uuiilia JH. 

■*■""*' 

i! 

i. 
n D 
J 

(-. 

Q 

0 

0 

X MC 

o 
CM 

o • 
o uo 
CO o 

i 

4- • 
o o 
in e\ • 
<u to 

^< a» 
J3 "^^ r— 
E TJ   O 
CU CL 
iSI V) •!- 
c DTO o 

o 
0) c 

•i- T3 
u ai 

* ^* o 03 r— 

(0 D. a. 
1/1 W   3 
c o 

-1 
o 

o a; u 
•f* Ol 0) 
+-> « "O 

Q. o 
ai 

s_ 
QJ   10 

"■■• m > 4-> o <o C 
co HI 

u. t/i ^: to 
o 

2 o. o o 
o cc CU u, JÜ 
CM UJ ai at 

(T3 !—    <U 
ÖD s- o c: 
s gj Q.-r- > •l— r— 

ro "O 
4-> z r— O JC 

(O O   O) 
■—' •r- 00 -r- 

•M ro z «3 V   1- 
Q. +J 
l/l Z C^) 

o <U V • 
o 4-> O O 

jo o io o 

{z\\ l'ÄOav 8P) NOIiOBS-SSOdO   39VM3AV-((6f) -o) 

27 

«4- ^r- 
o o> II 

c  CQ 
t0  •!- 

i— (0 cn 
na -^ c > c <a 
-o 8 o 
S to Xi 
3 o « 

»a o to 

C^J 

01 
s- 
3 cn 

-^u.-.T-.r..-T^ rT*~T 
iiMiyftiTäiihyiiiariiirtt      >• <&•«     ^ifci&Ä.^ 



mir.J!u,^JRSi#»-,4up§(t,i^--—~--         .•.'#W*«t,.PI|«il«!*,IW*UIMJ.>UlllJi 

t? ri 

• «I 

>••>♦ 
' " X 
X 1 

1 > 
I ••— 
— K- 
z 
o 

Z 
UJ 
z 

H o 
< a. 
N 2 

o 
IK o 
< 
-J o 
O LÜ 
a. N 

LU QC 
w < 
z 
UJ 

-1 
O 

w a. 
UJ 
2 O 
< a: <o o 
• X 

xx«>* 

o 
o 
00 

o 
o 

V) 
UJ 
-i 
o a. 

is 
a. 
ui 
ao 

Z 

O 
o 

•»•XXX L o 

iz\\ 3A08V BP) NOI103S-SS0a0   39Vd3AV~(C^) JO) 

QJ 

3 i 
ui     • 

QJ     • 
O 

<*-    I 
o in 

4->     r< 
U ' 
<U t2   o 
in       a. 

IS) -i- 
C71t3 
c 

•r- X) 
<,J  o» 
(O r— 
D. CL 

Ü 
Q)   O 
cn (D 
(O XJ 
i. 

> 
to 

to 
to 
o 
i. 
(- 

OJ 
CD 
(O 
s- 
QJ > 

is> 
4-) 

•i- x: 
■*-> +J 
(T3 •■- 
Q. X 
to 

to 
<u 01 

1/1 

tu 
+-> o c 

O XI 
■M 

to O JC 
0)0 0) 
3 00 -r- 

i— .(O 
(0   V   S- 
>     +J 

a: t^ 
X) 
O)   V 

4-> 
CO O o 

i— in O 
3 <T) 
U   CT1 II 

<—   C   O" 

u c a 
XJ (O CD 
t= 4->   C 
ns c « 

O 
T3   (J   O 
O) •!- 
S- W 4-> 
3 XJ (T3 
l^ 3 +J 
(O   O   10 
0)1 r- 
s:  O CO 

28 

3 

».>*gä*jl^^MMä£HM: 



s. 

-- 

u* V 

w 
1    "SIB^^pSKH 

0 
1 D 
■ 
1, 

*«* 

1 
L 

Ü 
i 1 

1 1 

i 

( 
i 

i 
■ 

1 
«—i 

f \ 

0 
\ MJ 

PBWSSII« _r._^_r^ B»!,iM4m^AWJ#i-'-^iw.J!»siiw»wJ.!,.iii|J|iHi^w.i    ■". m-' J^)^ll^^^AWW^ly«»iM#Wl^p^|^|iW■^'^lll■l■^| ^« 

n 
\ i 

0 
I 

-#«• ><->•< 

o 
CM 

to 
<u 

o 
o 1 

OJ a» 

a
c
ti
o
n
s
 
o

f 
en

s 
d
/x
 

2L
 0

.5
-0

.6
. 

p
o

le
s.

 

o U1          -r- 
in "U 

o 
(0 ro

ss
 

ci
n
g

 
le

d
 

Ui O   (0   D. 

-1 Q. 3 
OJ   W   O o cn       O 

a. fO   CU   CD 
J-   OlX) 

mm 0)  n a 5- s- ui 
«j a» -t-» 

ÜL > c 
r—   (O   <U 

O (O          10 

o 
UJ 
ffi 

+J +3   C 

o 
CM 

to 
2 a) ai a; 

3 
x: i— c 
+J o-.- 

Z ^.^ *-* o -a +J 
z •S. io O  O) 

0) O T- 
3 00   ro 
r-           S- 
(0 v +-> 
>         CO 

Ü ■?* 

O 

d 
an

d 
c
a

lc
u

la
t 

c
o
n
ta

in
in

g
 

50
 

c 
a
n
g
le
 

6=
13

5°
 

O 
SI   W)  4-> 
3 "O   (0 

tf) W   3 +J 
(0  O   «^ 

(3XI 3A0av aP)NO1103S-SSOM0   39VM3AV-((6M -o) 

29 

_ '■ ■' ;   . 

QJ r— •!- 
S   O CO 

s- 
3 

s^'^MjiAMääAiMmmMmmkM mmt-.-,: .:* 



- ■ÜPP   •     -JUJIIIIIIIU 

M 

- CM — W 
O O O O 
3 3 3 3 
O O O O 
-I -I -I -I 
ü O ü O 

Figure 15. 

•o ^ ro CM — 

Average backscatter as a function of frequency 
of four random clouds, 

I 

1 



""^^-"^rwmmnm^^^fgf. . ^J.LJ.WWI ,    , i, Mp^iii^jjHIli J iji liui.«Wjl!iijiijiiMi|i»jW.ii|i.iii|i,w. wmimimmmmmi 

LJ 

U 

LJ 

n 

\*JJ 

i 

The average error was 5.3% and the average absolute error was 6.8%, 
well within tolerance levels of practical measurements. 

From these calculations it appeared feasible to further de- 
velop sparse matrix programs for use on chaff cloud scatter calcu- 
lations. 

TABLE I 

PERCENT ERROR IN BISTATIC AVERAGES CAUSED BY SETTING MUTUAL 
IMPEDANCES BELOW (0.1)   (Z^ TO ZERO. 

-4.2 +5.3 + 2.9 +11.9 +8.7 -3.2 
-7.7 +6.7 +10.0 +13.3 +13.8       +2.6 

+10.2 +5.5 + 4.8 + 3.5 + 4.3 

Sparse matrix methods require that a special scheme be used 
to index the stored elements of the matrix. Also most direct 
methods of solving systems of linear equations operate on the 
matrix to produce a new matrix which in general is not sparse even 
though the original matrix was sparse. Sparse matrix methods require 
that this new matrix be sparse as well. These two requirements 
have been approached and formulated in a variety of ways [40-45]. 

The approach used here is that given by Berry [44]. The off- 
diagonal non-zero elements of the upper trianagular portion of the 
matrix are stored consecutively in linear array U. The diagonal 
elements (which are all non-zero) are stored in a linear array D, 
Two pointer arrays II and J are used to index the array U. II(K) 
contains the starting location of row K in U and J contains the 
column indices of the elements in the same order as the elements 
as contained in U. An example given by Berry [44] should help 
cUrify this scheme. For the matrix Y given below, the arrays 
would be as follows: 
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11(1) 

11(2) 

11(3) 

11(4) 

= 1 

= 3 

= 5 

= 6 

0(1) = 3 

J(2) 

J(3) 

J(4) 

5 

3 

4 

U(l) 

U(2) 

'13 

'15 

11(5) = 6   J(5) = 4 

U(3) = y^ 

u(4) = y24 

U(5) = y34 

D(l) = y^ 

D(2) = y22 

D(3) = y33 

D(4) = y 44 

D(5) = y 55 

A specialized matrix decomposition known as the "square root 
method" [46] is used to solve the system of equations. This 
method is similar to those associated with the names Gauss, 
Crout, Doolittle, Cholesky, Banachiewicz, etc. [47]. 

Before decomposition, the algorithm given by Barry is used 
to determine a renumbering of the unknown (pivoting on the diagonal) 
such that the number of non-zero elements in the auxiliary matrix 
produced by the decomposition is reduced. The advantage of this 
renumbering is easily seen in a couple of examples. Figure 16 shows 
the structure of an 11 by 11 matrix and its auxiliary before re- 
numbering. Crosses represent non-zero elements occuring in both 
the original matrix and its auxiliary. Zeros represent non-zero 
elements occuring only in the auxiliary matrix, i.e., non-zero 
elements that were introduced by the decomposition. Blanks repre- 
sent zero elements occuring in both the original matrix and its 
auxiliary. Figure 17 shows the structure of the matrix after 
renumbering and the structure of the auxiliary of this new matrix 
in the same wey. The renumbering used was as follows: 

original unknown no. 

new unknown no. 

12345f789    10    11 

197652384    10    11 

The structure of Fig.  17 may be obtained from that of Fig. 
16 and the above table.    For example:    to generate the seventh 
row of Fig. 17, first note that the seventh unknown in the re- 
numbered system was the third unknown in the original system. 
This means that the third row of the original matrix is the 
seventh row of the new matrix.    Columns have also been inter- 
changed according to this same renumbering so that Z33 -». Z77. 
To fine the other elements in the new seventr row, note ir, Fig. 
16 that the off-diagonal elements in row 3 are Z34, Z35, and 
Z38 and convert both subscripts as given in the table^to obtain 
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I 11 
10 

i it u 

1 2 3    4 5 6 7 8 9 10 11 

1 X X X 

2 X X X 

3 X X X X 

4 X X X X 

5 X X X X 

6 X X X 0 

7 X X X X 0 

8 X X 0 X X X 

9 X X X X 0 

10 X X 0 X 0 X 0 

I" X X 0 1 x 

Fig. 16.      The structure of an 11  x 11 matrix and its auxiliary before 
renumbering.    Crosses are non-zero elements occuring in both 
matrices; zeros are non-zero elements occuring only in the 
auxiliary; blanks are zero elements in both matrices. 

0 

Q 

n 

1 2 3 4 5 6 7 8 9 10 11 

1 X X X 

2 X X X 

3 X X X X 

4 X X X X 

5 X X X X 

6 X X X X 

7 

8 

X X X X 

X X X X X 
9 X X X 

10 X X X X 0 
11 X X 0 X 

Fig. 17.    The structure of the 11 x 11  renumbered matrix of Fig. 16 and 
its auxiliary.    Symbols are the same as in Fig.  16. 
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z34 "*■ z76i z36 ■*■ z72» anc' z38 "* z78 which is the structure shown in 
Fig. 17. 

Figures 18 and 19 show the structure of a 28 by 28 matrix 
before and after renumbering in the same way. 

The renumbering used in this case was as follows: 

original    12       3   4   5 6     7     8     9   10    11    12    13   14 

new             9    18    24    22   8 20    14    21    27   15    19    16    13    17 

original    15    16    17    18   19   20   21    22   23   24   25   26   27   28 

new 25   28     7     5     4     3     2     1    26   23   10     6    11    12 

rS *$v 

The number of non-zero elements occuring in the auxiliary matrix is 
substantially reduced by the renumbering as may be seen by comparing 
the number of zeros in Figs. 16 and 18 with the number of zeros in 
Figs. 17 and 19. 

(b) Calculated results for Chaff Clouds 

In order to estimate the savings in time and computer storage 
requirements resulting from use of the sparse matrix algorithm, a 
study was made of these parameters using the ElectroScience 
Laboratory Datacraft 6024 computer and the Wright-Patterson Air 
Force Base CDC 6600 computer. 

In particular, it would be useful to obtain some estimate 
of the number of non-zero elements which are regarded as sig- 
nificant enough to retain and store. If we regard as zero any 
elements in the impedance matrix whose magnitude is less than 
10% of the magnitude of the self impedance (diagonal) elements, 
and we calculate the number of non-zero elements remaining in 
the upper triangle matrix (Table 2), we can obtain the percent 
of non-zero elements in the upper triangle (Table 3). The 
numbers presented in these tables are averages of values ob- 
tained from 10 randomly generated clouds for each combination 
of average spacing d/x and number of dipoles N. 
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Ij 
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I 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 

1 X X X 

2 X X X X X X 

3 X X X 0 0 0 X X 

4 X X X X X X 

5 X X X 0 0 0 

6 X X X 0 0 0 X X 

7 X 0, X 0 0 X 0 0 0 o 0 0 

8 X 0 0 X X X 0 X 0 0 0 X 

9 X 0 X 0 0 0 X X 0 X 0 0 0 0 X 0 

10 X 0 X X 0 0 0 0 0 0 

n X 0 0 0 0 X X X 0 X 0 0 X 0 o 0 

12 X 0 0 0 X 0 X 0 0 0 0 X 

13 X 0 X 0 X X 0 0 0 

14 X 0 0 0 0 0 X 0 X 0 X 0 0 0 0 

15 X 0 0 0 0 0 0 X 0 X X n 0 0 0 

16 X X X 0 0 X X 0 
17 X 0 X 0 0 0 X X 0 0 o 0 
18 X X X 0 o 0 0 

19 X X X 0 0 0 0 

20 X X X 0 0 0 0 
21 X X X 0 0 0 0 

22 X X 0 0 0 0 

23 X X 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 X X X 0 0 

24 X 0 0 0 0 0 0 X 0 0 0 0 0 0 X X X X X 0 

25 X X X 0 0 0 

26 X 0 X 0 0 

27 X 0 0 0 0 0 0 0 X 0 0 X 0 

28 X 0 0 0 X 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 X 

Fig. 18. The structure of a 28 x 28 matrix and its 
auxiliary. Symbols are the same as in 
Fig. 16. 
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0 

1 2 3 4 5 6 7 8 9 10 n 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 

1 X X 

2 X X X 

3 Kl X X 

4 X X X 

6 X X X 

6 X X 

7 X X X X 

8 X X X 

9 X X X 

10 X X X 

n X X X 

12 • X X X 

13 ■ X X X X 

14 
" 

X X X 

15 X x X 

16 X X X X 

17 X X 0 X X 

18 X X X X 0 X X 

19 X X X X 0 X 0 X 

20 X X X X X 

21 X X X 0 X 0 X 0 0 0 X 0 

22 X X 0 X X 0 X 0 0 0 X 0 

23 X X X X X X X 

24 X X X 0 0 X 0 X 0 0 

25 X 0 X 0 0 0 X 0 0 X 

26 X X 0 X X 0 X 0 0 

27 X X X X X X 0   0 0 X 0 

28 X : X 0 0 X t. li 0 0 X 

Fig.  19.    The structure of the 28 x 28 renumbered 
matrix of Fig.  18 and its auxiliary. 
Symbols are the same as in Fig. 16. 
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Figure 20.    Average number of noiwero terms in the upper 
triangle of the sparse matrix using 10% rule, 
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Figure 21.   Average number of non-zero terms in the upper 
triangle of the sparse matrix using 10% rule. 
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TABLE 2 

NUMBER OF NON- •ZERO TERMS IN UPPER TRIANGLE 

N 
d/A 50 100 150 200 

2.0 30 62 86 125 

Sparse 
Matrix 

1.5 

1.0 

62 

160 

130 

360 

190 

600 

260 

750 

0.5 550 1500 2800 3500 

I 

TABLE   3 

% OF NON-ZERO TERMS IN SPARSE MATRIX UPPER TRIANGLE 

N 
d/A 

50 100 150 200 

2.0 2.45% 1.25% 0.77% 0.63% 

1.5 5.06% 2.62% 1.70% 1.30% 

1.0 13.06% 7.27% 5.37% 3.75% 

0.5 44.90% 30.30% 25.05% 17.58% 

II 

TABLE 4 

m, THE NUMBER OF ELEMENTS IN A "SPHERE OF INFLUENCE" 

N 
a/x 

50 100 150 200 

2.0 0.6 0.62 0.573 0.625 

1.5 1.24 1.3 1.26 1.3 

1.0 3.2 3.6 4.0 3.75 

0.5 11.0 15.0 18.7 17.5 

If 
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influence" are found to be 2.35, 2.18, 2.07, and 1.73 for spacings 
d/X of 2.0, 1.5, 1.0 and 0.5, respectively. Although more data 
would be necessary to substantiate it, this variation in Rd/iA 
appears to be a linear increase with d/A, as shown in Fig. 22. 
The fact that the "radius of influence", ^d/x^t  decreases as the 
cloud becomes more dense, i.e., as d/A decreases, could be ex- 
plained by the increased shielding effect of the outermost elements 
from the center dipole of interest by those elements in-between. 
And the fact that the values of Rd/x/A exceed 2,0 for the larger 
spacings lends credence to our present analysis because previous 
data showed the dipoles to be essentially decoupled for these 
larger spacings, 

All the foregoing work is based upon the 10% threshold level 
below which a matrix element is regarded as zero. The question 
arises, how severely does this change the scattering cross spction 
and, in particular, the spatial average backs:atter from that which 
would be obtained using the full matrix? To show the effect of 
sparsing the impedance matrix we present in Figs. 23-26 backscat- 
tering patterns (same sense polarizations of transmitter and 
receiver for clouds containing N = 30 dipoles with two different 
average spacings, d/A =0.5 and 2.0, calculated on the 
ElectroScience Laboratory computer using th* full matrix and the 
sparse matrix (with 10% sp^rsing rule). We expect that the 
sparsed matrices for these clouds contain about 95% zeros when 
d/A = 2.0 and about 50% zeros when d/A =0.5. Of course, as N 
increases, these percentages will increase. A similar set of - 
calculations were performed on the Wright-Patterson Air Force Base 
CDC-ooOO computer for three different clouds containing N=200 dipoles, 
each 0.475 wavelengths long, and with average spacing, d/A=2.0. Figures 
27-29 compare superimposed backscattering patterns (same sense 
polarizations and cross polarizations of transmitter and 
receiver) using the full matrix and sparse matrix (with 10% 
sparsing rule). Figures 30-41 show similar patterns for two 
other clouds with N = 200, d/A = 2.0. We expect that the 
sparsed matrices for these clouds contain about 99.4% zeros 
(see Table 3). 

All these patterns, particularly those for the N = 200 
clouds, are interesting because they display three features worth 
mentioning. First, the patterns show differences in fine structure 
but are very similar in gross structure in all cases. Second, 
Figs. 25-41, all for average spacings d/A =2.0, show a 
recognizable repetition of the pattern every 180°, i,e., the 
backscattering pattern behaves about the same when the cloud is 
viewed from a selected direction or from the opposite to that 
direction. Furthermore, the patterns corresponding to the 
sparsed matrix show this symmetry even more than do those for the 
full matrix. This behavior is expected because in all these 
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cases, the clouds, are tenuous enough (i.e., dipoles are weakly 
coupled) and do not contain sufficient numbers of dipoles to 
exhibit significant extinction of energy from front to back of 
the clouds. If all dipoles were of resonant length and were 
perfectly decoupled, we would observe perfect symmetry of the 
patterns; our dipoles are of resonant length (making each one 
essentially a single mode structure with a 180° phase shift 
upon reflection from it, i.e., all diagonal elements of the Z 
matrix are essentially pure real), but they are not decoupled, 
upsetting the symmetry somewhat-. Sparsing artificially decouples 
many elements (95%, 99.4% as mentioned earlier), so we expect the 
sparsed results to closer approach the ideal, i.e., display more 
syrrmetric patterns than do the full matrix patterns. Notice that 
for the denser clouds. Figs. 23 and 24, where d/x =0.5, pattern 
symnetry disappears for full or sparse matrix solutions. Here, 
the strong coupling definitely upsets the symmetry and even the 
artifice of decoupling with a 10% rule does not decouple enough 
elements (only about 50% as mentioned above) to regain symmetry. 
A third feature, not directly observable from Figs. 25-41 but 
derivable from them, is the effect of sparsing upon the spatial 
average backscatter. Figure 42 presents bar graphs of average 
backscatter obtained from each of 10 different clouds with 
N = 30, d/x = 2.0, each calculated using full matrices and 
matrices sparsed by the 10% rule. Clearly, the average backscatter, 
even with the full matrix, varies from cloud to cloud, as expected 
from results presentee earlier, but the error incurred by using 
the sparse matrix is less than this variance, and results in a value 
for average backscatter which is slightly too high in most cases 
by a few percent. That it is too high and not too low is expected 
because sparsing results in a cloud which closer approaches the 
ideal decoupled cloud and our results have shown that coupling 
lowers the average echo below that for the ideal. Another mode 
of presenting the same effect of sparsing on spatial average back- 
scatter is shown in Figs. 43-45. For the three clouds containing 
N = 200 dipoles, the cumulative probabilities P(a/x2) of back- 
scattering cross section were calculated. The solid line in each 
figura is associated with the sparse matrix, the dots with the 
full matrix, and the crosses with the ideal decoupled case (calcu- 
lated from P(o7x2) = I - e-o/ZO; see Appendix I), The spatial . 
averages associated with the three algorithms are indicated by 
the vertical lines. Notice that all three mathematical algorithms 
infer that the backscattering cross section exceeds the average 
cross section approximately 40% of the time. 
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Figure 23. 0 -e hackscattering patterns as calculated ising the 
full and sparse matrix, cloud #1, d/x = 0.5. 
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Figure 43.    Cumulative probability function of backscattering 
cross section, cloud #1. 
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Figure 44. Cumulative probability function of backscattering 
cross section, cloud #2. 
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It is clear from what has been said previously that the 
sparse matrix incurs substantial savings in computer memory. 
But how about time saved? We may consider the time consumed 
(on the ElectroScience Laboratory Datacraft computer) by three 
separate operations: matrix setup time, i.e., the time taken to 
generate the Z matrix (""ements; reordering, i.e., the time taken 
to reorder the Z matrix JO that its auxiliary matrix will also be 
sparse; and backscattering, i.e., the time taken to calculate the 
backscattering cross section at one look angle. 

The number of elements in large matrices rapidly becomes 
exhorbitant, even taking into consideration the identity of all 
the diagonal elements and symmetry about the diagonal. Applying 
the 10% rule permits us to store only a few or less percent of 
these elements, but to apply the rule, all of them must be 
calculated. This takes a great deal of time. In order to reduce 
this matrix setup time, we appealed to the evidence of Fig. 22 
to create what we call a "sphere-of-influence" model. In this 
model we avoid the calculation of the vast majority of the 
matrix elements by superimposing on the 10% rule, a sphere-of- 
influence rule, whereby one calculates only those matrix elements 
representing the coupling of the dipole of interest to its 
neighbors lying within a specified spherical volume centered 
at the dipole, all other couplings being assumed zero. Figure 
46 shows the computer time saved by applying the sphere of 
influence rule as well as the 10% rule over the time taken by 
applying the 10% rule only. It is based upon averages of 20 
clouds of 100 dipoles each, and shows the time saved for 
assumed sphere of influence radii from 2.07X to 2.5x. The 
larger ehe sphere-of-influence, the smaller the time savings, 
of course. But the larger the sphere of influence, the more 
identical become the matrices sparsed by the two different rules. 
The number of elements which differ in the two matrices so sparsed, 
are presented in Fig. 46 as the percentage of the N2 elements in 
each matrix. Clearly, at about a radius of 2.4 , the two become 
identical, implying that the sphere-of-influence sparse model 
should yield backscattering patterns equally as good as those 
obtained from the 10% sparse model. Note that our average spacing 
of d/x = 1.0 is assumed for the clouds. Denser clouds would 
exhibit less time saving. Figure 47, also for fixed d/x = 1,0, 
indicates the time saving for a variety of choices of N, using 
2.07X and 2.5x radii for the sphere of influence. As expected, 
the time saving rises as N increases. 
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Figure 46. Time saving and element error vs sphere of 
influence radius using sphere of influence 
model plus 10% rule over the 10% rule alone 
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The foreging data reflect a very substantial time saving in 
matrix setup time with little penalty in echo area.    Evidence did 
exist, however, that the sparse matrix algorithm, even with the 
sphere of-influance rule built in, was time consuming.    This 
evidence was verified when a computation of an N = 500 dipr'e 
cloud with d/A = 1.0 the Wright-Patterson Air Force Base 
CDC 6500 computer overran its alloted time of 5000 seconds.    In 
order to investigate this time consumption mor? carefully on 
our own machine, a set of backscatter data were accumulated for 
one look angle with clouds of 30, 50, and 100 dipoles, each with 
average spacings of d/x = 0.5 and 1.0.    Twenty such clouds were 
considered 'or each case and average times obtained for +he three 
parts of the sparse matrix program.    The sphere-^f-influence 
plus 10% rules were applied to sparse each matr'x and the results 
tabulated in Table E,    The numbers do not represent real times 
but clock times on the ESL machine.      Time ratios are of 
importance here. 

J 

Jl 
TABLE 5 

CLOCK TIMEb OF THREE PARTS OF SPARSE MATRIX ROUTINE 
U 

d/x N No. of non- 
zero elements 

Matrix 
Setup 

Reordering 1  look 
angle 

Total time 

1.0 30 76 842 475 17 1,350 

1.0 50 rs 1,863 1,884 31 3,743 

1,0 100 343 5,033 17,410 76 22,534 

0.5 30 220 1,117 2,807 30 3,968 

0.5 50 500 3,069 21,277 66 ?4,449 

0.5 100 1 ,462 11,311 414,121 219 425,667 

In this table total time is the sum of tne previous three operations 
plus some small amount for inherent operations. The average number 
of nonzero elements in the upper right triangle of the Z matrix 
are also given. Clearly, with the sphere-of-influence rule 
applied, it is the reordering time which is preponderant and causes 
the sparse matrix algorithm to be so time consuming. In an effort 
to reduce this reordering, an attempt was made to partially 
reorder. The results, however, were not encouraging and the 
effort was terminated. 

The sparse matrix computer program used to obtain the fore- 
going results is documented in Appendix E. 
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Before turning to another topic we should point out one facet 
of the sparse matrix approximation as arrived at by the 10% and 
sphere-of-influence rule.   That is, these sparsing techniques 
are determined by the Z matrix alone; they do not take into con- 
sideraf'on the currents induced on the dipoles.    For example, the 
influence of the ith dipole current upon the voltage induced in 
the jth dipole is proportional to ZfjI-f, the product of the 
ijth matrix element and the ith current.   Simply setting z-jj to 
zero if it is smaller than 10% of ZU may not be rigorously ap- 
propriate if li is large.    However, the 10% rule appears to do a 
satisfactory job for obtaining the average backscatter.    If, how- 
ever, one is   interested in extinction of current through the 
cloud, the 10% rule or, even worse, ihe sphere-of-influence model, 
cannot be expected to yield good r-cc'ts for, by their nature, 
these approximations modify the coherent forward scaLt9>od wave 
as it proceeds through the cloud.    Sine? this is an important 
phenomenon dictating the extinction rate in the first few wave- 
lengths into the cloud, a better model would have to be devised if 
one is interested in extinction.    The indirect methods described 
below might serve such a purpose. 

4.    Indirect (Iterative) Methods 

a.   Theoretical Considerations 

Sections 2 and 3 have discussed direct and sparse matrix 
methods for solving the equation. 

(12a) ZI = V . 

I D 

In this section we discuss indirect methods, of which linear 
iteration forms a special class and which we will emphasize. 
In order to avoid ambiguity in notation, in this section we 
will rewrite Eq. (12a) as 

(12b) Ax = b 

and develop all pertinent equations in terms of A, x, and b 
rather than Z, I, and V. 

IS 
x:\ 

All indirect methods of solving Eq. (12b) for x can be viewed 
from the implicit formulation given by 

(13) x = f(A,brJx)  , 

r 
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implicitness being characterized by the appearance of unknown vector 
x on both sides. The symbol f in the above expression represents a 
function o^ set of rules (algorithm) with the minimal property that 
the exact x satisfies Eq. (13) identically. One additional con- 
dition on f needed here is that it be able to transform an ap- 
proximation to x into an improved approximation. It would be too 
much to ask that, one application of Eq. (13) yield the exact 
solution. However, repeated applications might, be expected to 
give successively better approximations and this is precisely 
the essence of iteration. Notation can be added to the implicit 
form of Eq. (13) to give a general formula for iteration, i.e.. 

(14) ,(k) = = f ̂ (A.b.x^.x^2),. .x^). 

where x^  ' represents the k     iterate or approximation of x.    Note, 
in this form, x(k) is considered to be related to m previous 
iterates, in which case the iteration is of m+h degree   Also 
note that, in general, the function fW can change from step 
to step.    If f(k) remains invariant throughout the iteration 

••)• then the iteration is called stationary 
called non-statinnarv.      The iteration process 
linear for f CO's which are linear functions 
...,x(k-m) anc( nonlinear otherwise.    Iterative 

process (k = 1,2, 
and if not, it is 
is referred to a 
of x(k-l), xM 

,..P 

1 JH 

block' 
fW. 
methods subdivide still further into point-step and group or 

k-step methods and these categories depend on the choice of 
More specifically, the point-step methods proceed to 

improve the individual components of solution vector x(k) one- 
at-a-time, independently of the other elements, while block-step 
methods normally improve blocks of elements of x(k)( inde- 
pendently of other blocks.   A rather unique block type itera-» 
tive method will be introduced later which will allow "overlap" 
of these blocks based on the physical scattering problem, 
Disussed in this section are three classical  linear stationary 
methods of first degree; the Point-Jacobi  (J) method, the Gauss- 
Seidal  (GS) method and the method of Successive Over-relaxation 
(SOR) together with their physical  interpretation from the 
scattering viewpoint.   Also included is a discussion of convergence 
criteria for these methods and finally a presentation of results, 
mostly calculated using SOR. 

Linear First Degree Methods (J,GS, SOR) 

The basic equation underlying many linear indirect methods 
is derived from Eq.  (12b) by adding x to both sides and re«- 
arranging to give 

x + b, 
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which, in tenns of a sequence of iterates can be written as 

(16) 

where 

c^-Hx^.b. 

(17) H E I ^ A 

I 

H is usually referred to as the iteration or error reducing 
matrix and is related to the functions f(k) described in the pre- 
vious section.    Iteration via Eq. (16) is linear, stationary 
and of first degree.    This expression yields a number of clas- 
sical techniques which differ by the "splitting" of matrix A. 
Consider the splitting defined by 

(18) A = D - F 

V* 

MiW 

r- 

D 
L 

H 
1 

where D = [aü], i = I, •••lN, is a diagonal matrix and E=[-aij], 
i>j, is strictly lower triangular and F=[-ay], i<j, is strictly 
upper triangular.   The iteration of Eq. (16) then becomes 

(19) x(k) = D*1(E+F)x(M)    i- D*1b  , 

where cne iteration matrix is identified as 

(20) H ,-1 j = D-'tE+F)  . 

Equation (19) describes the well known Point-Jacobi (J) method 
[48] or method of "simultaneous displacements" [49].   Here, 
new components of x(k) are computed as functions of compone 
x(k-l} as follows: 

components of 

(21) ,(k) . 
aii 

N 
aijxj 

(k-1) 

ii 
bi 

Note however, that by carefully considering the ordering of im- 
■^  be modified to inc( 

intermediate steps; i.e. 
provements in x^k) Eq. (21) can be modified to incorporate the 
latest improvements in x(k) at ii 
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(22) Xi 
(k) . 

n 
aijxj 

(k) 
N 
I aijxj 

(k-1) 

H 
bi 

LJ 

or, in matrix notation. 

(23) ((k)  = (D-E)'^ x(k) + (D^E)'^    . Q 
Here, the iteration matrix is given by 

(24)    HGS = (D-E)"^  . 

Equation (23) is the familiar Gauss-Seidel (GS) method [50], 
also known as the method of "successive displacements". 

Both the J and the GS techniques can be considered special 
cases of a larger class of computer oriented "relaxation" methods 
often referred to as Over-relaxation (OR) methods [51]. A basic 
equation governing these methods is given by 

(25) x^-x^+cuW-x^) 

Ji 
H 

■ 

where the "relaxation factor" is usually chosen to be a real 
constant in the range 0<w<2 and x(k) is computed by either the 
0 or the GS method [52]. The technique for computing x(k) is 
clearly not restricted to the above two methods; here, however, 
only the GS method will be assumed. This assumpiton leads to 
the defining equation for the familiar Successive Over-relaxa- 
tion (SOR) method [53]; namely. 

(26) ;(k) = (I-u.D~1E)'1[(l^)I-a>D'1F]x(k'1)+(I-ü>D'1E)'1a.D"1b, 

where the iteration or error reducing matrix H is given by 

(27) H = (I-a)D"'1E)"1[(l-ü))I-a)D'1F]. 

The computational procedure for SOR is given by Eqs. (22) and 
(25) and therefore, for u«!, SOR reduces identically to the GS 
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method. Incidentally, when the solution x^ in Eq. (25) is 
computed by the J method, the resulting technique is called 
the method of "simultaneous over-relaxation" (JOR) [54] and 
reduces directly to the J method for tü=l. 

The SOR method of Eq. (26) is obviously a stationary linear 
method of first aegree. Nevertheless, SOR can be made non- 
stationary by not restricting to to being a constant for all 
iterations. It is not, on the other hand, clear how u should 
be varied to improve the speed of the iteration procedure (con- 
vergence) for the general case. More will be said of this 
subject in a later discussion on convergence. 

An alternative form for these same iteration procedures can 
be derived in terms of an approximate or psuedo inverse to 
matrix A. Let Ä-1 represent an approximation to the inverse 
A*l of Eq. (13). Then, the kth iterate x(k) can be written as 
xlk-') plus a correction term d^"'^ given by 

(28) d(k>l)=X-lr(k-l)t 

fk-ll 
where the residual vector rv  ' is defined by 

(29) r(k-l) = b.Ax(k-l)i 

Equations (28) and (29) can be combined to give 

whereupon, the kth iterate may be written as 

(31)    x(k) ^I-Ä-V^+Ä^b . 

The H matrix here has the form 

(32)    H = (I-A^A) 

and it is easily shown that the following choices for A lead to 
the previously derived H matrices; i.e.. 
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(33)    A = D -^ Eq. 20 (J) 

(34)    A = D-E ^ Eq. 24 (GS) 

(35)    A = 1 D-E -^ Eq. 27 (SOR). 

this latest discussion is 
a rigorous matrix form such 

A can merely be repre- 

An additional point to be noted in 
that A need not be identified with 
as those given in Eqs. (33) to (35). 
sentative of a special algorithm for computing the approxi- 
mations to x. Equation (31) in this case will no longer repre- 
sent a rigorous matrix equation. This is in line with the pre- 
vious comment that f in Eq. (13) may in fact represent only a 
set of rules or algorithm for computation. More will be said 
later concerning a less-than-rigorous notation. 

Convergence Criteria 

Success or failure o^ any iterative method is measured in 
terms of the limit of the sequence <x('<)> as k-*»; i.e., if x(k) 
reaches the exact solution x in the limit, then the method is 
obviously successful and if not, the method fails. Although 
seeemingly straightforward, certain questions remain unanswered. 
Namely, is information available to indicate, a priori, when a 
particular method will converge and, if so, what quantitative 
measures can be counted on to indicate sufficient convergence 
since the exact solution is never known? The first question is 
answered rather easily which the following paragraphs will show. 
The second question however turns out to be the more practical 
yet difficult question to answer. Reasons for this will be 
made clearer in the final portions of this section. 

ca 
<x 

The nonned vector vpace defined in Appendix C of Ref, 38 
n be reintroduced here in terms of the limit of the sequence 
U)> in the following way. 

(36) lim | ix 
k-x» 

-x^ 0, 

where x is the exact solution satisfying Eq. (16) identically; 
i .e.. 

(37) x = Hx + b 

: 

! 

Ö 

0 
D 
D 
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The following result is obtained by considering the difference 
between Eqs. (37) and (16), 

(38)    (x-x(k)) = H(x-x(k'1)) 

and can be taken recursively to yield 

(39) (x-x(k)) = Hk(x-x(0)). 

Note here that x' ^ is the initial "guess" corresponding to k=0, 
hence, (x-x(0)) is a constant vector. Compatible norms (see 
Appendix C of Ref. 38) are needed on both sides of Eq. (39) 
to give 

(40) ||x-x(k)|| < ||H||k ||x-x(0)|l , 

k       k 
where the inequality ||H || <. |IH|| has been included in bring- 
ing this expression to the form of Eq. (40). Recall. Eq. (36) 
defines the unique condition for convergence of <x(k)> in the 
established normed space and by applying this condition to 
Eq. (40), the necessary and sufficient condition for conver- 
gence of Eq. (16) becomes 

(41) lim 1|H| = 0. 

and this condition can only be satisfied if 

(42)    ||HI| < 1 

Hence, the properties of H determine convergence characteristics 
of Eg. (16) for any starting vector x(0). The natural norm of 
Eq. (42) remains as yet unspecified but has a lower bound (see 
Appendix F of Ref. 38) in the spectral radius given by 

(43) |H|I > p{H} 

where the spectral radius of H, p{H}, is defined by 

(44) p{H} = max |x. | 
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and the x^s are solutions to the determinantal eigenequation, 

(45) det(H-xl) = 0. 

Therefore, the necessary and sufficient condition for convergence 
of Eq. (16) to the solution x (see Appendix G of Ref. 38 for this 
proov) is given by 

.46) p{H} < 1 . 

i 

Convergence properties for the iterative methods outlined 
earlier can be predetermined as the above procedure indicates; 
however, for certain special cases, calculation of eigenvalues 
can be avoided. This would certainly be an advantage, especially 
for those cases when the order of matrix H is large (e.g., 
N>100). These special cases can be recognized in terms of the 
following properties [55] of the original matrix A and the split- 
ting of A defined in Eq. (18): 

1. If 
E + F >_0, 

D > 0  , 

and 

P{D~\E + F)} < 1 

then A is an M-matrix. 

2, If 

ID'^E+F) 1 

then A is stnctly diagonally dominant. 

3. If no NxN permutation matrix P which permutes rows 
and columns of an NxN matrix exists such that 

1 : '* 

PAPT = 

D1      6 

, (T denotes transpose) 

wnere D-j, D,, are square matrices and 

10       D2_ 

7a 

■ 
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then A is irreducibly diagonally dominant, 

4.  A has the following properties; 
A is hermitian (A = A*) and (* denotes complex conjugate 

transpose) 

A is positive definite (eigenvalues of A are 

^i» i - l.Z^.-.N and satisfy X.. > 0, for all i, 

The convergence of the J and GS methods is assured for any 
matrices satisfying 1, 2 or 3 above and the SOR method neces- 
sarily converges for 0:UK 2 when condition 4 is met. Proofs of 
these sufficient conditions for convergence are given in Varga [56]. 
If, in addition to condition 4, A has "property A" as originally 
defined by Young [57], then an optimum relaxation factorttW; 
can be computed for the SOR method. This optimum factor is 
given by 

'"* 5" 

II D 
D 
D 

(47) 

where 

opt 
1 + /W 

(48)    v = p{Hj} 

and Hj is computed from Eq. (20). If, on the other hand, A 
does not satisfy "property A", then u t can only be determined 
empirically. p 

The discussion of convergence, so far, has centered on finding 
the spectral radii of appropriate iteration matrices or on the 
special properties of the original matrix A. Consider, how- 
ever, the more general matrices which appear in the EM prob- 
lems studied here. The A matrices in these cases are complex 
symmetric (nonhermitian) and not diagonally dominant in all but 
the most trivial cases. They are positive definite, or at least 
positive semi-definite, in the sense that 

(49) Re{x*Ax} ^0     (*denotes complex conjugate transpose). 
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where this quantity is related to real power dissipated (radiated) 
by the system represented by impedance matrix A. These basic 
characteristics of the EM problem eliminate any possibility of 
satisfying conditions 1-4 above. Therefore, the only rigorous 
technique is to compute the appropriate spectral radius, but 
some difficulty in computing p{H} is likely to be encountered for 
many practical EM problems due to the size of N. General sub- 
routines are available [58] for calculating complex eigenvalues of 
complex matrices; however, when N becomes large (>250), these 
routines will require more fast-access memory than available on 
most computing machines. Even if these computations are pos- 
sible, the authors suggest that the time and effort used in 
searching for a "largest" eigenvalue would better be used trying 
the iterative technique. 

«Srt 

A suitable measure of convergence characteristics usually 
must be determined empirically. One natural choice is a meas- 
ure based on the vector of residuals defined by Eq.  (29), or 

(50) 

This 

r^ = b - Ax^ 

(k)=o. expression can be misleading since it states that if r 
the xCO is^ the exact solution and this is correct.    However, 
to assume that xCO is near the exact solution when nM is 
small  (but not zero) may be a gross overassumption.    A hint of 
this specious behavior is given by the following bound on the 
relative error in xCO, 

(51) 
x-x (k) .(k) 

Cond{A} 

.(k) Clearly, the ratio] |rv    ||/|ib|I mi<st be considered in light cf 
the condition number of A and the possible effects it may have 
on the upper bound of Eq.  (51).    It is also important to point 
out that all norms of residuals defined by Eq.   (50) do not 
necessarily decrease monotonically when the iteration process 
is convergent; i.e., they sometimes oscillate or increase.    Even 
then, Eq.  (51) implies that if a monotonically decreasing norm 
is^ found, it may still  be mere speculation to assume x(k; is 
in some sense approaching the correct solution.    Still another 
measure of convergence is to consider a norm of the change in 
x(k), from one iteration to the next.    Consic'ar the following 
iiormed difference. 
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(52) öx (k) (k) _ „(k-l) - x 

and ask the following question: 

Does there exist a value o 
such that for k > k , I Ux Mi say k«,, 

I < e? 
and some e > 0 

If so, the process can be said to converge. The particular 
choice of e used to indicate sufficient convergence, however, 
is critical since the normed difference given by Eq. (52) is 
not necessarily a monotonically decreasing measure, even if the 
solution is convergent. 

A last comment is in order before proceeding. Certainly, 
the most reassuring indication of convergence would be to compare 
solutions obtained by different techniques and possibly even by 
a physical measurement and find that they agree. This type of 
comparison should obviously be sought wherever possible and 
this was indeed the case in this study. In a following section 
we present certain confirmed iterative results and these results 
are used to justify the choice of error measure used for reliably 
indicating convergence. 

Physical Interpretation of the Jacobi and 
Gauss-Seidel Methods 

A physical interpretation of the J and 6S methods is pre- 
sented here with the aid of Fig. 48. The A matrix of previous 
equations here represents the 5x5 impedance matrix corresponding 
to the 5 dipoles shown in the figure. Consider the initial ex- 
citation on each dipole to be the incident field and the initial 
current vector to be x(0) = 0. 

The J method in general computes x^ ' by considering the 
incident field and the scattered fields produced by x(k-i). The 
latter contribution is zero for k = 1, hence the J method cal- 
culates x('^ corresponding to the "uncoupled" array. The J 
method improves the solution for k > 1 by accounting for the 
incident field and the scattered fields at each dipole where 
the scattered fields are produced by "old" currents. This 
interpretation of the J method in terms of multiple scattering 
within the array was first described by Tai [59]. All elements 
of the solution vector are updated simultaneously at the end oV 
each iteration, hence the name "method of simultaneous dis- 
placements". 
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X5 INCIDENT 
PLANE WAVE 

Figure 48.    Sample random arrdy for Jacobi and Gauss-Seidel 
iteration methods. 

The GS method uses the "latest" currents whenever possible, 
i.e., the initial current on element #1 due to the incident field 
is 

(53) ((0) .   !l 
1      '    all 

the initial current en element #2 due to the incident field plus 
the scattered field from element #1 is 

(b9 + a^xi 
;)/a99, 

the initial current on element #3 is due to the incident field 
plus the scattered fields from elements #1 and #2 

("3 + a31xl(0) + ^f'^ 
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etc. The name "method of suqcessive displacements" clearly ap- 
plies to the above description and, as we might expect, the GS 
method has superior convergence properties since it accounts for 

n 
I     i 

i=l 

interactions per iteration whereas the J method only accounts for 
n interactions per iteration. 

The SOR method operates on the GS iterates by "relaxing" the 
latest correction through a weighted averaging process.    Note that, 
even though SOR degenerates to GS for ü)=1 , convergence of SOR (w?*!) 
can be relatively good while GS may not convarge at all,    Physical 
interpretation of SOR in terms of scattering is more difficult than 
for J or GS.    Weighted averaging of currents seems to be a purely 
mathematical concept.    However, by assuming the array to be im- 
mersed in a medium which modifies the multiply scattered fields 
either by introducing "loss" or "gasn", this would cause cor- 
responding reductions or increases in interactions between dipoles. 
The application of an iterative procedure (e.g., GS) under these 
"relaxation" conditions could also be termed a form of SOR.    The loss 
or gain in this case could either be reduced as the iteration con- 
verged or left in if the convergence required it.    The solution to 
a "lossy" problem might be of considerable value in certain cases, 
especially if the "lossless" case could be deduced from such a 
solution. 

Sphere of Influence (SOI) Method 

The SOI technique is an empirically derived concept 
based on the electromagnetic scattering viewpoint.    The approach 
stems directly from the array problem where the overall scatterer 
is so large and intricately detailed that it produces a matrix 
problem too large to handle by direct methods.    Hence, the larger 
problem is broken up into a reasonable number of smaller problems 
each of which can be solved directly.    The heart of the method lies 
in the hope that the solution to the large case can be obtained by 
interacting these smaller solutions with one another through an 
iterative process.    The idea of "influence" manifests itself as a 
mutual impedance or coupling criterion between dipoles as in the 
case of the random array,    Distance between dipoles provides a 
natural means for determining gross effects between ^1 poles and 
relative orientation is   another.    When these criteria fail to give 
a precise decision rule, a comparison of the"mutual Impedance to a 
preset level can be made.    The level or threshold used here Is 
defined to be a prescribed fraction of the diagonal or self Im- 
pedance term.    This criterion is also similar to that used In the 
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sparse matrix approximation for the scattering problem. Recall, 
the sparse matrix approach attempts to "thin" the matrix by deciding 
which elements are less important (i.e.. below a certain magnitude) 
and a special algorithm is used to solve the thinned matrix 
problem exactly. This, however, is not the solution to the original 
problem and it is for this reason that iteration may provide the 
only means for finding the exact solution to the original problem 
for these large cases. 

The oasic SOI method computes groups of closest coupled neighbors 
and uses these "overlapping" groups to form a sequence of N reduced 
iteration submatrices. Closeness is measured by the relative in- 
fluence between dipoles using the a priori criterion mentioned above. 
The N iteration submatrices will in general be distinct and the jth 
submatrix will be used to compute only the current on the jth dipole 
(point-step). The N subsystems formed by these submatrices are each 
solved by a direct technique and the scattered tangential electric 
fields are computed after each iteration and compared to the in- 
cident tangential electric fields as a check on the zero tangential 
electric field boundary condition along each dipole. The same 
residual mode voltage column rv*) of Eq. (50) is proportional to the 
total tangential electric fields and is used as the excitation column 
for the next iteration if boundary conditions are not sufficiently 
met. The process is continued until||r(k)||is reduced to an accept- 
able level. 

One possible formulation for SOI is given in the following 
equations with the understanding that the overall technique cannot 
be simply described by a single matrix equation as with the other 
methods mentioned thus far. Let A(mj|mj) represent the mj x mj 
iteration submatrix containing self and mutual impedances for the 
jth dipole and its ttij-l most closely coupled neighbors. The members 
of this jth subsystem (submatrix) are obtained by applying the 
following condition to the jth row of A, 

!..i 

(56) c a 
JJ JP' 

P = 1,2.. 
P ?* j  i 

I] 

where c is a prescribed (empirical) real constant in the range 
0 < c < 1. The jth subsystem at the kth step of the iteration 
process is then given by 

(57) A^lmj.) t{k){m.) = r^"^^) 
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The c=l choice causes SOI to degenerate to the J method since only 
the diagonal terms are inverted in this case. 

A potentially important modification to the SOI method is 
the inclusion of a "forward scatter" (FS) model. Consider the 
dipoles which are located on the far side of a very large and dense 
array. These dipoles are very likely to be shadowed by those located 
on the directly illuminated side of the array. Hence, an improved 
"region of influence" for dipoles deep inside the array (or on the 
back side) could be obtained by taking into account the well known 
coherent forward scatter phenomenon which occurs along the line- 
of-sight. The reasoning here is that as the incident, wave passes 
over these resonant dipoles (up front), the rescattered fields in 
the forward direction are nearly of opposite phase tt the progressing 
incident wave and as this incident wave moves farther into the array, 
these coherently rescattered fields begin to "buck out" the incident 
wave. This eventually produces a shadowing effect on dipoles in the 
deep interior and far side regions of the array. 

The above concepts of FS are rather simple to grasp; however, 
implementation of FS into the SOI algorithm is relatively messy. 
The FS process entails checking all aijx(k) products which occur 
on or near the line-of-sight aspect through the array to the ith 
dipole. The "up stream" jth dipoles with scatter products which 
satisfy 

(62) Tr/2 < arg {a M 
1J 0 

3Tr/2 

are then chosen to be included in the next (k+1) subsystem (sub- 
matrix) for calculating the current on  dipole i. The newly 
modified SOI-FS method is nonstationary since the N submatrices 
will no longer be constants for the whole process. They will of 
course become more constant as xCO nears a constant solution; 
however, in general, these submatrices will be quite changeable 
in the early stages of the iteration. Also note that, the re- 
sulting subsystems will be larger than for SOI alone for a given 
constant c and hence, implementing FS into SOI will generally 
require different values for c in order to maintain M in the 
viable range for direct solutions. The addition of FS should, 
however, improve convergence of SOI and thereby allow an in- 
crease in c in order to make room for the new dipoles added in 
by FS. 
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Figure 49. Sample random array for Sphere of Influence 
iteration method. 

(b) Calculated results for chaff clouds 

In Chapter VI of Ref. [38] there appear a set of curves of 
error bounds and condition norms for a few typical impedance 
matrices arising from chaff clouds. In general, these bounds 
rise with increase in dipole density and numbers, a trend which 
eventually must be reckoned with if direct solutions to larger 
order systems are sought. In light of this the iterative schemes 
are attractive and are used here to solve for the scattering 
from clouds of up to 1000 dipoles. 

Numerical results presented in this section are divided into 
four areas: a check case; applications of SOR iteration to the 
solution of electromagnetic scattering by large clouds of thin 
resonant dipoles; application of SOI iteration to the solution 
of electromagnetic scattering by a small cloud of thin resonant 
dipoles; comments on applications of SOR to surface patch and wire- 
grid models. The appropriate equations from the preceding sections 
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(disk) memory 
microsecond, 
this machine. 

have been translated into FORTRAM and documented listings of these 
programs appear in Appendix VI.    All calculations were performed 
with    11 digit precision on a Datacraft Model 6024 computer having 
approximately 32k of real fast-access memory and 32k of virtual 

Cycle time for this computer is approximately 1 
Certain special programming techniques, unique to 
are incorporated in the FORTRAN programs to allow 

psuedo-random access to approximately 6-1/2 million (24 bit) 
additional words of disk memory.    Three and one-fourth million 
complex numbers can be computed, then stored in a special 
truncated form (6 digits) and retrieved using this technique. 
Also, a special subprogram is included which computes mutual 
impedances between "distant" dipoles; description and verifi- 
cation of this subprogram are also given in Appendix VI.    This 
subprogram uses a special simplified calculation of the mutual 
impedance when dipoles are spaced greater than U and inclusion of 
this simplified calculation resulted in a computation time for the 
approximately one-tenth that of the original estimate for the 
N = 1000 case; estimate 21 10 - 12 hours, actual  time   ^1 hour, 

It is important to note that all  the results up to this point 
have assumed radially inhomogeneous densities for the clouds; in 
this section, however, all the results assume randomized clouds of 
uniform density. 

A Check Case 

Because some of the clouds treated here by iterative methods 
are sc large, it is difficult to verify that the methods are 
actually giving correct values for echo, since no other reliable 
independent methods exist for comparison checks. Yet such checks 
are imperative if one is to have some confidence in the results. 
To this end we chose as a check case the planar array sketched in 
Fig. 50. It contains 841 resonant dipoles interlaced into a 
periodic structure with average spacings between nearest neighbors 
of approximately 0.57X. By the technique developed by Munk [60] 
scattering from such an array can be readily obtained under the 
assumption of no edge effects, i.e., the array is considered 
to be a section of an infinite array. Using Munk's technique and 
SCR (with 00= 0.4) we have calculated the bistatic cross section 
at the specular angle (ev.=180°-e-j) for three different incidence 
angles (e-i=90o, 60°, 30°; in the y-z plane.  The resulting values 
of the cross section a vs iteration order are shown for the three 
angles, respectively, in Figs. 51-53. In all cases these values 
obtained by S0R agree very well with Munk's results, the greatest 
discrepancy (-0.45 dB) appearing at the S-j = 30° incidence angle. 
This disagreement is thought to be inherent in the Munk solution 
for angles close to grazing. 
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Figure 50.    A planar array of resonant wires used as 
a check case. 
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Figure 51.    Broadside backscatter and comparison of 
convergence norms (I), ECO and (IV) 
versus iteration k for the periodic 
array of Fig, 50 using SOR with w = 0.4. 
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and eCO versus iteration k for periodic 
array of Fig, 50 using SOR with m = 0.4. 
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In Figs. 51-53 certain "convergence norms" are also computed 
for each iterate k and displayed for comparison as quantitive meas- 
ures of convergence. Four different norms appear in various fig- 
ures of this section; three are based on the residuals r'^) defined 
by Eq. (50) and one is based on normed changes in solution xW 
similar to that defined by Eq. (52). A summary of these convergence 
norms is presented in the following table. 

TABLE 6 
CONVERGENCE NORM DEFINITIONS 

Norms* based on r^ Norm based on x^ 

(I) (II) (III) (IV) 

1  r{k)l 
1                   1    oo 

|r!k)| 
Max—1  

1     bJ 
ll',k)llW*, 

N    M oo 1       CO 

|x!k) -x^-^l 

^Uix^.x^l} Ml 1   i oo 

1 

*See Appendix C of Ref. 38 for definitions of vector norms used. 

D 
Q 

Q 

0 
D 
0 
n u 

The (I) and (IV) norms in this table were chosen strictly as re- 
presentatives of the quantities appearing in Eqs. (51) and (52) 
while the (II) and (III) norms were defined with the physical prob- 
lem in mind, i.e., (II) is a normalized measure of the residual 
indicating the boundary condition (Ejy\N = 0) mismatch on one 
dipole in the array and (III) is a normalized average of all 
residuals for the whole array. The (III) norm will be denoted by 
e(k) in all data presented in this section. Two points should be 
made here. One is that the eCO norm appears in all cases we have 
calculated to be the best balanced and most trustworthy; the 
other is that the behavior of eCO appears no different for 
random arrays of dipoles than it does for the periodic array. 
Since the results in cross section were very satisfactory for 
the periodic array, we infer that the similar behavior of ev^ 
implies satisfactory results in cross section for the random 
arrays. 

Very little information is found in the literature on 
suitable choices for SOR convergence measures for large complex 
system of equations such as those treated here. The convergence 
norm calculations are presented for the purpose of empirically 
determining just such a measure for these types of problems, 
e.g., one which might eventually be included in the computer 
programs to indicate a reliable stopping point in the iterative 
process. The normalized average residual eCO appears to possess 
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the uniform characteristics needed for this job. 
interpretation of being a measure of the "average" 
dition EJAN =■ 0 over the whole 
do not appear to indicate this 
iterated solution but, tend to 
changes in the solution which. 

It also has the 
boundary con- 

array. Other norms considered 
same overall condition of the 
pin-point specific residuals or 
to a great extent, do not 

seriously affect the array scattering properties in the far 
field. Other "dveraging" norms might do as well or better 
than e'k); however, this study has concentrated on isolating 
only this one case which seems to be well suited for these types 
of problems. 

No attempts were made in this study to determine optimum 
relaxation factors for SOR, An initial choice of m was made at 
the outset of each new problem and if convergence was indicated, 
no changes were madei the exception is Fig. 67, where changes 
were made during the same iteration run with little observable 
effect. 

SOR Solutions for Scattering by Large Clouds 
of Chaff Elements 

The SOR iteration technique is used to solve Eq. (12b) for 
the currents induced in arrays of dipoles by plane wave fields 
of Eqs. (II-2) and (II-3). The e polarized backscatter a  and 
bistatic cross section for certain bistatic angles (ß = t 10° 
range) are calculated from these currents at each step k of the 
iteration. 

Figure 54 considers an initial case of 100 dipoles in the 
random array configuration. The SOR technique (CD = 0.6) can be 
compared to solution by a direct method (Cholesky); resulting 
solutions from both methods agree quite well (< 0.1 dB). This 
figure also includes calculated values for the four norms 
appearing in Table 6. The (II) and (IV) norms vary erratically, 
although both show overall decreases over the range of k. The 
(I) norm and eM  both show a consistent decrease, but only 
e(K) is "monotonic" over tbje whole range. 

Convergence characteristics of a for a 500 dipole random 
array are indicated in Fig. 55 for SOR iteration usinq two 
values of relaxation factor, u)=0.5 and ü3=0.4. Onlye (k) was 
calculated in this case. Theco=0.5 case appears to converge 
faster (steeper slope or\€W)  in the early stages (k = 1 to 
k % 20), however better overall convergence was obtained for 
bi=QA.    Figure 56 shows a sample of the bistatic cross section 
pattern for k = 10, 20 and 35. This figure •"ndicates the degree 
of convergence obtained in this g = tlO0 sector at the cor- 
responding stage in the iteration. The convergence of the 
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bistatic pattern seems to be best in the larger amplitudes 
and for k > 20, major changes occur only in the null regions. 

Figure 57 is the first of a series of 10 figures showing 
five SOR iterated solutions (ü)=0.4) for a single 1000 dipole 
random array (#1). These figures alternately show o back- 
scatter and bistatic cross section for five aspect angles of 
the incident wave. Each of these cases corresponds to a new 
"b" vector for the right hand side of Eq. (12b). 

Figure 57 indicates convergence of a backscatter 
comparison of the (I) norm and e(l<) for 

The (I) norm in this case has lost al 
monotonically decreasing norm while e 
smooth decrease with increasing k. 
in this case converges smoothly to 
high value for these random arrays 
of the bistatic pattern {ß=tl0o). 
on the peak are less than 1 dB for 

= 90°, 
resemblance 

k) continues 

and shows 
-t-o = 0°. 

of being a 
to show a 

The curve for a backscatter 
the value o % 90x2, a rather 

Figure 58 displays a portion 
Here, the amplitude changes 
k > 5, while the null depth 

changes are more than 10 dB over this same interval. 

Figure 59 considers a new aspect angle (0O=9O
O, <b0 =  10°) 

for the same random array. Here, a backscatter shows somewhat 
irregular convergence as compared to the previous aspect; how- 
ever, the same smooth decrease in e(k) is omnipresent. The 
bistatic patterns for k = 6, 15, 30 and 42 of Fig. 60 indicate 
considerable change is taking place over this range. The 
largest changes, however, occur in the null regions and peak 
amplitude regions show the lesser changes. 

Fi 
e0 = 90 
tonic i 
sential 
than 2 
Oscilla 
and dec 

Fi 
for e0 
than 2 
appear 

gures 61 and 62 indicate o and bistatic patterns for 
<bo = 20°.   The eCO norm in Fig. 61 again shows mono- 

mprovement in average residuals and Fig, 62 indicates es- 
ly converged bistatic patterns for k > 15 with changes less 
dB in peak smplitude and less than 3 dB in the null region, 
tions of a in Fig. 61 are less than plus or minus 1 dB 
reasing for k -  25. 

(k) gures 63 and 64 show a, e       and bistatic cross section 
= 90°, $0 = 30°.     Fluctuations in o for k > 16 are less 
dB and etk) is again smoothly decreasing.    Bistatic patterns 
to change very little for k > 30. 

Figures 65 and 66 are the last figures showing data for 
large random array #1  (GQ = 90c (j)0 = 40°).    Convergence norms 

are included in Fig. 65 with eU),   Although^ norms 
do not have the smooth decrease shown by evk*, it 
an average curve of (IV) over liris range of k would 

repeat the trend indicated by eCO.    The oscillatory nature of 
a backscatter is confirmed in the bistatic pattern curves of 

(I) ar.d (IV) 
(I) and (IV) 
appears that 

i 

r 

o 
i 
0 
0 
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Fig. 66. The final bistatic curve (k = 45) is bounded by the 
k - 25 and k = 35 patterns and again, largest changes occur in the 
null region. 

Data in the following four figures (Figs. 67-70) were cal- 
culated for a second large random array (#2) with the same average 
density (8 dip/x^)Tand number of dipoles (N = 1000) as in the 
previous case. The new array was generated with a new initiali- 
zation of the random positioning programs. The two cases con- 
sidered for this new array correspond to aspect angles e. = 90°, 
*0 = 0° and 10°. 

0 

Ik) 
Figure 67 shows o and ev ' data calculated for Q0 = 90°, 

<t>o = 0° case and Fig. 68 presents the corresponding bistatic pat- 
terns. Four values of relaxation factor (w = 0.4, 0.35, 0.3 and 
0.25) were used in this case with the initial iteration performed 
with ü) = 0.4. The results for u ■ 0.4 are indicated in Fig, 67 
by the marginally convergent curve. The iteration was then re- 
started (k = 1) with tu = 0.35 and continued through k = 12; at 
which time, u was changed and the iteration carried out to k = 30 
for ü) = 0.3; then w was again changed this time to u = 0.25 and 
the process carried out to the final iteration k = 61. The 
reason for changing u during the same iteration run was an 
attempt to isolate variations, if any, in eCO which might cor- 
respond to different values of w. No recognizable changes were 
noted; in fact, the iteration appeared to be converged for all 
k > 30 (UJ = 0.3, 0.25) and the bistatic patterns in Fig. 68 
confirm this to a great extent. 

A second aspect angle (eo = 90°, ^0 = 10°) is considered 
in Figs. 69 and 70. Here, S0R was restarted three times for 
random array #2 with u = 0.3, 0.25 and 0.2. The two cases 
a) = 0.3 and 0.25 were not convergent as Fig. 69 shows andw had 
to be reduced to w = 0.2 to obtain the one convergent case 
indicated in the figure. Figure 70 shows bistatic patterns 
for k = 20, 30 and 36 for the converging case. The largest 
changes in these patterns again occur in the null regions. 

Three additional figures are included in this section 
(Figs. 71, 72, and 73) comparing convergence characteristics of 
a backscatter, <a> (the bistatic cross section average over 
6 ■ ll0o) and aT (total scatter cross section from the forward 
scattering theorem reviewed in Appendix K). Figure 71 
presents oj and <a> with the a' curve previously calculated in 
Fig. 57. The bistatic average <a> in this case shows little, 
if any, improvement over the original a curve; however, aj is 
converged as early as k = 5. The rapid convergence of aj 
indicates that apparently the total power scattered in ail_ 
directions by the random array is insensitive to the computed 
currents, compared to either o or <o>. 
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norms (I) and eCO versus iteration k for 
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at k = 5, 15 and 29 using SOR with u - 0.4 
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Figure 61. Backscatter cross section and ev  versus 
iteration k for 1000 dipole random array 
#1 (e0 = 90°, *o = 20°) using SOR with 
ü) = 0.4. 
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Figure 62. Bistatic cross section pattern for 1000 
dipole random array #1 (en = 90° Aä = 
20°) at k = 15, 25 and 35 using S0ROwith 
w * 0.4. 
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w = 0.4. 

th 

109 

- ■■  •—   ..« 
< ■ : •'..'; '•' '■■■11. 



PH»*'"^-^■  i'ii|ipgiSMii8MPWwwptiiw>gB!^'i^-.|'-^|t^ uiwimiim au i   mammmimmm 

I00P 

V^ 
Sicr" 
ut 
ec 
UJ 

K 
Ul > < 
o 
N 

5icr2 

s 
g z 

- W-0.35 

ior» 

^ *v   » 

^j. _„jC^  
Akl 

«ü'0.3 

RANDOM  ARRAY   Ni2 
1000  OIPOLES 

8   0IR/XS 

SOR 

1    r 
W • 0.25 

ASPECT 

I I 

feo"90' W0' 
J L t      t I I i       I 

S       K)       IS      20    25     30     38     40     45     SO     55     60 
ITERATION k 

too 

* 

10 

o 
IU 
(0 

CO 
in 

u 
2 

0.1 

Figure .67.  Backscatter cross section and ev ' versus 
iteration k for 1000 dipole random array 
#2 (e0 = 90°. ^o " 0°) using SOR with 

- 0.25, 0.3, 0.35 and 0.4. 

WMi **. ' "l|-.-'-4' 
i-r.-^-iMt^j1 I.I:,'.- 



^^.....^„^„^a,.,^,^^,,^, • UMwrnummmnmi m 

'* 

0 
U 

ü 
ü 

lü 
f 

|i! 
fl i 

Li 

Q 
0 

: 

0 
i 

100 

^ 

o 10 m 
V) 

o 
a 
ü 

< 

02 1.0 

1.0 

E 

RANDOM ARRAYN£2 
I000DIP0LES 

8 DIP/X3 

SOR 

ASPECT^ y ™ 
I <i>-0 

1 
10 0 10 

BISTATIC  ANGLE   ß 

Figure 68.  Bistatic cross section pattern for 1000 
dipole random array #2 (e0 = 90°. 4n - 
0°)  at k = 15. 30, 45 anAl  using SOR 
with u = 0.3 and 0.25. 

Ill 

is2!!^*m^xjjA.mmkj^m ■ HA».. 
.-?-'■> ■ v.,.V. -.' 



0 
ü 

l ^.».WM... ■., »U. I.' LiUmu^m. '■■W*'4* ii um iiüii.innanw "^ ' ••-"■*• 

0 
h 

m ß 

G 

10.0 

^ 

ü 

(/) 

to 
(n 
o 
ac 
o 

»- 
< 

(0 
00 

1.0 

0.) 

0.01 

RANDOM ARRAY Na 2 

1000DIP0LES 

8 DIP/X3 

S0R   w«0.2 

ASPECT/"ö 9^90* 
l d) ■ 10' 

X K -20 
O K «30 
•  K «36 

6. ,0' 

I 
10 0 10 

BISTATIG ANGLE   ß 

Figure   70, Bistatic cross section pattern for 1000 
ciippSe random array #2 (e0 =* 90°. an . 
10°) at k = 20, 30 and 36 using SOR wl 

0.2. th 

0 

113 

■..■..-:- -.-■.:-.' ■.:■:  S., ■p »wj •••r u  'iiap .■—■■ '. ji ,i «P« .^MMffw-wifi.. i u. -1 «f. i«in! i 

AiBäSaiti,", ,,.., 



■»■"'■'^'PSiP'^^ 1,1 Ll"l 

A* 

114 

,   . . ~.rS,S: ::l'^L-:iv^- 

il 

^ 

< 

9 lor1 

vy 
UJ 
cc 
bJ o 
< 
OS 
UJ 
> 
< 
o 
Ul 

310 

z 
g 

r2 

KT3 

-ilOO 

•   or   BACKSCATTER   CS 
O  <rT TOTAL CS 
X   <<r5>  AVERAGE BISTATIC CS 

'-^«W 
RANDOM ARRAY   N° I 

1000  DIPOLES 
8   OIP/X3 

SOR   w > 0.4 

^■90° 
ASPECT(^0. o- 

J I I \ I 1 L 
10      15      20     25 

ITERATION k 

I0>«: 
>•  A 
*>    b 

V 
"V  

1.0 

Ul 
to 
CO 
CO 
o 
oc 
u 

30     35 
0.1 

[1 
IJ 

H 
li 

0 
0 

0 

pfl 
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Figure 72 illustrates ay, <o>> and the previously computed 
o data from Fig. 59. The average <a> in this case does smooth 
out the large dip in the vicinity of k = 6, however, its 
overall convergence characteristics are no improvement over 
a (unaverag^id). Total cross section aj for k > 5 has converged 
to very nearly the same final a, value in the previous figure 
(same array). 

Values of ay and <a> are compared in Fig. 73 with a from 
Fig. 69 for random array #2. Both a and <a>  in this case have 
similar characteristics, however, neither one shows significant 
improvement in convergence rate over the other. Note, the con- 
verged aj for this new case (array #2) is essentially the same 
as that obtained for random array #1). 

An important result brought out by all these data is that 
convergence rates for many cases appear to be functions of ex- 
citation; i.e., given matrix A (e.g., random array #l),Wopt 
will vary with "b". This is even more apparent for random 
array #2 where one value of w gave convergence for the first 
angle (u = 0.25), but was not sufficient to give convergence 
at the second aspect angle. This particular characteristic of 
SOR solutions to these EM problems merit further investigation. 

Much of the a backscatter data presented in these figures 
indicates a rather wide range of convergence rates for o; yet, 
many of these same cases have very similar characteristics in 
e(k), These same cases often have apparently well converged 
bistatic patterns with most readjustments occuring in the "null" 
amplitudes beyond certain values for k. However, the a  back- 
scatter curves sometimes still exhibit considerable instability 
in spite of the above signs. A probable cause for this wide 
range in convergence rates for a is the slope of the a back- 
scatter pattern at the desired aspect angle; e.g., if the aspect 
corresponds to a relatively flat amplitude portion of the a pat- 
tern, then convergence of a will more than likely appear in fewer 
iterations. (A major exception to this viewpoint is the rapid con- 
vergence of o for the large periodic array. Here, the reason for 
fast convergence is probably not due so much to the flatness of 
the pattern as to the generally reduced magnitudes of the off- 
diagonal elements of matrix A. Convergence rates of o for random 
arrays having lesser volume densities of dipoles would certainly be 
faster for this same reason.) The chosen aspect angle for random 
arrays can often unknowingly correspond to a steep skirt or be 
near a null (cusp) in the a backscatter pattern and the slightest 
changes in calculated currents will cause pronounced changes in the 
iterated o curves. If, however, these same 0 curves are accompanied 
by smooth monotonically decreasing ECO'S, then these iterated 
solutions can still in some average sense be assumed to be nearing 
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c = 0.1   (M=44). 
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The direct solution to the above case required approximately 
44 seconds while SOR took 90 seconds (k = 10, m = 0.6) to solve the 
same system.    Recall, however, that the number of computations 
(multiplications) in Cholesky's direct method goes up as M/6 N3, 
while SOR used ^N2 computations per iteration; therefore, if the 
number of iterations required to achieve the desired accuracy is 
< 1/6 N, then the SOR iteration will have a time advantage, even 
over the direct method. 

Comments on the Applications of SOR to 
Surface Patch and Wire-Grid Models 

Calculations using the SOR technique to solve Eq.   (12b) for 
a surface patch-modeled flat plate and wire-grid modeled circular 
loop (polygon loop) have been unsuccessful, even for trivially 
small cases using a 12-mode surface patch-modeled square plate 
(A x A) and a 10-mode wire-grid modeled loop (0.3A radius). 
Both types of modeling used the overlapping type modes, cosines 
for the plate and piecewise sinusoids for the loop.    The apparent 
numerical  difficulty arises in the large magnitudes of the over- 
lapping mutual  impedances; these mutuals are, in fact, almost as 
large in magnitude as the self impedances positioned on the main 
diagonal of A.    Hence, it appears that if off-diagonal   terms in 
rows of A are almost as large in magnitude as the self term, then 
the SOR method fails to converge for all u.    A modified approach 
which may be worth investigating is a hybrid iteration technique 
probably combining SOI with SOR.    The method would again be based 
on solving small systems of equations directly (SOI) but then using 
these current solutions to up-date other currents in the the cor- 
responding "Sphere of Influence".    This could be considered another 
form of "overlapping" block iteration. 

D,   The Question of Closer Spacings 

In all the work described so far, the reader will notice that 
we have not discussed clouds with average spacings, d/A, less than 
0.5, or in other words, clouds with average dipole densities greater 
than 8/A3.   Here we mean "average density" in the sense of Appendix 
III, which implies that, for the kind of radially inhomogeneous 
clouds we assumed in the majority of cases, the actual dipole 
densities in the center of the cloud can be as high as 24/x3. 
(For the uniform clouds discussed in the previous section, of 
course, the average dipole densities apply throughout the cloud.) 
Considering that each dipole is almost A/2 in length these numbers 
should convey the impression of a rather tightly packed cloud with 
many elements very close at their closest points.    It was this 
proximity which led us to be cautious and question the validity 
of our algorithm for obtaining the currents on dipoles in clouds 
with d/A < 0.5 on the average.    In our algorithm we assume that 
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each wire is divided into two (P=2) equal segments which support 
one (P-l) piecewise sinusoidal current mode. This assumption forces 
the effects of coupling from nearby wires to reside only in the 
complex amplitude of the current mode - coupling cannot change the 
shape of this single current mode. For two wires which approach 
each other very closely, except in very special relative orientations, 
we suspect that the true situation demands a change in the shape of 
the current distribution as well, meaning that the wires should ba 
divided into more segments lP>2), thereby supporting more than one 
piecewise sinusoidal mode tnereby allowing flexibility in current 
shape. This is easily dons and is provided for in our computer 
programs; however, doing so has the undesirable effect of reducing 
the number of wires allowed in a cloud, the Impedance matrix size 
being fixed. We investigated the validity of our two-segment model 
with increasing cloud densities in the hope that it would hold up 
for denser clouds than those represented by d/x =0,5. This section 
presents some of our findings. 

In order to investigate the question of closer spacings we 
calculated spatial average backscattering cross sections using 
three variants of the Richmond reaction matching technique: 

(1) Two-segment model with 12 point numerical integration. This 
variant is the one used for essentially all the results pro- 
duced under this contract. In it, each dipole is divided into 
two segments supporting piecewise-sinusoidal currents whose 
reaction integrals are performed approximately using a 12 point 
numerical integration routine. 

(2) Two-segment model with exact integration. This variant is 
similar to (1) but the reaction integrals are expressed 
analytically in closed form and are evaluated exactly. 
This method is superior to (1) in precision, is equivalent 
to (1) in required computer memory, but takes more time 
(about 60% more time, it turns out). 

(3) Four-segment model with exact integration. This variant 
models each dipole with four segments, thereby allowing 
a more precise resolution of the induced current on the 
dipole than is possible with the two-segment model. The 
currents on each segment are integrated exactly. This 
method is the most precise of the three, but it requires 
nine times the computer memory required by the two-segment 
models and a great deal more computer time. Thus, whereas 
we can solve for 200 dipole clouds with two segment models 
we could solve for only 22 dipole clouds using a four-seg- 
ment model. 
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the 512 look angle case, the appearance of an exponential distri» 
bution is clearer. In both cases, the coupled and uncoupled 
dipoles exhibit similar histograms, as expected with an average 
spacing as large asl.43A. 

TABLE 7 

i 

Two-Segment Model Four-Segment Model 
Numerical Integration Exact Integration  Exact Integration 

N = 10 dipoles 
d = 0.1 5X 

Cloud 
Number Numerical 

1 1.080880 
2 1.139636 
3 1.124152 
4 1.789712 
5 0.861137 
6 1.293543 
7 0.489466 
8 1.070567 
9 0.902232 

10 0.649599 

N = 10 dipoles 
d = 0.25A 

1 0.657790 
2 0.680643 
3 0.680060 
4 0.575100 
5 0.468432 
6 0.835393 
7 0.337658 
8 0.566090 
9 0.681039 

10 0.306615 

1.080899 
1.243639 
1.131229 
1.789627 
0.861061 
1.444584 
0.469868 
1.070436 
0.901733 
0.620836 

0.651528 
0.741439 
0.686915 
0.53224 
0.476924 
0.989235 
0.298744 
0.565526 
0.872147 
0,314593 

124 

1.068370 
1.277114 
1.130523 
1.745001 
0.893994 
1.442656 
0.460119 
1.070025 
0.904238 
0.617651 

0.647247 
0,745068 
Ü.669449 
0.536879 
0.477237 
1.001033 
0.294067 
0.537847 
0.851511 
0.311840 
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Figure 94. Histogram of the center-to-center distances of 
random two-dipole clouds.    Average spacing 
d/} % 1.43. 

If a very small 
■segment model with 

average spacing is assumed, and accordingly, a 
exact integration is used for each dipole, the 

curves of Figs. 97-98 result.    Figure 97 is the distribution of the 
spacing, with the rather small value of average spacing d/x = 0.286. 
Figures 98a,b present the relative frequencies of the cross sections 
averages over 512 look angles with and without coupling.    Again, the 
exponential trend of the histograms is evident. 

From Figs. 95b and 98b, for the two dipoles uncoupled, we note 
that for far spacings, the average echo is about 2<a0> or about 0.35X2, 
whereas for close spacing the average echo exceeds this (^0.47x2). 
This is expected because for such a close average spacing the two 
dipoles cannot be excited incoherently and their echo therefore lies 
above that .'or tota^My incoherent scatterers.    This effect for two 
dipoles variously spaced is shown in Fig. 99.    The 2<ao> law does not 
appear to be reached until d/x ^ 1.4.    For clouds containing larger 
numbers of uncoupled dipoles, the limit N<ao> is expected to be 
reached for smaller spacings due to the larger overall extent of the 
clouds. 
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Figure 97.    Histogram of the center-to-center distance of 
random two-dipole clouds,    Average spacing 
d/X ^0,29. 

From Figs. 95a and 98a, for the two dipoles coupled, we see a 
trend consistent with what has been said in the above paragraph. 
These figures show an average cross section of ^0.25x2 for both the 
far-spaced and the near-spaced dipoles, seemingly violating the 
earlier conclusion that the near-spaced dipoles, because they are 
more strongly coupled, should present a smaller average cross 
section than do the far-spaced dipoles.   What we are seeing how- 
ever is the effect of cohere t excitation due to the close 
proximity of the wires, an effect which increases the average cross 
section. It is not increased as high as the uncoupled wires, how- 
ever, due to the coupling which tends to reduce the average cross 
section, and so ends up with a value which in our example happens 
to about equal that for the coupled wires with larger spacing. 
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E.      The Question of Mixed Lengths 

Tenuous chaff clouds consisting of wires of identical length 
resonating at about a half wavelength display a bandwidth of about 
20%, or somewhat greater for denser clouds (see Fig. 15).    Threats 
which are expected over a greater bandwidth than this demand the use 
of a variety of wire lengths within the same chaff cloud.   This 
poses the question, what is the influence of coupling on chaff 
elements of mixed lengths?    If the bandwidth ratio of interest 
is 10 to 1 for example, at the low end of the spectrum some wires 
will be 0.05 Along and others will be 0.5x long.    At the high end 
of the spectrum, some wires will be 0.5x long and others will be 
5x long.   The first case presents little difficulty - the shorter 
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Calculated average backscattering cross sections for 
ensembles of clouds containing equal numbers of two 
wire lengths, i\l  =0.495, *?/ =0.703, with average 
spacing d/x=1.0. Straight Tine represents decoupled 
dinoles, crosses are averages of the data. 

151 

:*:.h-;Ä:, ■■■,:■;'s Jr^ 

l#llitillrtiriiilll;llllllll', i" '"i''   ""i ""'"""" '-^**«««^^^^-1 



«p^w^^-^aww^—  UlWWWBmiiwimpjui  HI apiuiypi^ipuiiipi^pppn 

0" 

1.4 

—  1.2 
A 

b6 
I AVERAGE SPACING« 0.5X) 

2 4 6 8 
NUMBER OF DIPOLES   (N) 

12 
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wire lengths, Hi/ =0.495, iz/ =0.703, with average 
spacing d/x=0,5.    Straight line represents decoupled 
dipoles, crosses are averages of the data. 
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(1) Experimental Verification 

It is important to verify that the data calculated by computer 
are indeed good approximations to what would be measured in controlled 
laboratory experiments.    Such experiments were performed on selected 
frozen models whch were considered to be severe tests of the com- 
puter predictions.    Figures 104 and 105 show photographs of a matrix 
of 125 carefully dimensional 2.0" x 2.0" styrofoam cubes.    Each 
cube can have embedded in it (by means of an accurately machined 
jig) a rod, located near one edge.    By orienting each cube in one of 
12 different possible positions and placing it in a styrofoam box, 
a cloud of 125 dipoles can be built up.    Although this scheme does 
not allow all possible orientations of the dipoles, there is a suf- 
ficient variety of orientations and spacings to create a rather 
aperiodic structure. 

The most severe test of the accuracy of the computer routines 
is to compare experimental and calculated backscattering patterns 
(using full matrix Scrout) when all dipoles are oriented parallel  in a 
regular periodic array and closely spaced.    Results for two such cases 
are presented in Figs. 106 and 107 for 27 dipoles and 125 dipoles., 
respectively.    In both cases all dipoles were horizontal and the 
backscattering cross sections for horizontal polarizations of trans- 
mitter and receiver were recorded in a horizontal 360° cut around the 
cloud.    A frequency of 3.13 GHz was chosen to bring each dipole to its 
free space resonance, and caused a spacing between adjacent dipoles 
of d/x = 0.53.    Typical disparities of about 2 dB are evident, but 
the overall pattern is well predicted.    Some of the disparity is 
due to imperfections in the mathematical model and round off error, 
but most of the error is caused by errors in measurement.   We made 
several experimental runs, tearing the cloud apart and reconstructing 
it as identically as possible between each run, and found that the 
experimental data had a variance which enclosed the calculated 
curves.    This convinced us that the computer routines are accurate 
and the data based on them are as valid as if measured.   Another 27- 
dipole cloud was constructed with the dipoles randomly oriented with 
an average spacing of d/x = 0.53.    Calculated and measured results are 
shown in Fig. 108 and again they compare very well. 

In the above experiments, the 125-cube styrofoam matrix without 
dipoles had an echo below the internal noise level of the measuring 
system. 

(2) Extinction Measurements Through an 
Artificial Chaff Cloud 

A beam proceeding through a random medium such as a chaff cloud 
suffers energy loss through scattering by each particle into directions 
other than forward and into polarizations other than incident.    This 
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' 
extinction rates shown in this sequence of figures. Some standing 
wave effects between the windows are also evident in the non- 
monotonically decreasing character of the curves. Averaging this 
undesired effect out, one observes extinction rates which are higher 
in the region within 3 or 4 wavelengths of the front interface than 
they are deeper in the cloud. Deep in the cloud the parallel and 
orthogonally polarized components exhibit the same extinction rates 
as well as the same extinction. This is to be expected because deep 
in the cloud the incident wave has been so severely depolarized by 
the many random scattering interactions that no polarization pref- 
erence exists. Table 8 lists the approximate extinction rates deep 
in the cloud. 

TABLE 8 
EXPERIMENTALLY DETERMINED EXTINCTION RATES 

Fig. No. Density (dip/x^) Extinction rate (dB/x) 

109 ^ 5 
110 % 7 
111 ^ 9 
112 M2 

^2.9 
^3 
^3.6 :: 

The dipole densities listed here are rough estimates. 

Some additional tests were performed with metal sheets covering 
two and then four of the hairflex-coated walls.    Energy scattered by 
the particles out of the incident beam into the walls is absorbed 
there if all walls are hairflex.    This would simulate a cloud 
smaller in transverse extent than the incident beamwidth, any energy 
exiting the sides of the cloud being lost to space.    Energy scattered 
by the particles out of the incident beam into the walls is reflected 
back into the beam if all the walls are metal.   This would simulate 
a very large cloud illuminated by a plane wave.   As expected, the 
extinction rate was reduced  in this latter case; for example, in one 
set of tests the observed rates deep in the clouds were 4.1  dB/x, 
3 dB/x, and 1.8 dB/x with 0, 2, and 4 walls covered with metal , 
respectively. 
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(3) Scattering from Touching Chaff Elements 

A series of measurements were made of the radar backscatter 
from 4" foam spheres sprinkled with aluminum strip chaff and 
aluminized glass chaff provided by the Avionics Laboratory. Figures 
113-116 relate to the aluminum strip chaff and Figs. 117 and 118 
relate to the glass chaff. In all figures, the solid curves represent 
the echo of a 4" foam sphere silver-painted (its imperfect surface 
explaining the echo fluctuations with 360° of rotation), The other 
curves represent foam spheres coated with the chaff elements. Each 
figure presents two such curves, for two 360° cuts about the sphere, 
each labelled with the curve average in x2. 

The chaff elements were applied by sprinkling them randomly upon 
a sphere made tacky with a spray solvent. The aluminum strip chaff 
density was quite low - on the order of a 100 elements distributed 
over the whole surface.  (A surface density of about 0.5 dipole/x2.) 
They were 1.5 cm long, implying resonance of an individual dipole at 
about 9.5 GHz. Because so few elements touched, the sequence of 
curves (Figs. 113-116) show a resonance effect about this same 
frequency. The average echo at resonance (9.53 Griz) was on the 
order of 6.6x2, about equal to the cross section of a solid metal 
sphere. It's also about equal to 50 (i.e., one half the total 
number of dipoles) times the tumble average cross section of a 
single dipole at resonance, giving the impression that the front 
hemisphere looks almost like a solid metal hemisphere, shielding 
the elements on the back hemisphere. A short effort (described 
in a monthly letter to the sponsor) was devoted to investigating 
this shielding effect, but results were inconclusive. 

G, The Aircraft-Chaff-Tracker 
Interaction Problem 

During the last month of the contract, the sponsor supported 
an effort to computer-simulate the interaction of a combined aircraft- 
chaff cloud target with a split-gate missile tracking radar. Because 
the research effort is concurrent with the writing of this final 
report, only its general outline is described here. Details are 
presented in Appendix G. 

A computer software routine has been developed which 
presents on a CRT the simulated aircraft radar plot of both the 
PPI indicator and a height finding indicator. Relative orienta- 
tion of both aircraft and missile are displayed as a visual aid. 
Evasive aircraft maneuvers in all three dimensions and in time 
incorporating preselected aircraft response characteristics (due 
to inertia and stress limitations) can : controlled by the operator. 
Chaff clouds are deployed at will by action of the operator. The 
missile radar, incorporating either a split-gate range tracker or a 
leading edge range tracker with selected gate width and time response, 
dictates the trajectory of the missile under selected time response. 
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characteristics of the angle tracker and missile inertial system. 
(This program includes a missile velocity increase with time and 
variable maneuverability with altitude and shift of its center of 
gravity with burn.) Presently, the aircraft presents to the radar 
an echo composed of three Gaussian pulses of selected durations 
and amplitudes. Also, deployed chaff clouds remai- fixed in space 
(but fall behind the aircraft as the aircraft movei- ahead) and 
present to the tracker an echo which remains constant in time and 
aspect. The integrated radar signal returned from the aircraft 
and chaff clouds, if any are present, is calculated as a function 
of time and relative missile position and compared with an assumed 
thermal noise signal. If the resulting signal-to-iioise ratio dips 
below a selected threshold, break-lock conditions apply and the 
missile continues on a ballistic flight. Presently, a numerical 
printout is made of the time~space-S/N history of assumed tactical 
manuevers. This is difficult to interpret at a glance, so some 
consideration is being given to a graphical plot of the same data 
so that successful tactics can be discerned and modified easily 
and quickly. Also the data will be taped for later retrieval and 
analysis. A sketch of this work is given in Appendix G. 

Ultimately, the success of the effort described to simulate 
the radar interaction problem depends upon the validity of the 
input data, i.e., good radar echo from aircraft and chaff clouds 
as functions of aspect and time, accurate dynamic response char- 
acteristics of the aircraft and missile and of the radar, and 
realistic tactical maneuvers. It is toward this goal that the 
present chaff contract and complementary ones are directed. 
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sparsing of the impedance matrix causes approximations which make a 
study of the extinction through the cloud impossible using this 
technique.    A second method which does not, suffer from this latter 
disadvantage is the iterative scatter technique which assumes initial 
currents on the dipoles as if they were uncoupled and updates all 
these currents in successive steps corresponding to what might be 
thought of as successive orders of inter-dipole scatter.    We have 
found the successive overrelaxation (SOR) method together with the 
Gauss-Seidel algorithm to be the most successful  iterative method we 
have used on clouds of resonant wires.    (It was found to be less success- 
ful on solid obstacles.)    Details will be found in a separate technical 
report [38]; in this report we show scattering results for clouds 
containing 1000 dipoles calculated using SOR.    Some check cases are 
also presented to validatü the method.   Although, like the sparse 
matrix technique, the iterative method is time consuming, it does 
permit calculation of scattering data for much larger clouds than 
can be conveniently handled any other way, and should yield accurate 
extinction data. 

One other topic which was investigated briefly during this 
contract period was the analysis of the aircraft-tracker 
radar interaction in the presence of chaff.    Detailed results will 
be found in a separate technical report [62]. 

Computer programs used to calculate the data generated for this 
contract are given in appendices. 

IV.    RECOMMENDATIONS FOR FUTURE EFFORT 

(1)   We have observed that as closer and closer spacings between 
dipoles are assumed, the current distribution on each dipole is not 
only changed in amplitude, but also in shape along the length of the 
dipole.    To represent this distorted shape requires more than a two- 
segment model of the dipole if a piecewise sinusoidal basis is used. 
We suggest the use of two basis functions, each defined over the 
entire length of the dipole, one being even, the other odd wUh 
respect to the dipole center.    The even function appears as a cosine 
function blunted at the ends while the odd function appears as a sine 
function whose peaks are shifted toward the dipole extremeties.   We 
feel that such basis functions should be sufficient to account for the 
current distortions due to the influence of nearby neighbors without 
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increasing the order of the matrix equations. How much more dense 
this technique will allow 
number is not known. 

the clouds to become beyond the 8 dipoles/Av 

• 

(2) We know that tor extremely dense clouds where many dipoles are 
touching, the method of moments is not a viable technique. The cloud 
appears in some sense as a solid body of conducting material, whose 
surface is almost rur-like and changing with time. We suggest that 
such a surface be modelled as a random surface with only incoherent 
scatter and for chosen cloud shapes, the calculated echo patterns be 
compared with experimentslly derived patterns. 

(3) Beyond the problem of dense clouds is the fact that most chaff 
clouds contain dipoles of various lengths to meet threats over a range 
of frequencies. The low frequencies present no new problems, but at 
the higher frequencies, those dipoles resonant at low frequencies be- 
come electrically long and require many segments (or modes) to 
adequately describe the currents induced on them. This enlarges the 
matrix to sizes which cannot be handled by computers. Thus, we 
suggest the use of basis functions which are travelling waves rather 
than standing waves and thereby reduce the number needed. The 
longer wires would of necessity be assumed straight, uncoupled to 
each other and to the short elements. 

(4) The computer simulation of an aircraft-missile intercept problem 
in the presence of chaff should be continued. Better models should 
be developed for the echo return from a typical aircraft as a function 
of its aspect with respect i;o the incident wave. Realistic radar 
models, including effects of doppler and angle tracking should be 
incorporated. And, probably most difficult, more accurate chaff 
cloud returns should be simulated. 
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STATISTICAL ANALYSIS EMPLOYED IN THIS REPORT 
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A.    Definitions 

We assume a frozen model  for a chaff cloud and shall  denote the back- 
scattering cross section of the mth cloud in the ensemble illuminated from 
an angle e, by om{Q) often leaving the e-dependence implicit for convenience. 
Averages with respect to angle e (here called spatial averages) will be 
denoted by Poisson brackets, < >, while ensemble averages over a set of 
clouds will be denoted by the overbar, -. 

It can be shown1 ^^4 that the backscattering cro^s section ani(e) 
of the mth cloud in the ensemble of clouds forming the frozen model, 
under the assumption of no coupling among dipoles, follows an ex- 
ponential probability density function,* sketched in Fig.  I-la. 

(1-1) pm(am) 

m 

1 <a > m 
<a > m m — 

m 

where <a > is the spatial average of o (e) over all given by 

(1-2) <a > m aje) de . m 

Evidence that indeed Eq.  (1-1) is valid is presented in Ref. 11  for 
clouds of up to 30 dipoles spaced on the average by two wavelengths 
(negligible coupling case).    There also exist some actual  radar chaff 
measurements which indicate an exponential distribution of back- 
scattering cross section.^5 

(1-3) 

The standard deviation!6 of o {Q) is by definition 

]/Z 

(am<e) " <am>)2 deJ= ' m =y<(^ - «v^ = m 

and the variance of cjje) is equal to s . m m 
The cumulative probability function associated with am is of 

interest and sketched in Fig.  I-lb, is m 

*It can be shown that the exponential  probability density function is 
strictly applicable only if the cloud density is uniform, which in the 
present case is not true.    However, for the clouds considered here, it 
is a very good approximation. 

179 

*■■.■■ 



,__ ,     U| 

W 

(1-4) w - m 

m 

m 

Pm(x)dx = i 
0 

am > 0 m — 

ö
m < 0 
m 

This function, evaluated at, say eft = a^, gives the fraction of 
all possible values of an, which lie in the range, 0 < am < ai,. 
Special values of a^i are given names which we will refer to later. 

am ]/5 is called the 20% or first 
m i/2 is called the 50% or 

am - 
For example if Pm(o') = 1/5, 
quintile; if P^aJ,) = 1/2, 
median (a; 
by <alj,>); 
quintile. 

a 
jas distinct from^the mean or average value we have symbolized 

^ 4/5 is called the 80% or fourth if Pm(a') = 4/5, a mm m 
= a_ 

Figure  1-1. Sketches of the exponential probability density function and 
corresponding cumulative probability function for the 
backscattering cross section of a chaff cloud. 
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In the fro/en cloud model, many different sample clouds are 
generated (each one, of course, with the same number of dipoles 
spaced on the average the same).    If the number of such clouds is 
M » 1, we obtain M sample functions öm(e), each one representing 
the backscattering cross section as a function of look angle e of 
the mth cloud in the ensemble, where 1 i m 1 M.    Since the spatial 
average cross section <ani> will in general differ for each m we 
obtain a distribution of M values of <am>.    If M is large enough, 
we can obtain a relative frequency histogram^ of <am> which may 
be fitted to a Gaussian probability density function qniean(<am>) 
since the means of the exponential process are Gaussianly distributed. 
If, for convenience, the symbol <0> is used in place of <oII1>, we 
depict the relative frequency histogram of <a> by a bar graph and 
the Gaussian probability density function of the sampling distribution 
by a smooth curve as sketched in Fig.  1-2.    The Gaussian density 
function 18 is 

(1-5) Hmeanx      ' 

(<a>-<o>) 

7? 
mean 

V27s mean 
where ■J> is the ensemble mean of <o> and s^ean is the standard 
deviation of <a>.    On an ensemble basis they may be expressed as 

(1-6) <a> 

and 

<0> qmean(<a>)d<a>    ' 
i 

(1-7) S = (<o>-<a>)    = (<a>-<a>)    q        (<a>)d<a>. v     ' mean     v '       I      v '   Mmeanv u '   u • 

The mean value <ä> is the arithmetic average of all the values of <o> 
(i.e., <orn>) and the standard deviation (since q(<o>) is Gaussian) 
determines the range of values,  (<o> - s^gn) < i<^>) < i<^> + smean)> 
between which lie 68.27% of all  the possible values of <o>  (i.e., <om>). 
The two curves in Fig. 1-2 both are normalized to unit area and the one 
may be fitted to the other by, for example, a chi-square test.19   Of 
course, since <a> cannot be negative, the fit of a Guassian distri- 
bution(which admits negative values) can be accomplished only in the 
region of <a> values about the <a> value. 

In a manner very similar to that for treating <a>, we may fit 
Gaussian curves to histograms of am 1/5, om 1/2, om 4/5 (using the 
simplified symbols, o-i/c« 0-\/o* aA/t;'» 
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Figure 1-2.    Sketches of a histogram and associated Gaussian 
probability distribution of spatial average 
cross sections of frozen chaff clouds. 

-     ^2 
l/5"CTl/5' (ch/c-oi/c) 

(i-8)      qi/cK/J = 
2 s 

1/51/5       fa 

1/5 

'1/5 

(a1/2~Ol/?)' 

(1-9) q1/o(a1/J = 
2 s 1/2 

1/2Vl/2/   72; s 1/2 

(q4/5"p4/5) 

(MO)        q4/5(a4/5)=-^ 
2s 4/5 

where the mean and standard deviation of a,/5, for example, taken on 
an ensemble basis, are 

JUS 

D 
U 
D 
li 
D 
11 
D 
I 

II 

. _—_—-. , ■ ■,■.■,', .,.■ 



D 
i: 
D 
D 
0 
Ü 

Ü 

l_i 

D 

■ M   i.n  :muim-mri .■... i..mi. ,■» IIHH'   -JI        IJ^U.UI   . nm IIWHIHJ i  . i,in inw^^^^^n i »up m i ■■!■■■■»  inn lUW» ip II i "W^;w^m| 

(Ml) '1/5 0l/5 ql/5(0l/5)dal/5' 

(1-12) *V5 = (cl/5"0l/5 "     )2 (a 
_       2 

l/5"0l/5' 

Similar expressions may be used for o1/2, s1/2, o4/5, and s4/5. 

Once a value for <a> has been obtained, we hypothesize that 
this value may be used in Eqs.   (1-1) and (1-2) to obtain the 
probability density function and cumulative probability of the 
backscattering cross section a of the frozen model, even in the 
presence of coupling, 

(1-13)       p(o) = _ -< 

1      « <0>                      n — e ,    a ^0 
<a> 

0 .     a < 0 

(1-14) P(a) 
1  - e    <a>  .a >   0 

0 ,a <   0 

If these functions indeed do characterize the frozen model then 
it should be true that 

(I-15a)     P(a1/5) = 0.2. 

3 »0. 

n 
i 

D 

(I-15b)      P(a1/2) = 0.5  , 

(I-15c)      P(a4/5) = 0.8 . 

One can test the data to see if equalities (1-15) are approximately 
true, in which case we have some assurance that Eq. (1-13) is valid 
for coupled clouds. 

183 

üiiüaii ay-'^tf^ng-»-1"   ■'•■.'A     '.'■>.•"'>-■»■'  ■    •>v\ - ■■ ' ■—■,. ■■'   ".■■ 



upippppiMujijuwiyM»! .miiu mu.mw.rf'.^m«mmm^Mm^ m.mimum ■"■ ^■"""" mmmmwimmmmwM 

We considered the following reasoning to obtain one other 
indicator that Eq.  (1-13) is valid.    The standard deviation of o 
found from Eq.  (1-13) to be 

is 

(1-16) (a-<o>)    p(a)do 

'/* 

<o> IJI 
This standard deviation of a should be related to the standard 
deviation Smgan of the sampling distribution of means by the 
relationship^ 

1 

(1-17) mean 

m 

where the numbers Np and Ns are defined as the population and sample 
size, respectively, and may be obtained in our case as follows. 

If, in the frozen model, there are M clouds, each viewed at 
512 angles with two polarizations, then the number of pieces of 
backscattering data, called the population, is Nn = 1024M.    By 
sampling each cloud at 512 look angles with two polarizations and 
considering these data as independent, we form 2M samples of size 
Ns = 512 data points each.    However, the 512 look angles are 
probably not independent, i.e., we have oversampled am(0).    To 
obtain an estimate of the number of independent samples, we observe 
the highest frequency in the spectrum W(N,d/x) (discussed below) 
and consider the sample size to be Ns = 2W (N, d/x).    Using these 
values for Np and Ns and Smean as obtained from qmean(<a>)» Eq.  (1-17) 
gives_a value s % s^an 2w which may be compared with the value 
s = <a> of Eq.  (I-16).    We applied the above numbers to Eq.  (1-17) 
and did not arrive at relations between s and Smean which were 
consistent with Eq.  (1-16).    We can only conclude that the above 
method for estimating sample size is invalid probably due to the 
inhomogeneity of the population data from cloud to cloud. 

Another parameter which may be of use in characterizing the 
frozen cloud model is the spatial frequency spectrum of the back- 
scattering cross section.    If om(e) is the backscattering cross 
section of the mth cloud in the frozen model, then we define Fm(ü)) 
as the Fourier transform of one period of öm(0), 0161360°, where 
ü)   is the spatial spectral variable (in say, Hz/degrees of e). 

A typical  Fm(ü)) might appear as sketched in Fig.  1-3, where 
Wn) is the highest frequency in the spectrum.    One finds that Wm 
varies with N, the number of dipoles in a cloud, and d/x, the 
average spacing between dipoles, so we signify this dependence 
by writing Wni(N, d/x).    In addition, one finds that for a fixed 
(N, d/x) pair, different members of the ensemble of clouds, i.e.. 
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different values for 1 S m 1 M, yield slightly different W^N, d/A). 
If we denote by W(N, d/x) the average of these values over 22 
different clouds, we can derive Table I.    In this table, W(N, d/A) 
appear in the upper triangles, while in the lower triangles appear 
the values of 46(N,d/A)/A; i.e., diameters (in wavelengths) of spheres 
encompassing 95% of the dipoles in a typical cloud associated with the 
pair (N, d/A),    If the parallel dipole scatterers are assumed to exist 
at the extremeties of these diameters, then frequency W'(N, d/A) can be 
calculated on the basis of the beanwidth of the broadside lobe ac- 
cording to 

W'(N, £) 180 

sin"1 i A_ 
46 

Both W(N, d/A) and W'fN, d/A) are plotted in Fig.  1-4.    The 2-dipole 
model appears to predict values for W(N, d/A) which are too low and do 
not decrease rapidly enough with decrease in N, but considering the 
simplicity of the model, the comparisons are not bad. 

FmM 

Figure 1-3.    Sketch of a typical spatial frequency spectrum 
of a frozen chaff cloud. 

B.    Statistical Analysis of Backscattering Data 

A large ömount of calculated backscattering data, based on the 
frozen model, have been obtained for several cases.    To examine the 
properties of these data, statistical methods must be employed. 
The usual procedures for dealing with this kind of statistical 
problem are as follows: 

1.    Data are first classified into small intervals and by 
counting the relative frequencies of occurance in each interval, 
a histogram can be drawn.    By inspecting the histogram, it is then 
possible to select a suitable mathematical model, namely, the 
frequency distribution function.    The unknown parameters are then 
estimated by the Maximum Likelihood Method. 
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>>d = 2.oX 

>d =I.5X 
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Figure 1-4. 

20 30 

NUMBER OF DIPOLES   N 
The highest spatial  frequency Wn in the spectrum 
of a frozen chaff cloud, as function of N and d/x. 
The approximant W'  is derived as discussed in the text. 
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2.    The reasonableness of the mathematical model can be checked 
by the Chi-Square TestJ'J    Basically, the quantity 

k     (o.-ej2 

I        1e1        > 
i=l i 

Oj, e^ are the observed and expected frequencies respectively, 
npared to a xs variable with v degree of freedom.    This serves 

where 
is compared ui a XQ 
as the criterion for the goodness of fit. 

3.    Once the assumption of the model is justified, our interest 
is in the confidence limits of the parameters.    This gives some idea 
of the expected variation of the parameters of interest.    Given the 
size of the confidence interval, it is then possible to determine the 
number of data points sufficient to describe the statistical behavior 
of the cloud. 

To illustrate the technique, we analyze the data obtained for the 
case N=30 dipoles, d=2.0x in detail here. 

f 

[ 

Table II shows the spatial average backscattering cross-section 
<am(9)> for m=l, 2, •••, 80 clouds.    These data are then classified 
into 24 classes, from class mark 2.0 to 6.8 with interval size 0.2. 
The resultant histogram is shown in Fig. 1-5.    The synnetry and 
skewness of the histogram suggests that the data are likely to be 
Gaussian-distributed.    We therefore assume that <om(e)> has a 
Gaussian distribution with mean y and variance CT2.    Since these 
are not known a priori, they must be estimated from the data.    It 
can be shown!9 that the maximum likelihood estimators of u and a2 

are given by the sample mean <arn{e)> and sample variance s2 

Thus, nr mean 

(%(e) •<om(9)>)' 

■Wi'V9'''' 
mean 

where the sample mean <crrn(e)> - 

mean 
80 ,(e)> 

sample variance s mean 

80 
=   I 

m=l 

(<am(e) -<om(e)>' m m 

and total area of the histogram A = 16.0. 

4.2798, 

= 0.288 
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Figure 1-5, The histogram and associated Gaussian probability distribution 
of the spatial averages of 80 frozen chaff clouds containing 
30 dipoles each. 

Equation (1-18) is also plotted in Fig. 1-5.    Here we have fit 
the histogram of the backscattering data to a Gaussian curve.    One     2 
measure of fit is the Chi-square test which evaluates the deviation x 

2 _ 

i=l  e 

V 

between the observed frequencies OJ and the expected frequencies ei in 
i=l,2,'"k intervals. The expected frequency e-j is obtained by in- 
tegrating the area under the curve and the observed frequency oi is 
obtained by counting the number of occurances of the backscattering 
data in the ith interval. The results are shown in Table III. 

2 19 In computing the deviation x . it is necessary that eil5 and k^5. 
Several intervals can be combined until the above condition is satisfied 
This is indicated in the left column of Table III. 

u 
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Calculations show that 

X 

2 

2 -   ?     (0rei)    . (7-5.87)2  .   (4-5.35)2 .  (8-7.96)' 
" if1       e. "     5.87 5.35 7.96 

. (15-10.33)2 , (18-n.68)2 . (10-11.52)2 
10.33      11.68      11.52 

■ (4-9.91)2 . (7-7.43)2 ■ (7-9.94)2 
9.91      7.43      9.94 

= 10.7088 
2 

This value is compared with a XQ variable with =K-1-£ degrees 
of freedom, where i is the number of parameters that the interval 
probability depends upon; since qmean(<o,m(0)>) depends on two 
unknown parameters, we have ä=2 in this case. 

2 
It is found that xo=12.592 with v=6 for a 5% significant level, 

and since x^ < x^. we conclude that the model is satisfactory. 

The 95% confidence interval for the mean is given by: 
_____  bs    —7  bs 

(<omO)>) 
m-1 

, <a (e)> + m m-1 
" (4.1613, 4.3983) 

where b can be obtained from the Student-t[l9] distribution table. 
For example, b=1.96 for m > 30.    The confidence interval of the mean 
is then given by L = 2bS/Jm-l, or solving for m, we obtain: 

(1-19) m = 1 + M- 
For L=0.1 <oni(0)> = 0.42798, Eq. (1-19) can be used to obtain the 
value of m by trial and error. Assume m=26, b=2.056, Eqs. (1-19) 
gives m ■ 26.    We sumnarize the results as follows: 

1. Evidence is shown that the spatial averages are Gaussian 
distributed. 

2. The mean value will lie inside the interval (4.1613, 4.3983), 

3. We predict that 95% of the data will fall in the interval 
(3.2050, 5.3546) in the long run. 

4. Only 26 clouds are needed to determine the statistical 
behavior of the spatial variation of the Chaff cloud if 
the size of the confidence interval is allowed to be 10% 
of its mean value. 
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Again, 80 clouds of each case were used in the statistical  analysis. 
The assumption that the data were obtained from sampling a Gaussian 
population is good except for the case of 20% level.    However, it is 
found that the variance in these cases are so small that even if more 
clouds are included in the analysis, the sample mean will not change 
significantly.    We thus include them for comparison. 

The 20%, 50% and 80% levels are obtained by substituting 
into Eq.   (1-14) with the appropriate value of <a> used and in 
Table IV they are compared with the value obtained by forming 
histograms and approximating these with Gaussian distributions. 
The same results are shown in Fig.  1-8, where the curves are 
calculated using Eq.  (1-14) and dots are values calculated using 
histograms.    The good comparison leads us to conclude that the 
backscattering cross section, even with severe coupling effects, 
appears to obey the exponential  distribution when the associated 
value of mean cross section <a> is incorporated. 

TABLE I - HIGHEST SPECTRAL FREQUENCIES 

10 16 20 25 30 

2.0 S8-j4.76 69^<.45 «"•j^.oo 92^.46 "•^.86 

1.5 K-}4.57 53;K.08 61 ^.SO 
69/4.84 75^.15 

1.0 ^■yz.i& *y2.n 4144.00 47-^3.23 51 ^.43 

0.5 ,7^f.l9 20;K.36 22;K.60 25^.61 27-/.71 
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TABLt II - SPATIAL AVERAGES OF 80 CLOUDS 

4.3842 

4.40 

4.5801 

4.63293 

4.67246 

3.52468 

3.34084 

5.07415 

3.77322 

3.23141 

2.6788 

4.03150 

4.2399 

5.2056 

4.2795 

4.1598 

4.2642 

4.5817 

4.1245 

4.4971 

4.4985 

4.8349 

4.0279 

4.3948 

4.0599 

5.4608 

4.3303 

3.7248 

3.4994 

4.38457 

4.52723 

4.26477 

3.74232 

4.29156 

3.45858 

5.11655 

4.30620 

4.60128 

4.90631 

4.45655 

4.49505 

4.17054 

4.64392 

4.18171 

4.34841 

3.31524 

3.90761 

2.62660 

4.45712 

4.12578 

4.38605 

4.02188 

4.22126 

4.18910 

4.30804 

3.9152 

4.93505 

3.84363 

5.36615 

3.95543 

5.50184 

3.9871 

4.09925 

3.63187 

4.89497 

5.15151 

4.11126 

4.90393 

4.34125 

4.08328 

4.81494 

4.03012 

3.83469 

4.28673 

4.47537 

3.91778 

4.56063 

4.84562 

4.16605 

4.26969 

*: 

0 
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TABLE III - THE DATA OF TABLE II CLASSIFIED INTO RELATIVE 
FREQUENCIES OF OCCURRENCE 

Theo Freq 

.00 

.01 

.03 

.09 

.28 

.72 
1.61 
3.14 
5.35 
7.96 

10.33 
11.68 
11.22 
9.91 
7.43 
4.86 
2.77 
1.38 
.60 
.23 
.07 
.02 
.00 
.00 

k Level Freq Dist 
0i 

1 2.100 0 
2.300 0 
2.500 0 
2.700 2 
2.900 0 
3.100 ►\ 

3.300 
3.500 3 

2 3.700 4 
3 3.900 8 
4 4.100 15 
5 4.300 18 
6 4.500 10 
7 4.700 4 
8 4.900 7 

5.100 3 
5.300 2 

9 5.500 2 
5.700 0 
5.900 0 
6.100 0 
6.300 0 
6.500 0 
6.700 0 

TABLE IV - CUMULATIVE PROBABILITY VALUES 

N 
d/A 

30 
2.0 

4.2798 

30 
0.5 

2.6513 

10 
2.0 

1.42440 

10 
0.5 

1.0219 <am(B)> 

20% 

0.9484 

0.9550 

0.5749 

0.5916 

0.3127 

0.3177 

0.2220 

0.2280 

<am(e,>20% 

P(a) 

50% 

3.0555 

2.9665 

1.8215 

1.8377 

0.9634 

0.9870 

0.6932 

0.7083 

<a
m^

)>so% 
Pia) 

80% 

7.1347 

6.8881 

4.2469 

4.2671 

2.2597 

2.2918 

1.6384 

1.6447 Pia) 
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Figure 1-6. 
a^rag^sDlHnTdA0-5^"?' ^ 0Ver 80 fr0Zen chaff clouds with 
fnH 29   IS 5 ^.^     2-    Two C^es are considered, N = 10 diooles 
^chl  -^.^S01^ as indi"ted by the heavy dots.   The heavy 
dashes indicate the range containing 68% of the individual snatlal 
uT?**    <wit*i" <"* standard deviation e?ther s de of ^7) and ?Je 
i^fal avora^?1?3^^^96 containin9 95% of the ind iiSual 
^)     The s??a a rf?Ln U0 Standard Rations either side of 
<ü>).    rne straight line represents uncoupled dipoles. 
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Figure 1-7. Ensemble average backscatter <o> over 80 frozen chaff clouds with 
average spacing d/x = 0.5.   Two cases are considered, N = 10 dipoles 
and   N = 30 dipoles as indicated by the heavy dots.    The heavy 
dashes indicate the range containing 68% of the individual  spatial 
averages (within one standard deviation either side of <a>) and the 
light dashes indicate the range containing 95% of the individual 
spatial averages (within two standard deviations either side of 
<a>).    The straight line represents uncoupled dipoles. 
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APPENDIX   8 

REACTION MATCHING IN ELECTROMAGNETIC PROBLEMS 

The objective of this work is to determine the electro- 
magnetic scattering properties of large (random) clouds of 
perfectly conducting wires (dipoles) illuminated by a mono- 
chromatic plane wave.    The emphasis is on applying an 
integral equation solution to this problem for those cases 
where the number of volume density of dipoles is large ( 1000 
dipoles,   8 dipoles/x3) and the mutual couplings among all 
dipoles must be taken into account.   The purpose of this appendix 
is to review the reaction [21] technique for developing an in- 
tegral equation for the currents induced on these dipoles and 
to consider the transformation of'this integral formulation via 
Moment Methods [22] to a system of algebraic equations more 
suitable for numerical solution by digital computer. 

A.      Scattering Properties of Obstacles 

One measure often used to characterize scattering properties 
is radar cross section or echo area a defined by 

(IM) 
fi 

a = lim 4TTR£ 

R-x» i^i2 

where Ei is the electric field intensity of an incident plane 
wave of fixed polarization arriving from a particular direction 
(say QQ^Q)  and Es is the electric field intensity of the scattered 
field a large distance R from the obstacle in an arbitrary direction 
(e,(t)). The quantity hr is a unit vector spacifying the direction 
of the vector effective height of the receiving antenna which 
fixes the polarization component of the scattered field inter- 
cepted by this antenna. The reader is referred to the work by 
Kennaugh [23] for a complete discussion of the characterization 
of polarization properties for arbitrary scatterers. 

The units for 0 in the MKS system are meters^ and radar 
cross section obviously represents an area. More specifically, 
0 is the area normal to the incoming plane wave which would 
intercept enough power from the incident fields so that if this 
power were reradiated isotropically the power intercepted by the 
receiving antenna would be identical to that caused by the obstacle 
itself. Figure II-l illustrates the two basic types of radar 
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(a) Bistatic Configuration. 

SCATTERtR 

A.       TRANSMITTING 8 
E»    ^   RECEIVING 

>    ANTENNA 

(b) Monostatic Configuration, 

Figure 11*1,    Scattering cross-section configurations, 
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cross section measurements; bistatic cross section where trans- 
mitter and receiver are separateed by angle ß/0, and monostatic 
cross section where transmitter and receiver are coincident, ß= 0. 
Monostatic cross section is commonly referred to as backscatter 
cross section and this terminology will be adhered to in all 
following discussions. 

B. Scattering by Perfectly Conducting Bodies 

Calculation of the scattered electric field appearing in 
Eq. (II-l) normally requires knowledge of the "secondary sources" 
induced in or on the scattering obstacle. A perfectly conducting 
obstacle will obviously have only a secondary source of the 
electric type induced on its surface and an integral equation for 
this surface distribution can be derived by applying the usual 
boundary conditions and the "zero reaction" theorem of Rumsey 
[21]. A detailed treatment of this approach is given by 
Richmond [24] and is summarized here. 

Consider the basic geometry for the problem shown in Fig. II-2. 
The arbitrary metallic scatterer is located about the origin 0 in 
a right hand coordinate system_and the primary electric and 
magnetic source distributions Jii'W-f, of finite extent and with 
ejwt time dependence, are located by position vector FT, R here is 
assumed large (R-*»), thus assuring that the free space fields of 
Ji.Mi, in the absence of the scatterer, produce a plane wave in 
the vicinity qf 0. For convenience consider these plane wave 
fields to be e polarized with components given by 

(II-2) Fi = 

jkoR 

(II-3) H.--1.   e 
1   no 

jk R 

where HQ = 120IT is the free space wave impedance and k0 = / u e is 
the free space propagation constant. v o o 

The surface of the perfectly conducting obstacle, defined by 
S in Fig. 11-2, separates the interior source free region V from 
the exterior region containing JiiM-j, Consider the total fields 
in the presence of the scattering obstacle. These fields are 
(E,H) outside V and (0,0)_insjde V and are the superposition of 
the free space fields of J-j ,Mi and the free space field of new 
secondary source Js on S. Js here is precisely, the surface con- 
duction current distribution induced on S by (E-j,Hi)._ It is con- 
venient at this point to define the scattered fields Es,Hs in terms 
of the difference fields given by 
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Figure 11-2. Arbitrary metallic scatterer in presence 
of primary sources, 

(II-4) 

(II-5) 

Es H E - E. 

Hs . H - H. 

From this definition of fields.,, the surface distribution J5, radiating 
in free space, must generate (ES,HS) outside V and (-E-j.-Hi) inside 
V • Js can be written in terms of the boundary conditions on S (a 
perfect conductor) as 

(II-6) Js = n x H, 
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where n is taken to be the unit_outward_normal.    The equivalent 
problerr stated in terms of (JiiM-j) and Js radiating in free 
space is illustrated in Fig.  II-3. 

SECONDARY 
SOURCE 
ON S PRIMARY 

SOURCE 

Figure II-3.    Equivalent problem. 

The term "reaction" was first introduced by Rumsey to describe 
certain measurable effects betweenjsources and their fields. 
Consider two sources (pa.Ma) and (.Jb»Mb) of finite extent and 
radiating fields (Ea,Ha) and (Eb.Hb). respectively.    Also con- 
sider the region of space containing these sources and their 
fields to be isotropic but not necessarily homogeneous.   The 
reaction of source b on source a, denoted by <a,b> (mutual 
reaction), is defined by the scalar quantity 

(II-7) <a .b> = HI <^b - R" ■lyda' 

"a" 

■ w 

where the region of integration in this case, is over the 
sources (e.g., volumetric, surface, or filamentary).    In reciprocity 
media the reciprocity theorem of Carson [25] can be applied to Eq. 
(II-7) to show equality of mutual reactions; i.e.. 

(II-8) <a,b> = <b,a> 



■MWHWI mmmm wmmmmm^mmmigmimmmmii'-'- "^ m.MA^ ...,, u ,nm>mm>«hM 

D 
l. 

D 

10 

D 
L 

li 
0 

Sources can also be reacted with themselves to yield "self- 
reactions" denoted <ala< or <b,b>. 

Application of the reaction concept to the present scattering 
problem leads readily to the required integral equation formulation 
for the unknown surface current Js and to a variational solution 
for this current. Consider placing an arbitrary but known "test" 
distribution of electric current J' ("bl source) inside V and let 
this source radiate free space fields (E'.H'). These fields of 
the "b"_source can be reacted with the superposition of sources 
J. and J. ("a" sources) to yield 

(11-9) :a,b> = J.  • E'dv + 
f f   - 

E'ds 
primary 
sources_   _ 

Similarly, the fields of Ji|Js can be reacted with the test 
source J'jind because the resulting reaction integral is taken 
over the J' source located in the null field region V, this 
reaction is identically zero; i.e., 

(11-10)      <b,a> =    ff       J'  •  (E. -E^dv' = 0  , 

source 
However, by way of the reciprocity between mutual reactions (Eq. 
I1-8), Eq. (I1-9) is also identically zero and can be rearranged to 
give 

(11-11) -I! J    • E'  ds s primary 
source 

Ji   . E' dv    , 

and by applying Carson's reciprocity theorem to the right hand side 
of Eq,  (11-11), the final form for the integral equation becomes 

(11-12) J    . E' ds = 
s t^ 

J'   . E. dv' 

source 

This is now in a convenient form where_E^ is well defined (Eq. 
II-2) and J'jcan be specified so that E* can be calculated. 
That leaves Js as the only unknown quantity in this expression. 
Integral equation Eq.  (11-12) is a special case of a more 
general Reaction Integral Equation (RIE) formulation discussed 
by Richmond [26].    Furthermore the "zero reaction" test was 
applied with an electric test source J' only and the result 
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was the electric field, integral of Eq.(II-l); however, if a 
tragnetic test source M' had been used, the result would have been 
a magnetic field integral form. This use of a zero reaction test 
appears to have first been used by Kouyoumjian [27] and later 
developed by Rumsey and Richmond. 

C.  Numerical Solutions 

Solutions of the electromagnetic integral equation, Eq, (II- 
12), have in the past been obtained via a number of classic 
procedures, e.g., modal (eigenfunction) expansions, low fre- 
quency expansions (powers of k0), high frequency expansions 
(powers of l/k0), variational methods, physical and geometrical 
optics, etc. However, with the advent of the numerical computer, 
the most common method of solution, especially for complicated 
resonant sized obstacles, has become the method of moments [22], 
This is the technique alluded to earlier by which the integral 
equation is converted to a system of simultaneous algebraic 
equations; the computer being admirably suited to compute the 
"inversion" type solution to this system of equations. 

Consider a generalized set of vector functions $n» ^=1|2, 
defined on S to be suitable for expanding the induced surface 
currents on S; i.e.. 

1J1 

(11-13)  J = I 
n=l 

J* 
n n' Li 

where Jn are unknown (complex) coefficients to be determined. 
Also assume_the nth expansion "mode" *n of this set radiates 
fields (En»Nn) in free space. 

Consider another set of normalized vector modes, ? , m=l,2, 
as a set of arbitrary test sources J'; i.e.,       i! 

(11-14)  J' = em, m=1.2.... . 

Let mode m of this set, em, radiate (ITm»!^) in free space. 
Equation (11-12), rewritten in terms of these expansions, 
becomes the doubly infinite set of algebraic equations given by 

ii I 
(11-15) -1J" I ^ • Em ds n  m |fem • E. dv' , ^JJ m  i 

m = 1,2, •••» 
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where the orders of integration and summation has been inter- 
changed and the regions of integration are over the respective 
domains for each mode function.    The practical choice of mode 
functions which will be used here leads to more manageable finite 
systems of equations than implied by Eq.  (11-15). 

Recall, the reaction test sources J' have not yet been 
specified.    Consider now the particular choice for the J' 
distributions em = %, which is known as Galerkin's method_and 
let this mode set consist of a finite number of functions $n» 
n=l,2,..-,N where each function is nonzero only over a specific 
interval  in space (e.g., volume region, surface area, or section 
of a contour);  the $n's in this case constitute an incomplete sub- 
sectional basis set.    Figure II-4 illustrates one method of 
slibsectionalizing the surface domain of Jc where J1 is 
defined to flow on surface S'.    Surface S , in the case of a 
general scatterer, recall, must be located "inside" S as shown 
in the figure.   However, for the perfectly conducting obstacles, S1 

may coincide with S and the zero reaction test will remain a valid 
test.    The system of algebraic equations defined in terms of this 
finite subsectional mode expansion now takes the form 

(11-16) 
N 

■I   J, 
n=l    ' 

' F r r 

K    ■rmds = |K-rids,'rn=1^' ,N, 

where Em denotes the electric field of test source $m located on 
S'. This algebraic system of N equations with N unknowns Jn is 
commonly represented in the electromagnetics literature by the 
matrix formulation 

(IM)   ZI = V. 

where Z = [Zmn] represents the N x N matrix of generalized mode 
impedances with elements Z  given by 

(11-18)  Z mn *ri • Emds ;   m,n=l,2,...,N, 

I = (Jn) is the N x I vector of unknown mode currents and V « (Vm) 
is the N x I vector of known generalized mode voltages given by 

(IM9)  VJIV^'' ^2,...,N. 
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Figurt II-4. Subsectionalization of S and S" and convenient 
surface coordinate system U»c). 

The expansion which defines J is given by 

_  . N 
(11-20)  0S ^ I  Jn % on S 

r.=l 

and the test sources are given by 

(II-2)  J' = «m, m»l,2,...,N on S' 

The indicated approximation of Js in Eq. (11-20), under suitable 
conditions, will approach the true distribution when, in the limit, 
the subsectioning becomes infinitely "fine" and N-*». This of 
course defeats the purpose of numerical modeling and the assumption 
here is that a reasonable number of samples (4-10 per x2) will give 
enough information to successfully interpolate «L. The use of 
testing functions on S' instead of S when S and S1 are separated, 
also has the particular advantage of avoiding the singular nature 
of the self-reaction of a source with its own field. Normal 
separations between S and S' should be less than O.Olx to give good 
numerical results for the types of EM problems discussed here. 
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D.  Examples of Bases for Surface^Patch and 
Wire-Grid Modeliny 

The order N of the system of equations represented in Eq. (II- 
16) is obviously dependent un the geometry and electrical size of 
the scatterer, the choice of basis set and the degree and type of 
subsectioning required to achieve a desired numerical accuracy. 
The purpose of this section will be to present certain examples 
of basis sets for the continuous conducting obstacle and to 
discuss some advantages and disadvantages of each. 

1. Surface-Patch Bases (Patch subsectioning) 

Figure II-5 shows examples of two basis functions suitable 
for the surface-patch model. Basis functions of this type were 
first considered by Wang, Richmond, et al. [28]. A specific 
example of the use of the cosine modes on a flat plate scatterer 
is shown in Fig. II-6 where only E,  directed modes are considered; 
however, for more accurate results and/or the case of an arbitrarily 
polarized incident wave, £ directed modes would also be included. 
The approximation to Js is then computed as a linear combination 
of modes in the two vector directions £ and £. 

2. Wire-Grid Subsectional Modeling and the 
Piecewise Sinusoidal Basis Functions 

One particular geometry of considerable interest in EM theory 
is the thin cylindrical antenna or scatterer and its applications 
to the modeling of arbitrarily shaped conducting obstacles. First 
developments in the use of wires for numerical modeling of 
continuous conducting shapes were advanced by Richmond [29] and 
this approach was later used extensively by Lin and Ricnmond [30] 
and Thiele [31].  The basic technique of wire-grid modeling is 
to define a suitable number of points on the surface of the obstacle 
and then interconnect these points with straight wire segments. 
These segments serve as approximate paths for the induced surface 
currents and the integral equation of Eq. (11-16) now becomes 
one for solving for the unknown surface currents on these wires. 

One possible set of basis modes which are amenable to the 
wire-grid structure are the overlapping piecewise sinusoidal 
dipole modes introduced by Richmond [32]. Other types of sub- 
sectional bases often appear in the literature [33]; e.g., pulse 
bases, piecewise linear bases, etc. The literature also refers to 
trigonometric whole bases [34] from time to time. However, the 
piecewise sinusoidal basis functions have been shown [35] to have 
certain superior properties, making them well suited to 
numerical solution of wire structure problems. 

■ 

205 

j^^m»» \-.te:; 



,u,..   ,.   .;.!li»~M.^..^w.r^H.w-^v^,^,i^».J.l.jWi.iiWlMIWII   UÜIDIWPII   Ullll. .1  Ml» .IHIIil^WipEllppgpPWWWP^ 

I ■Mfm 

<I> 

UNIFORM ,^     Ci^C S C2 

Figure II-S. 

(b) 

Examples of subsectional basis functions for surface scatterer. 
(a) Uniform rectangular pulse basis functions, one pulse per 
subsectional region; (b) Overlapping cosinusoidal basis functions, 
one cosine mode per two subsections in 5, uniform in t.. 
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Figure I1-6. Mode structure for computing backscatter cross 
section from thin square flat plate (perfect 
conductor) using overlapping cosine modes 
(sje Fig. II-5). 
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Figure 11-7 shows two examples of pairs of interconnecting 
segments - separated pairs and overlapping pairs. Consider the 
nth dipole mode $„ given by 

(11-22) %-i 

sin k (r,,-r)  o_ c 
sin ^(r^) 

sin k0(s2-s) 

sfn k^ls^s^ 

r, <. r <^ r« 

s. s, i s <^ S2 

This mode flows as a tubular s-irface current density on the nth pair 
t;f intersecting segments (v-dipole) with arms in the r and s directions. 
Ho\n consider the test source T  (Eq. (11-21) to be a filamentary source 
on the axes of these segments. It can be shown that the reaction of this 
axial test source with any colinear tubular surface current mode 
is identical to the reaction between^this same axial test source 
and a filamentary current mode 2Tra Fn located one radius "a" 
away from the segment axis. Figure II-8 illustrates the 
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mth. 

{$)    SEPARATE  OIPOLES 

J'ON       mth 

(b)    OVERLAPPING OIPOLES 

Figure 11-7. Nonoverlapping dipole segments and 
overlapping dipole segments. 

r .< i 

equivalent cases     Numerical calculations have indicated [36] 
that for the non-colinear cases  (Fig.  II-7), the errors introduced 
into the self and mutual reactions, by using the axial test 
sources and filamentary approximations for the surface modes, can 
be neglected when segment lengths exceed 20 radii and spacings 
between separate dipoles exceed aA or the angle an between 
two intersecting (overlapping) segments exceeds ^30°.    Figure 11-9 
illustrates a section of wire-grid modeling for an arbitarily 
shaped conducting obstacle and shows a portion of^an overlapping 
piecewise sinusoidal mode structure.   Only a few 5 directed modes 
are shown; however, for an arbitarily directed surface current, 
modes must be included in the c direction and enforcement of 
continuity of the currents at each junction of multiple segments 
assures that a junction having k intersecting segments will have 
only k~l independent dipole modes passing through it. 
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(b)   COLINEAR SEGMENTS 

Figure II-8.    Equivalence of reactions between colinear axial test 
source and tubular surface current and equivalent parallel 
filamentary cases. 
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Figure 11-9, 

A 

C 

Sample mode structure on wire^grid model of 
conducting surface, §ampleÄof C basis functions 
shown; however, both c and i  function required 
i n general. 

The integrals in Eq. (11-16) become line integrals for this 
type of modeling and successful application of the piecewise 
sinusoidal expansion modes normally requires wire segment lengths 
not to exceed 0.25X. 

3. Advantages and Disadvantages 

Both surface patch and wire-grid modeling are generally con- 
sidered suitable for continuous conducting obstacles. However, 
if the obstacle includes a protruding section; e.g., antenna 
(monopole), then the wire-grid type structure is usually more 
convenient. The surface patch technique, on the other hand, will 
model the same size surface with fewer modes but computations of 
the wire-grid mutual impedances are performed much faster than for 
the patches. If computing time is critical, then the wire-grid 
model might be considered to have the advantage, even though it 
may require a larger number of modes. 

E,  Chaff Clouds 

The discussion so far has emphasized the more general cases 
of arbitrarily shaped conducting scatterers; however, it also serves 
as the basic background needed for the problem at hand, namely, 
scattering by random clouds of thin conducting wires.  Here, 
the wires are assumed to be of resonant length -^O.SX and the 
piecewise sinusoidal modes are used  Each wire can then be 
modeled as a p=2 segment dipole requiring only one mode per wire. 
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Figure  11-10.    a) Thin cylindrical wires,    b) Approximate fijementary 

model using jriecswise sinusoidal expansions *n on 
surface and *m on axis. 
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The N x N impedance matrix A in the case of these random 
arrays of thin wires will contain all possible interactions among 
N wires and will not be a "thin" or sparse matrix. Also, the 
number of wires considered will be as large as N = 1000 and hence, 
the equation to be solved, Eq. (11-25), will be a "full" matrix 
equation of up to ürüer 1000. All elements of Eq. (11-25) will be 
complex numbers and the impedances given by Eq. (11-23) 
will be complex symmetric, i.e., amn = anm for all m and n. This 
last condition results from the reciprocity relation of Eq. (II-8) 
and the use of Galerkin's method. 
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APPENDIX C 
CLOUD GEOMETRY 

A. The Radially Inhomogeneous Cloud 

ü 

To create a chaff cloud, N dipoles are randomly positioned in space 
and oriented according to certain statistical  rules.    Their orientations 
are specified so that all possible orientations are equally likely, i.e., 
a spherical probability density function for orientation is implied.    Their 
positions are specified by the Cartesian coordinates (x,y,z) of their centers 
according to the following rules: 

1,    The probability of finding the x-coordinate of a dipole center 
in a small increment AX about x is 

(III-l)      g(x)AX = -^. 
1 
7 ii 

Ju? 

u 
I 

2. The probability of finding the y coordinate of a dipole center 
in a small increment Ay about y is 

(III-2)  g(y)Äy = -^= e"7!6] 

11 
U 

' - 

3.    The probability of finding the z coordinate of a dipole center in 
a small increment AZ about z is 

m 
.MM 

(iii-3)     g(z)Az AZ 

IZKS2 

Mf 

4.    The process by which the coordinates Cx,y,z) of a dipole center 
are selected are statistically independent. 

Note that the three probability density functions are Gaussian with 
zero mean and identical standard deviation 6i implying that the cloud 
is most dense in the center and spherically Symmetrie. 

Because of the statistical independence property, the probability 
of finding a dipole center in a small cube of volume v=AXAyAZ about 
the point Cx^y^z^ is 

_   .   AZ 

(ni-4)(iP(xlfyltz1;Av) = I ^      I I 

y  .  AX 

,       AZ       * AY       ' AX 
g(x)g(y)g(z)dx dy dz 
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e 

If there are a total of N dipoles in the cloud, the number of dipoles 
expected to lie in the small cube v about the point (x,fy,,z,) is on 
the average, 

(II1-5)        AN(xl,y1,z1; v) = N AP(X1,y1,z1;AV) 

so the fraction of the total number of dipoles lying in v about (x, .y-j.z,) 
is on the average, 

AfUxpy^.z^Av) 
(III-6)        —— = g(xl)g(yl)g(z1)AV 

i If N is very lanjs, or a large ensemble of clouds with the same N and 
standard deviation 6 is assumed, and if the sample volume AV is made 
very small, we can define ^n the limit the relative density of dipoles 
at a point (x^y-,^) by 

(111-7) 
ANCx-j.y-i.z-p&v) 

(xpy^z^ = lim    ^ = g(x1 Igly, )g(z1) 

AV-vO 

or 

1 (rl 
2 I 6 

J?.^2 

(III-8)        ^r  ) 
27r6' 

gCr) 

2    2    2 1/2 
where r =  (x +y"+z  )       is the radial distance from the center of the cloud. 
(From    (III-8),     we see that the dipole density is independent of (e,4>) 
(a spherical  symmetric cloud) and is proportional  to a Gaussien function in 
the radial  direction. 

In our work, we chose to characterize a cloud by a constant which 
we call  "the average spacing between dipoles," d/x, defined as follows. 

IK 

1. For a given spherical volume V-(4/3)irR over which the average is 
desired, calculate the expected number of dipoles in V; call this 
number kN where N is the total number of dipoles in the cloud and 
0<k<J  is the fraction of the total number of dipoles contained in V. 

B*<:* 
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2.    Consider V to be divided into kN equal cubes, and call the edge 
dimension of each cube d.    In this manner we obtain the relationship 

(III-9a)     f^ kN d3. 

or 

(iii-9b)   xB r Air vl/3 
^TS ^TTI  x 

In our case. 

(111-10) 
kN = N       | n(r)r   sin 9 dr de d* 

So h h 

R    r2e-M7 
■R     63v^7 

dr , 

so 
1    r 

(III-ll)      k 
2 L   2   1 

r2e   2^/   dr 

which, evaluated by integration by parts, is 

(111-12)      k-^ 
V 2ir 

R/6 

-R/6 

1  .2 

V   IT      6 

1 /R 
7   6 

: 

The first term in Eq. (111-12) is the integral of the normalized Gaussian 
function and can be evaluated from tables.    Values of k are plotted 
vs R/6 in Fig. m-i. 

If Eq. (lll-9b) is written in the form, 

UIM3)      N^iJ^ff 
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1/3 
the quantity N     d/6 may be plotted vs R/6, using the values of k cor- 
responding to values of R/S  according to Eq.   (111-12).    This plot is also 
shown in Fig, III-l.    In this report,  a value of R = 2.056, conresponding 
to k = 0.76, has been chosen as the radius of the sphere over which an 
average is taken to obtain the relationship between d/\ and 6/A.    For 
this choice Eq.   (III-9b) is 

1 

(0.76) ,1/3 2.05 

3.62 
171 N 

It was by selecting convenient values of d/x, such as 2.0,  1.5,  1.0, 0.5 
in this report, that corresponding values of 6/A were obtained for use in 
Eqs.(III-l),  (III-2), (III-3). 

Note that the choice R/6 = 2.05 is rather arbitrary.     If,  for example 
we chose to average over smaller and smaller spheres, in the limit as 
R/6 •* 0 and k +• 0, we obtain the relationship between a new average 
spacing d'/x and 6, x, 

(111-15) d^ 
J/3 

2.51 
^73 

i: 

0 
0 

Assuming that the 5/x values calculated from Eq. (111-14) are used in (111-15), 
we see that d'/\  is about 0.69d/x, yielding the corresponding table 

r- same for the two cases 

d/A d'/i 

2.00 1.38 
1.50 1.04 
1.00 0.69 
0.50 0.35 
0.25 0.173 

Thus, the values of d/x presented in this report are conservatively large, 
i.e., substantially smaller average spacings are encountered in the center 
of each cloud. 

The quantity (l/d1) is equal to the density of dipoles in the center 
of the cloud expressed in dipoles per cubic wavelength if d' is in wavelengths. 
Similarly, the quantity (l/d)3 is the density of dipoles averaged over the 
sphere containing 76% of the dipoles. Some typical plots of dipole density 
versus radius for selected values of N and d/x are shown in Figs. 111-2,3. 
The dashed lines represent the values of 6/A as related to d/A by Eq. (III-I4). 
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B.     The Homogeneous Cloud 

Consider the generation of N randomly distributed points 
representing center coordinates of N dipoles.    If these N points 
are distributed according to a uniform probability density function 
and are confined to ä spherical volume region V around the origin 
with an average volume density 0, then the radius of V is given 
by 

(111-16) Ko \4ITD 

1/3 

Consider these points to be defined in terms of statistically 
independent random variables r,^,? in the usual spherical coordinate 
systems. The probability of finding one of these points inside the 
incremental volume element dv must be given by 

a. 3   ^2 
—= r sine dr ded*, 
4irKo     0 < r < R, 

(111-17) p(r,e,J) dr do d* = <( 

r 

to insure these points will^ ^niformly distributed throughout V. 
Since the random variables r.ö.l are statistically independent, 
the independent probability density functions become 

(111-18) p(r) =4-  /, 
Ro 

(111-19) p{e) = i sin e 

and 

(111-20) p(^) 
1 
2Tr 

The two angular density functions above can be computed in terms 
of direction cosines cos a, cosß and COSY as follows: 
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(111-21) cos e = 2A(1) - 1 

(111-22) sin 6 « (1 - cos2e)1/2 

(111-23) * = 2TI A(2) 

(111-24)        cos a - sin e   cos $ 

(111-25)        cos ß = sin e sin $ 

^ 
(111-26)        cos Y = cos e 

'V. 

where the A(i)'s are obtained fay independent calls to IBM-SSP sub- 
routine RANDU: A(i), i=l,2s... forms a sequence of uniformly 
distributed psuedo random numbers in the range 0<A(i)<l.    The 
properly distributed radial variable is given by 

(111-27) r = R0(A(3))1/3 

where Ä(3) corresponds to another call to RANDU.    Finally, 
orientations of the N dipoles are each chosen independently according 
to the same sequence of Eqs. (111-21) to (111-26), again using in- 
dependent calls to RANDU.   Once the midpoints and orientations are 
specified, this fully specifies the modeled chaff cloud used here. 
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D 

APPENDIX D 

FULL MATRIX COMPUTER PROGRAM FOR MULTIPLE LENGTHS 

In Reference 12, Appendix II is presented a computer 
program for full matrix solution (scrout) of chaff clouds with 
single length elements.    This appendix presents a program (still 
using scrout) extended in two ways:    it permits the analysis of 
clouds containing three different element lengths in any combination 
of numbers and lengths; and it utilizes improved algorithms for 
obtaining the elements z„„ of the impedance matrix. mn       r 

The computer program in this appendix is used to calculate the 
random backscattering cross section of "ND" randomly distributed 
dipoles. These dipoles form three groups and each group has a dif- 
ferent dipole length. 

Since the dipoles are randomly distributed, one can assume that 
dipole No. 1 through No. Nl are in group 1 with length DL1, dipole 
No. Nl+1 through N2 are in group 2 with length DL?, and dipole No. 
N2+1 through ND are in group 3 with length DL3. Dipoles within 
each group are further divided into segments according to the accuracy 
desired. Segmentation for dipoles in each group are denoted by N0S1, 
N0S2, and N0S3. Set N0S1 equal to 3 means all the dipoles in group 1 are 
divided into 3 segments, etc. If DL1=DL2=DL3 and Ni=N/3, N2/3, the 
cloud is made up of N identical dipoles. 

All the input parameters for this program are specified as follows: 

1. Nl: last dipole number in group 1. 
2. N2: last dipole number in group 2. 
3. ND: last dipole number (which is identicül to the 

total number of dipoles) in group 3. 
4. DL1: dipole length (in wavelengths) for group 1. 
5. DL2: dipole length (in wavelengths) for group 2. 
6. DL3: dipole length (in wavelengths) for group 3. 
7. N0S1: segmentation used for dipoles in group 1. 
8. N0S2: segmentation used for dipoles in group 2. 
9. N0S3: segmentation used for dipoles in group 3. 
10. INT: integration sampling constant (usually 10) 
11. AL:  wire radius for all the dipoles. 
12. NSETS: number of clouds to be studied. 
13. Spc:  average spacing between dipoles. 
14. IZ:   starting point of the random generator. 

This program is set up to plot the echo (in dB) for DBPP, DBTT, 
and DBTP. One can easily obtain the following quantities as defined 
in previous Report 3401-1: AVTT, AVPP, AVTP, AV11, VARTT, VARTP, 
VARPP and VAR11 using the outputs (from SUBROUTINE BKCD) ECTT, 
ECTP and FCPP. 
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1 OPTIONS   42K 
2 COMPLEX t(5050)»ETT(iooi,tPP(Xoo)»S(ioo) 
i OI^ENSIOIM   DBTTf 3bO)«DBPP(ä60)«ÜBTP<360) 
4 niMENSlOi^i   CA(30)«CB(dO)«C6(30)«X(30)«Y(SO)«Z(30) 
o niKENSIOiM   XX(inO)f YY(100)fZZ(lÜ0) »CCA < 100 ) tCCB t XOO ) »CCG( 100 » 
b nlMENSlON   HL12^(3),HK(100) 
7 DATA   PI/Ä,mi592/ 
ö PATA   inM»MAXNn/lüO,40/ 
9 iu('J=(iOM*iur'(-ir)i<i)/2 + iow 

1Ü TP=2.*PI 
11 l>R = Ü.0l7»t53^9 
\± ALM0A2=( a.e/,u75)*0,ü25i»)**?                                                                         r 
1A ALM0A2sl,ü 
m RLA0(6«»)   ÜLl»DL2«0L3.N0SltNOS2tNOS3«Nl,r,|2fN0«IA>T«AL,NSETS 
15 MoDfc;i=5Nl'Sl-l)*Ml 
Ife WünE2=(NüS2-l)*(M2-lMl) 
17 wu0E3=(NOS3-l)*(IM0-N2) 
lb Ni"l0nE=M0DH + M0nE2 + M0nE3 
19 I^C = CNri,0üfc*rJNi0?E-N^0DE)/2+NMnDE 
20 RkA0(6.-)   SPC»T7 
21 STnx = SPC/2.05/(«*.*3.1«Hb92/<3.«,76*NDm*(l,/3.) 
22 r>TDY=STnx 
23 STDZrSTOX 
2'+ HO 60 NStT = l»NSETS 
2b IX-I2 
2e CALL CLDÜtO(NO»STOX«STDY,ST0Z«IX«X»Y»Z»CA»CB»CG) 
27 CALL CLDPiODCDLl tUL2fDL3»MüSl«N0&2«NöS3frx!l*N2,ND«I0M 
20 2.X»Y»2«CA«CB»Cf;»XX.YY,ZZ«CCAtCtB»CtG«HKtHL123) 
29 f WRITE(6.2) (<ItXX(I),YY(I)«ZZ(1))«lei»NyQOE) 
30 ? PuRMAT(5X,IbfSFl5,»») 
31 TALL ZIJ(f\JMODE«XXf Yy«ZZ«CCA«CCB«CC6»HK«HLl2ix»AL»lNT» 
32 lIDMtM0DEX«MO0E2»C»10Nj 
33 c U'KlTE(a«3) ( (I ,C( I) )«Isl« INC) 
3^ 3 FÜ«MAT(5X,Iö,2E:IS.«0 
3t) CALL SQRUTi(C«MMOl3F.»IOfM) 
.5fa PH=0.Ü 
3^ CpHsl.U 
36 SPHsO.O 
39 ("PHI=360 
mj DPHsl.O 
«♦1 XNTTs-lOOO.O 
*l XNTPc-lOüO.Ü 
^3 XNPP=-Iü(*O,ü 
(*•+ AVTT=0.0 
^b ÄvPP=o.n 
«♦b DO 66 MPH=l»NPHl 
'♦7 CALL 8KCL(CPH.SPH,o.O»ECTT»ECTPfECPP» 
«♦8 2VX«YY«ZZ«CCA»CC8»CCG»HK»NMOOE«iO^«C»ETT»EPP»S«I0N) 
<+9 Gü TO 77 
50 TF(ECTT,LT,O,OOUÜ0n001) FCTT=0,00000001 
51 IF(ECTP.LT.0,00UÜ000Ü1)   FCTPsO.OOOOOOOl 
52 IKECPP.LT.Ü.OOUUOCÜÜI)   FCPPsO,00000001 
53 nBTT{l\IPH)=10,*ALOG10(ECTT*ALIwOA2) 
5H nBTP(NPH)=in,*ALOG10(ECTP*AL~lDA2) 
55 PBPP( NPH) sin ,*äLOG10 (ECPP»AUi«DA2) 

224 
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Ü 

u 

i; 

0 
D 

\jj 

D 
1 
0 
h 
i 

56 
57 
56 
S9  77 
6Ü 
61 
6Ü 
63 
64 
6b 
66 66 
67 
66 
69 
70 
71 
72 
7 A 
7H ^99 
75 
7fa 
77 
70 
79 
80 
61 
62 
63 
en 
86 
66 
67 1000 
68 2000 
89 
90 
91    76 
92 
93 60 
94 
95 
96 
97 
90 
99 

100 
101 
102 
103 
104 
105 
106 
107 
106 
109 
110 

XNTTsOBTTCNPH» 
XNTPaOBTP(MPM) 
XNPP=ÜBPP(NPH) 

IFUNTT.LT.OBT-MNPH)) 
IF(XNTP,LT,DBTP(NPH)) 
IF(XMPP.LT.UBPP(NPH)) 
CONTINUE 
AVTrsAVn+ECTT 
AVPPsAVPH+tCPP 
PH=PH+nPH 
PhR=PH*DK 
rpH=COS<PHK) 
SPH=SIN(PHR» 
CONTINUE 
AVI 1=(AVTT + AV/PP)/FLOAT (NPhI)/2, 
WRITE(8«-) SPCtAVll 
GO TO 2000 
DO 999 NPHsliNPHI 
DBTT(NPH>=DBTT(NPH)-XNTT 
nBTP(NPH)sÜBTP(NPH)-XNTP 
DBPP(NPH»=DBPP(NPH)-XMPP 
CONTINUE 
yKlTE(8fiü0l.i) 
RtAD(6»-)   ICC 
CAk-L PL0Tl(rJl,M2«M0tULltDL2»DL3fN0Sl.lVOS2fNOS3t 

2l,\TtICC«0BPP.I7»XNPP.ST0X) 
WRlTE(d«lU0G) 
READ(6.-)    ICC 
CALL PLOTl(Nl,N2«N0«Ull«DL2f0L3«NOSl«NOS2fNOs3f 
2lNT.ICC.ÜBTT,l7fXMTTfSTDX) 
WKlTE(8t100n) 
READ(8«-) ICC 
CALL PL0Ti(MltM2,M0iüLl»DL2«0L3tN0Sl.N0S2tN0S3t 

2lNT»ICCtUBTP»IZ»XNTP«STDX) 
TO  PL0T7tlf3»2M F0RMAT(5A,»KEADY 

CONTINUE 
IZ=IZ*8709 
IFdZ)   76,60*80 
CONTINUE 
IZ=IZ*83ä6607+l 
CONTINUE 
CALL EXIT 
END 

SUBROUTINE CLDM0D(OLl«L)L2tüL3«N0SltNOä2,MOS3«NlfN2«ND«l0M 
2,XtY«Z«CA,Cß«C(;«XX,YY,ZZfCCA«CCB«CC6«HK,ML12S) 
DIMENSION X(l),Y(l»,2(l)fCA(l)tCB(l).C6(l),XX(ll«YT(X»tZZCl) 
DIMENSION CCA<1)»CCB(1),CCGC1>»HKU) 
DIMENSION NM123(3)(IL123{2),IU123C3).0L123C3|.HL125(3» 
TPa2.♦3,141592 
0L123(1)=DL1 
0L123(?)50L2 
PL123(3)=0L3 
HL123(1)=DL1/N0S1 
HLl23(2)sOL2/NOS2 
HLl23(3)sDL3/NOSS 
NM123(1)=N0S1-1 
NM123(2)=N0S2-1 
NM123(3)=N0S3-1 

'' 225 « 
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111 
lid 
Hi 
11«+ 
l\b 
lib 
117 
118 
119 
120 
121 
12* 
I2i 
12H 
12b 
12b 
1?7 
12b 
129 
130 
131 
13* 
133 
13H 
135 
13b 
151 
13Ö 
139 
mo 
I'+l 

lu3 

l*+b 
mb 

l*fb 
ms» 
15Ü 
151 
152 
156 
15H 
155 
15b 
157 
156 
159 
160 
161 
16* 
163 
1€H 
165 

30 

IL123(1)=1 
ILl23(2)=l+Nl 
IL123(3)=1+IM2 

IUl23(l)=M 
IU123(2)=N2 
IU123(3)=NÜ 
KK = 3 
TF(MU.LT.3) KK=MD 
00 2 K=1,KK 
IA=IH23(K) 
IB*IU123<K) 
PU 1 I=IA,IB 
^«aNM123(K> 
no 1 11=1,NM 
LsII"»-(l-IA)*NM 
IF(K.6T,1) LiL+lR 
yx(L)=X(l)-(OLl.23(K)*0.5-FLOAT(II)*HL123(K))*TP*CA(I) 
YY(L)=Y(l)-(OL1.2ä(K)*0.b-FLOAT(II)»HL12^(Kn*TP*CB(I) 
ZZ(L)=2(l)-(OLl23(K)*0.5.FLOAT(lI)*HL123(K))«TP*CGa) 
rcA(L)=CA(I) 
rcR(L)=CH(l) 
CCfi(L)=Cb(I) 
HK(U=HH23(K)*TP 
CUfJTINUE 
rH=L 
CONTINUE 
RtTURN 

SU8K0UTIIME CLnr,EÜ(f\J,STrx ,STDY «STüZ »IZf X , Y«Z,CA,CB«CG) 
DIMENSION X(1),Y(1),Z(1),CA(5)«CB(l)fCb(l) 
OATA Pl/i>,l'415«»2/ 
TP=2,*PI 
IX = IZ 
STÜXK=STUX*IP 
STf>YK=SlUY*TP 
STn2K=STUZ»iP 
HO 3U I=1»N 
TALL GAUSSCIXiSTDKKiO.CiXaH 
CALL GAUSSnXf3TDYK«Ü,0»Y(l)) 
CALL GAUSS(IX,STDZK«0,0«Z(I)) 
CALL   KAMUUUX.lYtAl) 
1X=IY 
PHl=TP*Al 
CALL KANDU(I X»TY♦fa) 
IX = IY 
CüSTH=2,*AÜ-l,n 
SiNTHsSöKT(i.-rosTH*cüsrM) 
CAnH^lNTHfCOSiHNl) 
Cb(I)=SIWTh*Sl^(PMI ) 
Cb(I)=COSTH 
COMTIiMUE 
RtTUKiM 
ENO 
SUPROUTIIN-E   GAUSSIIX.S.AM.V) 
AsO.O 

226 

iÜMü 
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I 

i. 

! 

0 

0 
IQ 

D 
0 
IJ 

0 

16b 
167 
166 
16^ 
170 
^71 
17Ü 
173 
17«* 
17b 
176 
177 
176 
179 
18U 
1B1 
lfl2 
ini 
18*» 
18b 
186 
18^ 
186 
189 
19Ü 
191 
19iJ 
19Ä 
194 
19b 
196 
197 
196 
199 
200 
201 
202 
203 
204 
20b 
206 
207 
206 
209 
210 
211 
212 
213 
21H 
21b 
216 
217 
216 
219 
220 

TO 50 Ielfl2 
CALL KANUUdXtlYtY) 
IX=IY 

50 AsÄ+Y 
VK( A-6tO)*S-fAlw! 
RtTUKN 
FWtO 

SUBROUTINE RANnU(IX»IY«YFL) 
lY = IX»166i*5 
lF(IY)5«6f6 

5 IY=lY+83e660741 
6 YH=1Y 

YFL=YFL*,ll92093E-6 
RLTUKN 
FigO 

SURROÜTINE   ZlJ(NiXX,YY«ZZ»CCAttCB»CCGtHKtML123«AL«INTf 
lIUM»W0nEl«H0DE2«C«I0N) 

rü^iPLEX   CAAtCBRtCCC 
COMPLEX   HllfPl?«P2jfP22,2MN«CIJ,C{l) 
niME.NSION   XX(1).YY(1),2Z(1),CCA(1),CC8C1),CCG(1>»HK(1) 
DIMENSION  HL123<S) 
PATA   PI/d.mi592/ 
TP=2.*PI 
AK=AL*TP 
CAAs2|V|N(ALfHLl23(l) «U.O) 
CBe=ZMN(AHHLl?3<2),0,0) 
rcC=ZMN(AL.HL123(3»,0,n) 
nu   ^O   laltN 
U=(l-l)»N-(1*1-1)/2*I 
IFd.LE.MoDEl)   C(II)cCAA 
lFd.GT.M0DEl,AND.I,LE.(M00El+M0DE2))   C(II)scBB 
TFd.öT,(MOQEl*«O0E2))   CdDsCCC 

4P   CONTINUE 
iVji.=N-l 
IF(N1*LT.1)   Nlrl 
nu   45   1=1,Nl 
rs=HKd) 
CL)S=COS(üS) 
SüS=SIN(ÜS) 
Xi = XXd>-OS*CCAd) 
Yi = YYd)-DS*CCPd) 
7l=ZZtn«0S*CC6<I» 
X^rXXd) 
Y2=YYd) 
Z2sZZd) 
Xi=XX<I)+OS»CCAd) 
Y3=YYd)+üS*CCB(|) 
Z3=ZZd)+DS«Crfid) 
IU=d-l)*N-<I*I-l)/2 
JPsI-H 
IF<IP.GT.N) RETU^M 
DO 45 JsIPtN 
nT=HK(J) 
SOT=SIN(UT| 
IJSID+J 

i ■ 
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221 
222 
225 
22f 
22b 
226 
227 
1^6 
229 
230 
231 
232 
233 
23H 
235 
236 
237 
236 
239 
24Ü 
2U1 
2(42 
2'*3 
2»»«+ 
2^) 
2'+b 
2<+7 
2HÖ 
2H9 
250 
251 
252 
253 
25«* 
255 
25b 
257 
25Ö 
259 
260 
261 
262 
26d 
26H 
26ö 
266 
267 
26Ö 
269 
27U 
271 
27^ 
27Ö 
274 
275 

XA=XX(J)-OT*CCAJJ) 
YAsYY<J)-OT*CCB(J) 
ZA=2Z(J)-DT*CCG(J) 
XB=XX(J) 
YB=YT(vJ) 
Zb=Z2(J) 
XC=XX(J)+DT*CCA(J: 
YC=YY(J)+OT*CCP<J) 
7C=ZZ( J)«»'üT*CCG(J) 

CIJs(0.0«0*U) 
CALL ZGSUl«Yl,21,X2.Y2fZ2fXA.YA,ZAfXBfYB.ZB. 

lAK»0StCL)i>,SüS»DT«S0I«IMT«Pll.Pl2.P2ltP22! 
CI'I=CIJ+P22 
CALL ZGS(X1,Yl,Zl,X2 f Y2,72«XP,YB»ZB,XC.YC 12C, 

lÄK.DS»CUi.,SÜS«DT»S0liINT»Pll.Pl2fP2ltP22) 
CIJ=CIJ+K21 
CALL ZGS(X2.Y2,Z2,X3iY3,Z3.XA«YA.ZA,XB,YB»Zet 

lfiKtUS«CUi>,SUStDT»SÜliINT,Pil.P12fP2itP2?) 
CivJ=ClJ+Pl2 
CALL ZGS(Xi»fY2«Z2»X3»Y3,Z3«XP.YBtZB,XC»YC«ZC, 

lAK«0S«CUÖ«SDS«nT.S0l»INTtPIltPX2»P2l»P22) 
C(IJ)=CIU+P11 

«♦5   CONTINUE 
Rfc.TUKl\i 
FIMO 

RUHROUTINE   ZFFn(X»Y«ZfCA«CBtCGiCTHtSTHtCPH?SPH« 
2«;üK«CÜK»HK      «FTIEP) 

COMPLEX   ET«rp»EJBies 
6=(CA«CPH+CB*SPH|*STH+CG»CTH 
r,K = lt-G*G 
ET=(0.0«0,U) 
FP=(Ü,0,üt0) 
IF(GK,LT.0,Ü01)   GO   TO   200 
B=(X*CPH+Y*SPH)*STH+Z*CTH 
FjB=CMPLX(COS(P)tSIN(B)) 
FS=(Ü.0,6(U0)*FJB*CCÜK-COS(G*HK))/fiK/SDK 
T=(CA*CpH+Ce»SPH>«CTH-CG«STH 
P=-CA*SPH+CB«CPH 
ET=T*ES 
FP=P*ES 

2C0 CONTINUE 
RETUKiM 
FNO 
SUBROUTINE HKCntCPH,SPHtCTHtFCTT«ECTP«ECPP» 

i?X»Y«Z»CA»CB»CG»HK«M«IDI,1»C»LTTtt.PP«S»IDN) 
niMENSION X(l).Y(l)»Z(l),CA(l),CB(l)»CG(l).HK(l) 
COMPLEX   cm»ETT(l),EPP(l).S(l)»tTHtEPH 
DATA PI/3.1«+15o2/ 
TP=2,*PI 
STH=SQRTU.-CTH«CTH) 
PO 70 1=1»N 
SuK=SlN(h>\(I)) 
CUK=C0S(HK(1)) 
CALL   ZFFü(X(I).Y(n,Z(I),CA(I)«CB<I*»CG(I)fCTH»STH»CPHtSPH« 

i>SUKfCUK,HK(I)      »ETT(I)«EPP(I)) 

"',:k's ,'■•■..■ 
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276 
277 
27fl 
279 
28Ü 
261 
282 
285 
28'+ 
285 
286 
287 
288 
289 
290 
291 
292 
293 
29H 
295 
296 
297 
296 
299 
300 
301 
302 
303 
30<* 
305 
306 
307 
308 
309 
310 
311 
31* 
315 
31H 
310 
316 
317 
318 
319 
320 
321 
322 
323 
324 
325 
326 
327 
328 
329 
330 

S(I)=ETTm*(0.0i 
70 CONTINUE 

CALL SQRÜT2(CtS»N 
fTH=(Ü.0»Ü.Ü) 
EpHr(Ü.0»Ü.ü) 
Oü 80 I=1»N 
EIH=E:TH+b(l)*ETT( 
E:pHsEHH+i>(I)*FpP( 

80 CONTIWUF 
CtTH=CABb(t.TH) 
CEPHsCABStEPH) 
E:CTT=2.O*TP*CETH* 
ECTP=2.0*TH*CEPH* 
Dü 90 IslfN 
S(I)=EPP<I)*t0.0i 

90 CONTINUE 
CALL SQROT2(C«S»N 
EPH=(u.0»0,ü) 
no 100 I=1»N 
EPH=EPH+S(I)«EPP( 

100 CONTINUE 
C£PH=CA8S(EPH) 
ECPP=2.0*TP*CEPH* 
RETURN 
END 
SUBROUTINE PL0T1« 

2lNT«ICASLfF.IXfX^ 
(U^ENSION LX(9) 
DIMENSION IBUF(10 

2LN0S(2)fL(M(7)«LPH 
DATA LltLi;,L3/l2H 

THETA-THETA 
LLAMDAtLlMT» 
LN.LPH1/21H 
Ll ♦LÜ/feH OB 
LX/25H NOP* 
PLOISUBUF» 
PLOT(U.0,0.0 
Axib(Ü.Ü»1.5 
Ayi&(0.0,1.5 
PLOT(0.0,7«7 
PLOKlf .0,7. 
PLÜT(15.0,1. 

1.0)/TP/30,0 

♦IÜM,IOM) 

I) 
I) 

CETH 
CEPH 

l.0)/TP/30,0 

»lUMtIDN) 

I) 

CEPH 

11 

21bH 
DATA 
DATA 
DATA 
DATA 
CALL 
CALL 
CALL 
CALL 
CALL 
CALL 
CALL 
YH=8.25 
UsO.2 
CALL NUP1BER(0.1«7 
CALL SYMBOLS,75» 
CALL NUMbER(7,00« 
SpC=STDX*2.05*(«*. 
CALL NUMBER(13,6f 

NUWBER(13.6t 
NUMBER(O.P«8 
NUM8ER(0,fl«8 
NltN|BEP(0,R»7 
SYMBOLd.^O. 

MAiNB«Mr.«OLl «UL2t0L3tN0Sl«NOS2fN0SS« 
ORI«l,STDX) 

0)»L1(«*),L2(5),L3(6) tLP(l),LlNT(2)« 
I(S),LL(2)«LLAMDA(3)t»:(360),X(S60) 
PHI-PHI   RCS«15H     THETA-PHI   RCS, 
PCS»/ 

LN0S/9H     LAMOA,   t6H      INT=»6H     NOSs/ 
DIPOLE   RANDOM   CLOUD«»ISH        PHI(DE6REES). 
SW,ÖH   L=/ 
FfiCI0R= OB/ 
lUO»   3) 
»-3I 
»LPHI«-lb,l"!.ü,0.U,C.Ü,2«*,0,1.25»-l) 
•LL«+6«6.25,90.0,-H0.ü,8.0,l,25,-l) 
5,3) 
76,2) 
5«2) 

.50«0.l5fFLOAT(IX>«0.ilt-l) 
7.0»,15,LX«n.0«25) 
7.üt,15»XNOPMto.0»+2) 
*3.1»H592/(?.*.76*NC) )**(l./3.) 
7.50,0.15»STDX»0.0»+»*) 
7.20,0.15«SPCt0.0«'fH) 
.5t)t.lS«FLOAT(NA)«0.0«.l) 
.25»,15,FL0AT((MP)»0.0t-i) 
•90«.15,FLOAT(NC)»0.0,-1) 
YH«W,LN«0.0«21) 

is 
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II, 

1 

331 
332 
333 
33«+ 
33b 
336 
337 
336 
339 
3HÜ 
3«H 
3'*2 
3«l3 
3«*H 
3«*5 
3«*6 
3**7 
346 
3*t9 
35U 
351 
35Ü 
353 
35«+ 
355 
35b 
357 
358 
359 
360 
361 
362 
363 
36,♦ 
365 
366 
367 
366 
369 
37Ü 
371 
372 
373 
37H 
37b 
376 
377 
378 
379 
380 
381 
362 
383 
384 
38b 

?n 

r**** 
c* 
c* 
r* 
C* 
r* 
r» 
r* 
c* 
c* 
r* 
c* 
r* 
r* 
r* 
r» 
r* 
c* 
c* 
r* 
r* 
c» 
c* 
c* 
c* 
c* 
c* 
r* 
c* 
r* 
c* 
c* 

CALL SYMbOL(5,75tYHfWfLO»0.0»5) 
CALL NUMBEH(6,35«8.55t.l5iDLl«0.0«*3) 
CALL NUMBER<6,^5»8.2b«.15«OL?»Ü.0»+3) 
CALL NUMbER<6.35»7.9bt.15*OL3»0.Ot+?) 
CALL SYMbUL(7.?0»tH»W,LLAf1UA«n,o,9) 
CALL SYMbOL(8,5»YH,W»LlNT«0,nf6) 
CALL DUMBER ( 9,78 »YH«Wf FLOAT (TNT) »CO i-l) 
CALL SYWÖOL(10.H«YH«W,LNOS»0.0ifi) 
CALL NUMbER(ll,6t8t5b«.15tFLnAT(N0Sl)i0.0»-l) 
CALL NUMbtR(ll,6»e.2b«.15»FLnAT(NOS2)»0.0»-l) 
CALL NUMbtKm.6»7.9b,.15iFL0AT(NOS3)»0,0»-l) 
IF(ICASE.EQ.l) CALL SYMBOL!11.ätYH»W«L1iQ.Of12) 
TF(ICASE.EQ.2) CALL SYMBOLiU.8,YHfW»L2»0.0»15) 
IF(ICASE.E&.3) CALL SYMBOL (11 .8, YHt l* «L3« 0 .0 «1 8 ) 
CALL PL01(0«0»5«&i-3) 
HO 20 1=1,360 
IF(F(I),LT.-H0.) F(I)=-40t 
V(I)sI 
CALL LINL( X 10.0 t2if,0«Ff-«fOv*BtU,S6U« 0,52) 
CALL PL0T(17,0,-1.5i 999) 
RtTURN 
END 
SÜBRUUTINE S(iiROTl(C»N,I0N) 

***********************************************m**m**m********m*m** 
m 
« 
* 
« 
* 

» 
* 
« 

COMPKESStD • 
COMPRESSED • 

« 

0 

PURPOSE 
TO TRANSFORM A SYMMETRIC MATRIX 
MATRIX (IMPLICIT INVERSE) 

USAGE 
CALL   SQROTKCN, ION) 

INTO AN AUXILIARY 

111 
0 

■ 

0 
D 

I I 

V 

DESCRIPTION 
C 

OF PARAMETERS 
THE ARRAY CONTAINING THE MATRIX 
FORM OM ENTRY AND ITS AUXILIARY 
FORM ON EXIT 

IN 
IN 

N 
ION 

THE NUMBER OF 
THE DIMENSION 

ROWS UR COLUMNS IN THE MATRIX 
OF THE ARRAY C 

REMARKS 
THt UPPER TRIANGLE OF TH£ 
ARKAY C, ONE DIMENSIONAL SUBSCRIPTS ARF RELAIED TO 
COKRESPOMOING TWO DIMENSIONAL SUBSCRIPTS bY 

Id=(I-l)*M-(I*I-I)/2+J 
WHERE IJ IS THE ONE DIMENSIONAL SUBSCRIPT ANO I AND 
ARE THE TWO DIMENSIONAL SUBSCRIPTS 

* 
« 

MATRIX is STORED pY ROWS IN THE  * 

* 
* 
* 
* 
* 

MCTHOU ♦ 
»SWUAHE ROOT" METHOQ FOR SOLUTION OF A SYMMETRIC MATRIX    » 
EQUATION, THE ORIGINAL SYMMETRIC MATRIX M AND THE UPPER    * 
TRIANGULAR AUXILIARY MATRIX A ARE RELATED BY ♦ 

MsTRANSPOS£(A)«A * 
« 

REFERtWCES * 
FAUDEEV, D. K, AND FADPEEVAt V. N,, COMPUTATIONAL • 

230 

I 
I 

"I 
B 
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j 

1 

Ü 

36» 
8«7 
366 
3B9 
S9Ü 
391 
392 
393 
39H 
39b 
396 
397 
39b 
399 
<fOO 
ifOl 
H02 
«♦03 
«fOH 
^0b 
«♦Ob 
«♦07 
«♦06 
«♦09 
«♦10 
«♦11 
«♦12 
«♦13 
«♦!«♦ 
«♦15 
«♦16 
«♦17 
«♦lb 
«♦19 
«♦20 
«♦21 
«♦22 
«♦23 
«m 
«♦25 
«♦26 
427 
426 
«♦29 
«♦30 
«♦31 
«♦32 
«♦33 
«♦SH 
«♦35 
43b 
«♦37 
«♦36 
«♦39 
«♦•10 

r* 
c* 

METhÜDS OF LINEAR ALGEBRA. W. H, FREEMAN AND COo. SAN 
FRANCISCO. 19*3, P. 14u-m7 

• 

C**** 
c* 
c* 
c» 
c* 
r* 
r* 
r* 
c* 
c* 
c* 
c* 
r* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 

COMPLEX C(ION) 
r(l)=CSOKT(C(l)) 
DO 1 K=2«N 

! C(K)=C(K)/C(1) 
PU 2 1=2,M 
Ii;n=I-J 
IPOBl+1 
IÜ=(I-l)*N-(I*T-I)/2 
T1=ID+I 
ru 3 L=1,IMU 
Ll = (L-l)*(^-(L*L-L)/2+I 

s C(ii)=cai)-c(i.i)»cai) 
C(II)sCSURT(C(II)) 
IKIP0.6T.|M)&0 TU 2 
DO 5 J=IK0,(M 
TjsID+J 
P0 6 M=lflfi0 
MD»CM-ll*N-(«*WM|/2 
yi=MD+I 
l^jsMO+J 

b C(IJ)=C(IJ)-C(MJ)»C(M) 
5 C(IJ)sC(ld>/C(II) 
2   CONTINUE 

KrTURN 

SUBROUTINE SOROT2(C»S«r)»IDM»IDN! 
**************************** t********************************,,,**** 

PURPOSE; 
TO OBTAIN A SOLUTION TO THE SYMMETRIC MATRIX EQUATION 
MXsY USING THE AUXILIARY OF M CALCULATlD BY SOROTl 

1 

USAGE 
CALL SQR0T2(C»S,N»TDM.I0N) 

DESCRIPTION OF PARAMETERS 

N 
IDM 
I DIM 

AN /ARRAY CONTAINING THE UPPER TRIANGULAR 
AUXILIARY MA IRIX IN COMPRESSED FORM 
AN ARRAY CONTAINING THE RKiHT HAND SIDE VECTOR 
OF THE EOUATiON ON ENTRY AMD THE SOLUTION 
VECTOR ON FXiT 
THE NUMBER Oh SIMULTANEOUS EQUATIONS 
THE DIMENSION OF THE ARRAY S 
THE DIMENSION OF THE ARRAY C 

REMARKS 
THE UPPER TRIANGLE OF THL AUXILIARY MATRIX IS STORED BY 
ROWS IN THE ARRAY C. ONE DIMENSIONAL SUBSCRIPTS ARE 
RELATED TO CORRESPONDING TWO DIMENSIONAL SUBSCRIPTS BY 

IJs(I-l)*N-(H.I-I)/2+J 
WHtRE IJ IS THE ONE DIMENSIONAL SUflSfRTPT AND I AND J 
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I 
,1W 

«♦m r ♦ 
<♦<♦<; c» 
«♦fi r* 
H<*>t r* 
«»««b r* 
<4Ub r* 
«♦<♦? r* 
«♦«♦0 c* 
q«4^ r* 
H60 C* 
H51 f » 
HbJ r» 
H6A r* 
•♦S1* r* 
«♦•Si» r* 
"♦&<> c * ♦»■ 
Hbl 
H'ic' 
m^ 
Hftii 
«♦f>l 
Hbd 
H'd ii 
miH 
Mf.t» l! 
<4fb 
«♦A? 
tfb 
469 
s»7t' 
471 
•^ 
<+7A 
H7'* 
«♦7b i»! 
«♦7b 
«♦77 
«♦711 <■'. 

«♦79 
«♦6Ü 

«♦81 
nat r*** * 
HtA r* 
«♦a^ r* 
«♦as r* 
406 r* 
H8^ r* 
«♦ftö r* 
4t9 f* 
H9Ü C* 
«♦91 r* 
49/ r» 
«»94 r* 
•♦9H r* 
«♦90 r* 

AKL   Tnt   TWO   OlMfNSTONAl    SUFSCRl^TS 

SQHOTl   MIST    BE   CALLLU   ftfOPt   THt   PiRSl   TNIRY   Tf,   StPlJT2 

HETMOU 
"SUL'AKt.   ROOT"   rn.THÜU   FOR   SOLUTIOtJ   OF    (•    SYi1 "'f. IHIC   MIRl* 
fOUATIOM,   THE   ÜHICITNAL   SYM^'tTRTC    'fTHIv   C   AhO   THE   IPPtP 
TRIANGULAR   MIXiLIARV   MrTKIX   A   A.HE   t-.ELMEl)   HY 

«isTRANSf'OSElA^iA 

KEFEKt-uLLS 
FAHUUV,  n,  K,  Ar;ü FAl'nEtV*, v.  M,,  CCCPUTATIOWAL 
METHOUS   OF   LXNtAf   AL^EPRrtt   k.   ♦'.   F«EEWAN   Ai.f,   CO.,   i-AM 
FR^^CISCO»  I?6A» P.  mu-my 

» 

* 

* 

* 
* 

* 

« 

?(i)*sm/c(ii 
'•U   10   I=>:.ivi 
iMOcl-J 
(■o   11   I. =1,11" 0 
I 1 = <L-1)*;I-1L*L-L)/<?+X 
t;iI)=S(l J-t(LI »*S<L) 
Ti = (I-T »*f -( I»T-l)/«e"»l 
^( l)=S(I)/Ctin 

S(M»::S(N»/CIMM 
r>.| o=ig-) 
ru ^;j  rsitt'^o 
KsM-J 
KK0=K+1 

ro  2b L=^po,^! 

KL=KO+L 

SjK)=S(K)-C(Kl)*S(L> 

MK)aS(Kl/C(KK< 
CuHTlNUE 
PtTUKN 

SU^ROUTIhF. SICT(SIiCI,X) 

♦ 

* 
♦ 
* 

* 
* 

HUKPOSt 
COrPUUS THE SIME AMU COSINE INTEGRALS 

USA6E 
CALL SICI(SI,CI.X) 

OESrRIpTlO^ OF PAHAHETERS 
SI - THE RESULTAivT VALUE SHX.) 
CI - THE RESULTAhl VALUF CH/) 
X     - THE AKGUKENT OF SKX» AKD Cl(X) 

KEMAKKS 

SlCIOf'O 
SICIOül 
SlClUi'i 
SIClUOd 
SICIOi <♦ 
S1C1Ü»'5 
SIClUt'fc 
S1CIÜI7 
SltlOOE 
SIC10l'9 
S1CI01U 
SlClUll 
siting 
SICIUiA 
SICICI'4 

_ 
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\ 

I 

Ü 

D 

D 

i 

D 
D 
0 
ü 

i   < 

0 

Q 

0 

H9b 

<*9y 
bOO 
bfil 
50^ 
50^ 
bOH 
üOt» 
bot- 
bO^ 
bPM 
bO^ 
blO 
blJ 
bii; 
bli 
bin 
blt> 
bib 
bir 

5Jc 
bl^ 
b?u 
b^l 
a?^ 
b2A 
5?H 

b^t. 
5?/ 
bau 
b29 
bJll 
bil 

53i 
b31 
b^D 
53 t. 
bA7 
53« 
55^ 
bi»n 
5'U 
b^i: 
bi»3 

b^a 
b«*b 

bMH 
SO 9 
550 

r* 
r* 
r ♦ 
r* 
r* 
r* 
r* 
r* 
r* 
r* 
f» 
f» 
r ♦ 
r* 
r • 
r* 
r* 
r • 
r * 
r> 
r ♦' 

SOUKOl'Tlf'f.S AMD FU.MCTIUN «SUUPI^OtR/I^S HEUHiREO 
MONL 

MF:THOL 
"F>irjITlnM 
SI(X) = IMTEl.«AL«SIM( D/T) 
CH><) = lMTrf-.RAL«COS( D/T) 
rvALU'VTinN 
PEI'UCIiniv  OF   HfivCt:   USSMG   SY^MFT^Y 

rtlf-t-'LHtniT   fPPKÜXl^/ATir^'S   A!'L   USLÜ rOK   AhS(/)    eKEftTt.K 
THAM   *»   Ai'O   PJR   AHi". (X)   lf.oS   THAIv   H, 

KtFEKtiMCFS 
ifn sni^ariFic suopüUTrrL PACKAOI P. tic 
LU»vt   AMO   Wl-P,    •HOl.müP'lAL   A.PPRI^ Id/v T IffS   1C    irTL&f'AL 
THft!viS»-ÜHwS',    ^OTlifAlir^L   TAbLtS    fti,U   nTMfH    rjlli-    TO 
CUrPUUTlOl1!    VDL.    lb.    J9ol,    ISSt-t   7'tt   F'.   i7i.-17e 

Si = -l.c7'i7c.' 
I K < ^ ) 3, ? . .-> 

A   <;x = x*( ((((l 
;>*Y+l.9HiW!f'2 
ri = ( (->.77,.l 

P + ^.7^b7^^F.- 

Y=Cüb(?) 

>'=( ( C ( ( ( ( C 
;-'*^+'♦.^^.771b 
34o.25001lL- 
V=((( ( t(M< 

^♦y.'JOiif 3tfc.- 

tf-mbiftf, 
f.   Sia-5t^1iä5 

rut» 
?uBROUTir.E 

rui'PLtv M'f 
TATA   LTAiliA 
rA=(x«;-xi)/ 
Ct.= (Ya-Yl)/ 

3..M 
'..0 + ?) 
/to 

,7?«l'*lF-V*Y + lttfiP9tt6f-7»*t*l .37'»lfcnt.-^>*V4fe,9ä96?9E-H 

t hf-l + rLOG(^) )//.•?*(( MH .^eC9fl5f;-10*Y*l.t6'4 9t6E-r)*Y 

'. >*?-^ 
Y*IJ) 
>Y»>/» 

iEO-Kl 

nc-0».?-2,i>7oJ'«3r-2)*?>e,.n^(i70F-?>*Z-7.iblfU2E-2 
-5.A3?Sl9t-^)*Z-2,31lt6l7E-?)*Z-i.l3H95tt-b)«<; 
.?Pd9f«F-lP 
f-VaF-A«2 + ^.ri9175E-2)*Z-6,?S726Af-?)♦? 
,'tno4l(,F-^)*z-7,9H?J,t,fer-3)*i'+2.tWil?"3f -^)«Z 
.IS^mrr-r )«Z-fc,fHfi««i>iK-7)»i'+2.^0 0 0oOl -l 

iYA.ZAiXI,.Yr,tiBtXltYl,7i,y?,Y?t/PiAK . 
• I'll «Pit «Hlrtrüi.H??) 
J?tLJA.EJbtrKi,tHü,t ll.ETi'.Pll.Pli',F-2i,F'22,f,Ai,1 

2GS(XA 

.tJI»k 

f .PT/37h,727t (,0t1 . ».ä.mi'i9/ 
l'T 
L'T 

233 

sum» 
siciiub 
S1CIII17 
S1CIÜ1B 
SICIIUB 
bICIl/d 

SlCltci; 

SICH»««! 
bidOf ^ 

sicu,/ 
SIClÜi M 
MCI Or y 
bjcxuAu 
SJClÜ.*! 
Siciu.^ 
ildf 5i 
; ICIIK*^ 
SICI0>t> 

liCUci? 

sicioc? 

SICH.**! 
sicio-t^ 
SICUHA 

SlCltA'* 
siciü<;b 
SlCIOHb 
£1010^7 
SlCIlHb 
SICIO^ 
SXClfDO 
SlCIUSl 
SICUs^ 
SlCllib3 
SICIIIJ4 
SICIl^S 
SlCXbsh 
S1CIÜ37 
SlCIt?h 
SlCllO'j» 
sicio^e 
SICXUi 

riciub*' 

sÄsÄi.^i- i..* 
vr—— 
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1 

Is 'l. 

m 

551 
552 
553 
SS1* 
555 
556 
557 
556 
559 
56U 
561 
562 
563 
56'+ 
565 
566 
567 
566 
569 
570 
571 
572 
573 
57»+ 
57b 
576 
577 
576 
579 
580 
561 
562 
563 
58H 
585 
58b 
587 
566 
589 
590 
591 
592 
593 
594* 
590 
596 
597 
598 
599 
600 
601 
602 
603 
604 
605 

im. 

Cb=(Z2-21)/UT 
CASs(XP-XA)/DS 
rBS=(YB-YA)/DS 
CbS=(ZR-ZA)/DS 
rc=CA«CAS+Cli*C^S + C&*CGS 
IF(ABS(CC).GT.n.997)Go TO 200 
Si:=(Xl-XA)»rAS+(Yj-YA)*CBS+( ZI-ZA )*C6i5 
I».(INT,E.Ü.t)GO TO 30U 
C6US=CÜS 
SGOSsCI^PLXl.OtSOS) 
SGDTsC^PLXC.O.^m) 
T(4S=2*(IMT/2) 
IF(INS.LT,2)IMS=2 
IP=1NS+1 
nt.LT=DT/llMS 
T = .0 
nsZ=CC*OLLT 
Pll=(,Ü..0) 
Pi2=(.n«,u) 
P^1=(«G«.0) 
P«;2=( .0».0) 
/»KS=AK*AK 
SGN=-1. 
Dü   100   IN=1»1P 
7il=SZ 
ZZ2=SZ-0t> 
XXZ=X1*T*CA-XA-SZ*CAS 
YYZ=Yl + T*CB-YA-SZ»CBS> 
ZtZ=Zl+T*CG-ZA-SZ*CGb 
PSSXXZ**2+YYZ**?+ZZZ**? 
R1=SQRT(KS+^Z1**2) 
FJA=CMPLX(C0S(RI»»-SIN(R1)) 
Edl=eJA/Kj 
R2sSQRT(HS+ZZ2**2) 
PjB=CMPLX(cnS(R2»»-SlN(R2)) 
Ej2ae.JB/H2 
EKl=EJA*SC-.ÜS+ZZl*EJl*CG0';.-ZZ?*td2 
Ert2=-E:vJB*SGÜS+7Z2*EJ2*CGfJS-Z7l«EJl 
PACs.O 
IF(RS.GT.AKS)FAC=(CA*XXZ+CB*VY^+rG*ZZ^)/RS 
rTl=CC*(tJi'-tJ1*CbDS)+FAC*f Pl 
^|2=CC*(tUl-EJ2*c:GnS)+FAC*£R? 
C = St+SGiM 
iFdN.tQ.l   .OR.   l^.EQ,IP)i:=l. 
ri=C*SIN(UT"T) 
C2=C*SINtT) 
P11=P11+LT1*C1 
P12=P12+ET1*C2 
P«il=P2l4.tT2*Cl 
Pü2sP22+t.T2*C2 
T=T+DELT 
?Z=SZ + (»SZ 
SbNs-SGlM 
C5sT=-(.0»l. )*FTft*n£LT/(l?,*PT*i>Gr S*SGi'T) 
Pll=CST*lJll 

254 
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Li1 

Ü 

fl 

I L 

4\ 

[j 

*< 

Q 

0 
1, 
I 

bOb Pl2»CST*Hli: 
607 P,:l=CST*H^l 
608 Pü? = CST*H>'ir 
609 RtTÜKN 
felO        ^0(J   «il5(Xl-XA) 
6H PHISSQKTUX 

fali» 5;^H = S^1+UT* 
feli RH'<? = SUHT((> 
61M njK=(WHl+KH 
615 IK(Df)K.Ll.A 
616 PALL iGm{, 
61,7 ^tTURN 
61Ö   5U0 ^b=SiiHT(i,- 
619 rAÖ=(CGS*Cb 
b?U rb'"'=(CAS*CL-. 
b21 röD={CPS*CA 
622 OKzUi-XA)* 
b?i rK=ABS(n»s) 
62** IK UK. IT. Ah 
62!3 X2 = XA-»-SZ*CA 
62fc Y2=YA+^Z*Le 
fc27 Z^rZA + S^Ct 
fc2fa XHl=Xl-DK*C 
629 YHl=Yi-DK»C 
650 ZHlsZi-OKn 
fe31 CAPsC8S*t6ü 
632 rbP = CGS»tAf' 
63Ö CbP=CAS*LMU 
63'4 rii = CAP*(XPl 
63b Ti=Pl/SS 
636 Si=Tl*rC-SZ 
637 TALL Zf^MMCS 
636 RLTüKI^ 
b39 (."rgQ 
6HC ^URROOTir-E 
6«*1 Cu^PLt<   tU 
6<42 TOMPLLX   tBi 
6«*3 Ci>vPLt*   LGZ 
6Hf f.O^PLtX   t>A 
6<+6 OATA   £.TA»GA 

647 SGHSsSGrU 
646 IF(S2.LT.bl 
649 SbOTsSPD2 
65Ü If-(T2.LT,T1 
651 TJ.(A8S(CPSI 
65i rsl=CE:XP(&A 
653 rb2=CEXP(GA 
65H E:TI=CEXP(&A 
65& FT2=CE:XP(bA 
656 raU/SäRTd, 
657 P=C*CPSI 
658 Eb=CE:XP(bAM 
659 ELSCEXPCGAM 
66Ü TU   1U   Ksl,^ 

♦ CA.^-M'Ti-rA)*rBS+(Zl-2A)*CbS 
I-XA-ÜZ1*C/US)**2+(YI-YA-S?J*CBS)**2+(Z1»2A-S21*C6S)**2» 
cc 
i''-XA-SZ?«CAS)*»24-f Y^-YA-SZi:*C«S)**2+(22-2A»SZ2*C6S)*»2) 
^)/?. 
K)nnK=rK 
(•,r«;«SZl,SZ2.nD^frUi),SDSfSüT,l,,Pll«Hl?fP2ifP22) 

cc*rC) 
-CB«;*cr;)/ss 
-CG«;«LA)/SS 
-CAS*CB)/SS 
CAD+(Y1-YA)*C8D+(71-2A)»CGÜ 

)0K=AK 
3 

S 

HD 
C;D « 

-tAc*C5ü 

-XZ)+Cflü/(YPl-YZ)+CbP*(iPl-Z7) 

1 ,Sl+l?S,Tl,Tl+DT,0K,c0SiSUSiSüTiCC.Pll»Pl2.P2a«P22) 

ZGM^(S] ,S2,Tlf TÜ,n,CGDS,SGL:] , SG02, CPSI ,Pll ,P12 ,P2i .P22 » 
i2lfF<2i2N6A(M«Pll«Pl2tP21tP22 
ECfrK,rU»tKL,EfaZIfti.i,E5»2.E.ll,ET2fEXPA,£.XF>B 
(2«?)tGM(2)«GP(2) 
(2).£XP(2) 
^«PT/376.727«(.0«1.)»3.141b9/ 

)SGDS=-SGOl 

)SGOT=-SGÜ2 
).GT.C),997)G0   TO   HO 
M*S1 > 
'"'»S?) 
M*T1 ) 
i^ + TS) 
-cP5a*cPSi) 

*CWPLX(,O.B)) 
»CfiPLX .0*0 ) 
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b ;i. 

661 
662 
664 
66H 
66b 
b66 
667 
666 
66^ 
67Ü 
671 
672 
67Ö 
67«4 
67b 
676 
677 
67* 
679 
beu 
661 
662 
68^ 
68'+ 
68b 
66b 
687 
686 
669 
69Ü 
691 
692 
695 
69*+ 
69b 
696 
697 
696 
699 
70Ü 
7f)l 
702 
705 
70^ 
7nb 
706 
707 
706 
709 
71Ü 
711 
712 
714 
71H 
71b 

no 10 Lsl,2 
10  F(K,L)s(tO«.0) 

fK = E8 
ng 5U K=l«2 
FK=(-1)**K 
?-L=EC 
0u fO L"'lt2 
FL=(-1)**L 
EKL=EK*EU 
yx=FK*P+FU*C 
S1 = S1 
PU 50 1=1,2 
«l = SaKT(uSti+Sl*SI + Tl*Tl-2,*SI*Tl*CHSI) 
P<> = SQRT(US0+SI*SI + T2*T2-2.*ST*r2«CPSI) 
CALL EXPdtGAI^^f^PLKlRl+FK^SI^FL+Tlt-XX) , 

2 6AM#CMPLX(KS».fFK*Sl4FU*T2«-XX),eXA(r)) 
CALL E.XPü(GAl,fl*CWPLX(Hl+FK*Sl4'FL*Tl»XX) « 

^ &A|,«*rwpLX(K2,»-FK*SI+FL»T2»XX) »EXB( I ) ) 
IMK.EP.k! .0«, L.£9,2)60 TO ?0 
ZC=SI*CPSI 
EbZI=CEXP(GAM*7C) 
TALL ExPJ(GftM*(Rl + ZC-n) ,6A(>1«(iK2+ZC-T2 ) ,EXPB ) 
CALL EXPJ(GAN|*(Rl-ZC+Tl),6AM*(R2-ZC+Tr') trXPA) 
F(I,l)=2.*SGnS«i.n«l.)*F:XPA/FGZI 
F(I»2)=2.*SGÜS*(»Ü,10*EXPB*EGZI 
Sl=S2 
F{K,L)=E»K,L) + (EXM2)-EXA(in*£.KL+CEXÖ(2)-EXB(l) )/LKL 
EL=1./EC 
FK=1./EB 
CST=-£TA/( 
Pll=CST*l( 

A +( 
Pl2=CST*{( 

B        +( 
PülsCSTK«( 

C        +( 
P22=CST*(( 

U        ♦( 
RtUfAN 

110 IF(CPSI.LT.0,)GO 
TA = T1 
Tb=T2 
GO TO 130 

120 TA=-Tl 
TB=-T2 
^bDTs-SGUT 

150 Sl=Sl 
PO   IbO   I=l«2 
Tj=TA 
PO   IHO   J=l,2 
7lJ=TJ'-Sl 
H=SdKT(OSQ-fZIJ*ZlJ) 
W=H+21J 
IF(21J.LT.0.)W=DSQ/(R-ZIJ) 
\/=R-ZIJ 

50 

ttü 
50 

16,*PI*SGUS*SGDT) 
F(1,1)+E(2,2)*£S2-E(1,2)/ES2)*ET? 

-F(l,2)-EC2tl)*ES2+E(l,l»/ES2)/ET2) 
-F(lfl)-E(2f2)*t.S?+eu«2)/ES2)*ETl 
F(1,2)+E(2,1)*ES2-E(1,1)/ES2)/ET1) 

-F(2,l)-E(2,2)*ESI+E(l»2)/ES1)*ET2 
F(2,2)+E<2,l)*ESl-E(lfl)/fSl)/ET2) 
F(2,l)+E(2,2)«ESl-E(l«2)/ESl»#En 

-F(2f2)-E(2,l)*ESl+E(l,l)/ESl)/ETl) 

TO   120 

D 
y 

ii 

D 
D 
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m PW 

[, 
716 lF(ZIJ.GT.O.)V = t)SO/(R*ZIJ) 

f   i 

KJi 

717 TMJ.ER.DVlsy/ 
ir,       j 71Ö IF(J.ew,l)U3=W 
W-     1 7iy F^Z{l*ü)=CL^P{r.ff\*ZlJ) 
i   i 72u lUo   TJ=TB 
i i ' i i 

! 
721 CALL   EVPJ(b/iM*Vl »GM^I^VtRPd ) ) 

[ ,    1 72* TrtLL   £.XPO(GAN!*Wi«r,A^#w.(iM( 1) ) 
>       j 725 15u   Si=S2 

:;' 

U 
72«+ ri>T=E TA/(ö.*PI*SfaüS*S(;pT) 

725 Pll=CST*(bM(2)«E.GZ(2»2)+GP(2)/tG7(2»2) 

72fo (>-CGÜS*(Gh(l)*ERZ(l»2)*GPCl)/r6Z(l,2))> 
727 Pi2=CST*(-&vi(?)*EGZ(2,l)-GP(?)/EPZ(2.l) 

1 72e i + CGOS*(Glui(X)*EGZtl»l>+GP(l)/FGZ<lfl))) 
1 u 729 P2l=CST*(bM(l)*EGZa«2)+Gp(l)/EGZU«2) 

750 ?-CGÜS*(Gr'i(2)*rG?»2»2)+GP(2)/FG2(2«2) ) > 
1 1 

11 
Vw 

731 P22rCST*«-G''(l)*EGZ(lfl)-GP(l)/EGZ(ia) 

^.- 732 2 + CR0S*(GlM2)«EGZ(2»lU&P(2)/FGZ(2«X))) 
733 RLTUHN 

n 75** E Ivl? 
) ) 73b SUBROUTINE   LXPJ(V1,V2,W12) 

U 73fa COMPLEX   EC»El5«S»T«UC,VC«VltV2«Wl2«Z 
1 737 niMEMSIO^  V(21)»W(21)fD(lb)tF<X6) 

1       1 1 73b OATA   \J/        0.22PB4667E   PO, 
759 2Ü,118ÖC>321E    01,0.29927363E   01 . 0.57751436E   01 

^ J[ 7'+U 20.159a287HE   02,0,933Ü7P12E-01»Ü,49269174E   00 

If 
LJ 

7m 20.2269c!49bE   01,0.36676227t   01« Ü .54253366F   Ql 

1 1 742 20.101202<16E   02,0,1513ü2ß2£   02» Ü,1665440SE   02 rl 743 20.256*!5694E   02,Ü.314ü7^19t   0?»Ü,3e53^683p   02 

\ 
„_-^ 744 nftTA   W/        0.45B961+6QE   00, I \ 
w^ 

74t? 2r',417000e3fc    00,0.11337338E   00 , Ü , 10ä99197E-01 
7Ub i'0.H985479lt-n6,0.j»löü3467t   00 , 0 ,34221 017E   00 

1 74 7 2ri,126425b3£   0(1, n,4n2üfee6e:E-01 ,0,6563877^002 

n 74« 2f).111674*»f)t-03,0.6H599267E-0«5,Üe?2263169E-06 

1 749 ^0.39218973E-10,0.145651b2E-12.0.14630270E-l5 
i.. 7S0 PATA   ü/        0.22495842E   02, 
1 7bl 2   u.74'+ll5faöf   0?,-ü,iH431576E   0i,-0.78754339E 

kii 752 ^   U.lbü?17blL   03,-li.23e62t95r   03,-0,50U9H687F. 
f"         - 753 2   t.l223477eE   0?,-0,1U161976F    Ü2,-0.47219591E 

6 s; 
754 2-ü.210Ä9574t   U^,   U.2204b490E   Üi,   Ü.8972e244E 

^   1 755 DATA   E/        0,21103107L   02, 

L"     "' 75b 2-Ü.37959/B7E   03,-0,97Hfi92*;0F   02,   0.12900672E 

i'" *   - 1 757 2-ü.1291(;9ä1E   Ü3,-0,bb705574E   03,   C,1352Hö01E 

rJ ■ T 7rb ü   U.17949b28E   0P,-ü,329ei014F   üü,   0,31U26936E 
759 d   U.222369felE   02,   0,39124fi92E   02,   0.81636799E 

E pf !       VwJ 

76C ?=V1 

R ^ 
1   U 

761 DO   10Ü   JIM=1,2 

iv^'^ 762 X=REAL(Z> 

W ' *kä 763 Y=AIMAG(i) 
m- /i . 764 Fl5=(.0,,0) 

10 765 AB = CAÖSU) 

1 766 IF(AB.EQ,0.)GO   TO   90 
767 It-CX.GE.O.    .AND»    A3,GT.10.)Gn   TO   60 

r* ■< 76b YA=ABS(Y) 
wk^i 769 IF<X.LE,Ü,    .ANH.   YA.GT.10.)G0   TO   60 
K^;'   ' 1 77Ü IF(YA-X.GE,17,5.0^,YA,GE.6.5.OR,X+YA.GE.5.5. 

iUillWMIIALfARippipiip 

i: 
1: 

^_ 

,0.96374674E Ul, 
,0,121ÖP954E 01, 
,0.75659l62E 01, 
,0.2o7 76i4(9E 02, 
,0,48026cid6E   02/ 

.0.26101720E-Ü3, 
,0.26302758E 00, 
,0.l2124361t-ü2, 
,0,42274304E-Ü8, 
,0,l6005949E«l9/ 

02» 0.H254744E 02» 
03»-0.6O4876b4E 02» 
01» 0.79729661E Ql» 
01/ 

03» 0.17949226E   02» 
02» 0.14696721E   03» 
02, 0.816576D7E 01« 
01/ 

0R.X,GE,3.>GO   TO  20 
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u 
771 
772 
773 
77H 
775 
77fe 
777 
778 
779 
78Ü 
781 
782 
76^ 
76H 
78b 
786 
787 
78» 
78^ 
790 
791 
792 
79i 
79H 
79b 
79fa 
797 
796 
799 
eou 
801 
602 
60i 
80H 
805 
60b 
807 
808 
609 
61U 
611 
812 
613 
ei1* 
615 
816 
817 
816 
819 
820 
621 
622 
623 
62H 
625 

IF(X.Lf .-9.>G0 TO «tO ' 
TF(YA-X.6t.2.5)60 TO 50 
TMX+YA,bE,l,5)G0 TO 30 

10  M=6»+d.*Afi 
Fl5=l./(iM-l.)-7/N**2 

15  fMxN-1 
ri5=i,/(i\i-i.)-^*t:ib/N 
IFlN.Gt.3)G0 TO 15 
ei5=Z*frlb-CI,'iPLy<.577216+AL0R(AÖ)»ATÄN2(Y«X) ) 
GO TO 90 

?-U      Jl = l 
J2=6 
no TO SI 

SO  Jl=7 
J^=21 

31 S=(.0f.0) 
YS=Y*Y 
HO 32 I=Jl,J2 
yi=V(l)+x 
CF=W(I)/»XI*Xr+YS) 

32 S=S+CMPLX(XI*CF«-YA«CF) 
GC TO 5H 

Ml Td=X*X-Y*Y 
T4=2.*X*YA 
T5=X*T5-YA*m 
Tfa=X*T«* + YA*T3 
UC=CMPLXCÜ(ll)+D(12)*X+0(13)*TA.e.T5-E(l2)*YA-F(l3)*Ti*, 

2 E.(11)*£(12)*X+E(13)*T3+T6+D(12»*YA+0(13)*T«») 
VC=CMPLX(ü(l^*>♦0(15)♦X♦0(l6)*T3♦T&-E(l5)♦YA-E(lb)♦T,^» 

2 E(l«n+E(15)*X+E(16UTö+T6+D(15)*YA+D(l6)*T»») 
0,0   TO 52 

50  T3=X*X-Y*Y 
m=2.*X*YA 
T5=X♦T5-VA»T^ 
T6=X*T** + YA*T3 
T7=X*T5-TA»T6 
Tb=X*T6+YA*T5 
T9rX*T7-YA*Te 
Tl0=X*T6+YA*T7 
llC=CMPl.X(0(l)+n(2)*X+0(3)*T3+0(^)*T5+0(5)*T7+T9-(E(2)*YA-t-E(3)»T4 j 

l2+E:(^)♦T6+t(5)*T8)»E(l)♦E(2)*X♦E(3)•T3+E(^)♦T5+E(5)♦T7■»•Tl0♦       ' 
3(0(2)*YA+D(S)*TH+0(H)*T6+U(5>*T8)> 
VC=CMPLX(0(6)+n(7)*X+0(6)*T3+0(9)*T5+0(l(j)*T7+T9-(E(7)*YA+E(8)*T«*| 

2+E(9J*Tb+E(10)*T8l,E(6)+F(7)*X+E<6)*T3+F.<9)*T5+E(10)*T7+Tl0*     | 
3(U(7)*YA + U(8)*T,»+0(9J«T6+Ü(10I*T8)) 

52  EC=UC/VC » 
SsEC/CMPLXUtY«) I 

«>«♦  EX=EXP(-X) v 

T=EX*CMPLX(COS(YA),-SIN(YA)) 
El5=S*T 

56  IF(Y.LT,0,)E15=C0MJG(E15) 
GO TO 90 

60  ti5=.,*0<9319/(2 + .1930f*f) + ,'*21P3l/(Z+l. 02666 )*.lH7l?b/(Z+2. 06786) + 
?,206335E-1/(2+4,90 035 ) + .107«*0lE-2/(Z + 8,18215 ) + ,15e65HE-^/(Z+ 
312.73'+2)*.dl70SlE-7/(2+19.39^7) 
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■-  i 

^   -W 

u 

j IJ I 

I. 

1] 

I vJ 

L 

I 

1 o 

i; 

e?b fiÖstlbAUL»»«-?» 
62/ 9ii      IK JIo.t>.l )wl?=f it 
*><;() li;(,    7 = \/i: 
6?^ .'rV^/VT 
Ö3Ü lH=ArA|g?(AI "APU» .f-EAtm j-ATAi^iAlfAr^v^) ,RrAL<V?>) 
631 ^♦ArA.J.iC.ir A'.-(V1 »«»f.AL(Vl) ) 
ti«^ AusAHSdMI 
täö Tt- (AB.LT.l. ITHr.n 
tK^H If- (TH,«T,1, »THsfe.pydlfl«)« 
b.yj IK( fH,LT.-i. )Tw=-b.ira'5inri 
t"^ lU«s>ili?-Llj4rMOLX« .O.TM) 
ts/ IvLTUKfj 
6^t füH 

b*--» ruVif'Lt.X  t-u( (.IIOi*1   Z^NJDLiHttSl » 
a'n» Pt'L   L.LL.LL 
ßlA p=r,.i?uAibf>^ 
6U;.J CsPL 
^•♦.5 l =HL 
ül+'« LL=HL 

jä^b ht = SL 
ß'*b '>4.f S'jtl.k 
647 KrArfSMTJ-l 
b1**' I.L = Lk. 
b«1* tyl-rH + LL 
fcbd MH^L = Hf3.ll«l l 

er-j IH'.*LSI-I*A»IJ*LL 

05. >-vL = H-LL 
öO.' ?KL = S1  i(hLt) 
fcS- Cbl.sCOS<t!LL» 
asD SÜHSS1^(Ü«>.) 
flbfi rs_'Hr,CuS(li*() 
ü'j/ SiHnL = SIlM<b*HI«i|  ) 
6'it'. ruHMu=CO!>(H*Mw| ) 
üb^ s;jHPi.=sii.'(t'*rPi ) 
860 rHHpLsCOÜtt^HPI  1 
3tiA St.;HP^L = SJi-il''*^PüL ) 
ef«e rhHP2L=tOS(r «HPJ?L> 
6oA ct:HPj)l-Sll\ ('»MP^L) 
6ftH r.tlHHiL = CUS(<.'*HP3L) 
6^ 1LVH=SIJHI U ♦(I*M*H)*H 

afefc vi=ü*n«n/U''p 
6b7 l.il=t}«Tr*i»- 
bb>< Tk MP = bUH I ( L »O-fMnLt-HIL I ♦H"L 
669 l,o=H♦^^^^J 

ÖTl! Vj-ti* 0*0/11 cp 
67: iLfPrSOHl (ü*(' + HHL»riPL)+MPL 
67^ It3 = 3* IffKr 

67A VA=i;t*iJ*n/rF"P 
67H TI.'V'P = S'JH 1 (f'^ + nP^L« HP^D-fHPPl 
Ö7a liü = b«U*l>/TEv'P 
07c v^=b*r'>it' 
67/ Tt.MpsüMRI «ü»U4MCSL*HP3L)+HPSl 
67 t' tm = ^*,J*n/Tt r.P 
67^ \'I+=IH* n MP 
öflo CoLL   S1C1    (.SUlOttlUÜ.Ui') 

^ 

UJL'-d 

^INllv'.b 

/.«(<«; 9 

/•1NUM7 
i«NüH6 

ZMNübO 

/KINüto 
<JrtNÜbt> 
/("Nie./ 

<fiNU72 

ZHN074 
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aßi 
QM 

6«t, 

Oft/ 

erv 

891 

695 

e9i> 
69t- 
BS7 
89') 
65y 
900 
9! J 
90^; 
VCA 
90't 
903 
9rt. 
90 7 
90f» 
90^5 
910 
911 
91^ 
9\i 
91H 
91!? 
916 
917 
9H) 

rMLL bICl (SlUItLIUl.Ul) 
TALL STC1 (SlVP.CIV^.V?) 
rALL   S1C1   (MVttClVHttfH» 
TALL   SICN    (iHiT,Cllli.ü.^) 
Ih    (U.LE.O.'H   RO   TO   c'O 
TAI-U   STCl    (SlV'1 .CIW1.U1) 
CALL   SIC1    (SlVI.CIvOtVO) 
C/kUL   i>ICl    (SlV^tCIV-JiV.M 
r/.LL   olCl    (^U!?tClU*!.U^l 
r,.LL   SKI    ('■ HJ'I.C Ii'^.L") 
KalS.Ü*(C(.Hrt*jCr,'l+ClV0-Clti1-CIVl>-Sr'H'1'l.*J- 

J:;hi,L*(>.»t l'/A+'>.*riij^-rit'?-rTv/^-( jui-Clvi )+t 
»<:1v^-SII)i + hIV1+Slll^-Sj[V.,.)+CPMPiL*(-CU;2-rIV^ 

«♦lit'-SIVJ'*.SJUu+STV4» ) ♦^.»CPL'f ^^»(-tlVl-CIiji+C 
ä^lVl-SIUl-S! V.:,' + SIliS)*<',*CHL*rHriP?L*(ClV'+Clll 
bHj^L^C-SlVö + MlIä+MUi'-SIVi-) ) 
yslö.ii*(Ui-t.f u*(-siiip-siun+sii>i'fsivi»-^i"-'"L*< 

^ritHPL»(--.*-I v'-i'.*Sli(?. + cju? + *:Iv:-' + SIl,)+r. 171) 
iT'j^*Clli,'-(. lV,-rtU:> +CU'J )+( ,-Hr'Au*«üiU?*Sr\/2-r 
'i-ClV^-rji'. + r iv'^+^.^CIl »n H^csi.Vl + SIUl-^tV.S- 
.Ti-^Ji-Jl-CiVJ+CIi'^)**-. .•CHl*LHnnr>L»(-SIVA-SlUi'» 
'^^.♦(-CIUo-K lUÄ + ClM^-ClV?) ) 

i,0   Tu   ' P 
-   Co^Tlu'T 

i slls.OMCBKL'MftliJl.'-ClUl'H.LOr.CH   /tiML ) » + SoH,vIL 
>  4?,»SIUä -'-jw>-STtii »+rPHi>L»(?.*f IUS-CI<'..'-CI 

AALOfetH   />-f'L ) >+rnHP.^L* (CIV*-CTV<i + ALÜ(,(HP?|./Mr- 
H  )+2.*CHL*cin1*(Ciu.^-cni]+.,uor.(h /hPi.) i+;'.*c^ 

ft   SlVii)) 
v:.l3.U*(Ct<H,'L*»,ilül-SIliO)+SfJM«L*(ClLlO-Clijl + A 

^   lSlü^+SIl'l-2,-*Sl!i*)+Sf MPt» (9,*CIU3-CIV^-CII' 

m*^,«CHi,'»r.i;ki»(<;iui-siu3)4-i;,*',HL*sBH*(riu3-ci 
5l.»Cfcl'|P*''L*(!>lVi'-SlU4»*gt»CöU*SHMP?L»(CIÜ?"CIV 

/-';"i'M = Ci'.PL^ ( H i X ) / ( brtL^SHL ) 

rf.o 

sluO + sIVi +«;lui-si Vl» + (: 
.n«pu«(-S] vt+<" iui + siu^- 
♦ f lUI + ClVH )+Si. Mf ^L»^! 

.<-Clü3-Cm')+i:,*rHU»se 

-Cl>JO+ClvO+CTL'l-(. IV1) + 
+ «;t3HPl.*t-2,» Liv^ + ü.*r 
um_c,TVM >+r,(UPAL»(CU"ü 
<;lUi)+ 2.*cbi » • eM*(Civ 
SlUi'*?! ««•) ♦i.^Ciil *SJHP 

♦(S1U0-S1UJ)+^bHPL* 
|i3. + <\Lrf;(MP?L/MPL) + 
^l.) )+SriHf\JL*(i»lVi»-SlV2 
I *S«M*(SIUJS-SilJl )    + 
♦CßLtSrtHP?L*(bIUä- 

LUGlrii^L/H   ))*LHhPL* 
l+ALCGIMf'L/HP^L» + 
t♦-ClV2♦^L0f,^^■K3L/HP^U) 
I)1 + ALOG(HPL/H   )>+*!.»Cfl 
? + Al..OGiHPu/hP^L) )) 

b 

a 
•i 
(i 

2«l\)li)l 

^MIMU /3 
/^Nü76 
2MMJ/9 

/«ML. 
?MNU: 

ZMMAOfc 
i:wNii)7 

^NKini 
^Mf'JUl 
2»MX1H 
/»'iNlli 
^MMli>» 

^»Nli,? 

0 

Q 

0 

■f.., ..-,!..*.i1 .t    :.,■.■". y^iÄyÄ.^:^...'.. - ^v.>. 



v^grm^im t^v^t^Pmm ■   "irw^r |Ig>jailj.li  llHiKlia.ii      . » ■••   l 11« tlj I  ■• 

0 

1 
! 

!'■■ 

' [ 
C 

APPENDIX E 
SPARSE MATRIX COMPUTER PROGRAM 

The advantage of reducing 
be achieved in solving a spars 
computers if only the non-zero 
time can also be reduced if on 
solution techniques) involving 
ever, most direct methods of s 
(e.g., square-root, Crout, 6au 
the original matrix to produce 
is not sparse even though the 

the computer storage requirement can 
a matrix equation using high-speed 
terms are stored. Computation 

ly those operations (associated with 
nonzero terms are performed. How- 

olving systems of linear equations 
ssian elimination, etc.) operate on 
an auxiliary matrix which in general 

original matrix was sparse. 

* 
■ 

A 

Sparse matrix techniques require that this new auxiliary matrix 
be sparse as well.    To accomplish this goal, special schemes are 
used to renumber the original matrix in order to ensure that the 
number of generated non-zero elements is minimum and to index the 
stored elements which include not only the original but also the 
newly-generated non-zero elements.    Consequently, the advantages 
of reducing computer storage and computation time mentioned 
previously are only relative, since additional time must be devoted 
to the renumbering part and more storage space has to be allocated 
for the newly-generated non-zero elements.    With these facts in mind, 
we proceed to describe, in general terms, one sparse-matrix method given 
by Berry [44]. 

For efficient utilization of high-speed memory and to allow for 
practical solution of a very large matrix equation, storage is allocated 
for only the non-zero elements of the original matrix.    These terms 
are collapsed into two columnar arrays.    The diagonal elements are 
stored by rows in a linear array D with dimensions N where N is the 
number of linear equations.    The off-diagonal, non-zero elements of 
the upper triangular portion of the matrix are stored by rows in a 
linear array U with dimensions less or equal to N(N+l)/2.    An 
efficient set of pointers for locating these terms in the array U 
is an absolute necessity.    For a symmetric matrix, only the 
pointers associated with the upper triangular array of the matrix 
are retained.    Two pointer arrays II and J are used to index the 
array U.    It has dimension equal  to N.    The number stored in 
position k of this array represents the starting location in the 
pointer array J of terms associated with row k of the original 
matrix.    J has dimensions equal to N(N-l)/2.    This is a column 
identifier.    The number stored in position k of this array 
represents the column index of the element U(k).    Using the 
information contained in II and J, two additional pointer arrays, 
IUR and IUC, are set up.    They record the same information con- 
tained in II and J, but this time the full matrix is being con- 
sidered.    Note that IUR has dimension  N+l and IUC has dimension 
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less or equal to N(N-l). An example should help clarify this 
scheme. For the original Z matrix given below, the arrays would be as 
follows: 

z = 

zn 
0 

Z31 
0 

.Z51 

0 

Z22 
Z.0O 

Z42 
0 

Z13 
Z23 
Z33 
Z43 
0 

0   Z15 
Z24  0 

Z34  0 

Z44  0 

0   Z55 

11(1) = 1 JO) = 3 NUMOFF(l) = 2 

11(2) = 3 J(2) = 5 NUM0FF(2) = 2 

11(3) = 5 J(3) = 3 NUM0FF(3) = 3 

11(4) = 6 J(4) = 4 NUM0FF(4) = 2 

11(5) = 6 J(5) = 4 

N=5 

NUM0FF(5) = 1 

Row Locator Column Identifier    Term Identified 

IUR(1)=1 IUC(1)=3 Z13 
IUR(2)=3 IUC(2)=5 Z15 
IUR(3)=5 IUC(3)=3 Z23 
IUR(4)=8 IUC(4)=4 Z24 
IUR(5)=10 IUC(5)=1 ^31 
IUR(6)=11 IUC(6)=2 

IUC(7)=4 

IUC(8)=2 

IUC(9)=3 

Z32 
Z34 
Z47 
Z43 

IUC(10)=1 Zc, 

A specialized matrix decomposition known as the "square-root 
method" is used to solve the system of equations. Before decomposition, 
the algorithm given by Berry is used to renumber the unknowri such 
that the number of non-zero elements in the auxiliary matrix pro- 
duced by the decomposition is minimum. 
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There are three basic parts to the renumbering algorithm. All 
parts search the non-zero structure recorded by the pointer arrays 
IUR and IUC. An array NUMOFF with dimension N+l is set up to record 
the total number of non-zero off-diagonal terms associated with each 
equation. NUMOFF(k) equals the total number of these terms that 
would appear in the Z matrix in row k. 

Part I of the algorithm searches the array NUMOFF once to see 
if there are any equations with only one non-zero off-diagonal term. 
If one is found, it is number 1 and the array NUMCFF is altered. A 
single sweep through the array NUMOFF will rapidly pick off every 
equation that has only one or fewer effective off-diagonal terms. 
Decomposition of these single off-diagonal term equations will cause 
no new non-zero terms in the matrix. 

0art II of the algorithm searches the remaining equations (those 
not renumbered in Part I) for equations which can be decomposed with- 
out increasing the number of non-zero terms. As each equation is 
checked, an array IFILL with dimension N+l is set up which records 
the number ^f new positions that would become non-zero if that par- 
ticular equation were renumbered next. If any equations were re- 
numbered in this part, the algorithm is repeated because now the 
effective number of non-zero off-diagonal terms is different 
from the time Part II is first entered. When a complete Part II 
search is made without finding any equations for renumbering, then 
Part III is entered. 

Part III finds the equation that would cause the fewest new 
non-zero terms by searching the array IFILL, After the choice is 
made and that equation renumbered, the new non-zero topology caused 
by decomposition of that equation is recorded in the system of 
pointers. After bookkeeping operations have been completed for 
renumbering an equation from Part III, Part II is again entered at 
the beginning. 

After all of the equations are renumbered into the order in 
which the linear equations finally will appear in the matrix, the 
II and J pointer arrays are reorganized. For the reorganization all 
of the ponters are changed to correspond to the new system of 
equation numbers and include all non-zero terms that will ultimately 
be found in the upper triangular matrix U. 

Finally, the solution of the matrix equation is readily obtained 
via the square-root method. This essentially is the very same program 
presented in Appendix II in Reference 12. The format sheet presented 
there is repeated here. 
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There art six Input cards which are specified as follows: 

Format        Descriptions 

15 Number of clouds requested to 
be calculated 

15 Number of dlpoles In a cloud 

F10.5 Length of a dlpole In 
wavelengths 

Data card Variables 

1 NSETS 

2 N 

3 TL 

STDX.STDY.STDZ.CF       4F10.5 

IZ 

L2NPHI.ANGMIN, 
ANGMAX 

Svndard deviation of a 
Gaussian ranaom generator for 
x.y.z coordinates respectively. 
CF is a coupling factor which 
weights the off-diagonal 
z-matrix elements.    Usually 
set to unity. 

114 Starting point of the random 
generator 

I5.2F10.6 (2) Is the number of look angles 
taken In the angle range 
(ANGMIN, ANGMAX) 

The computer output consists of two parts:   first print out of 
the Input data with proper headings; second the average backscatterlng 
radar cross section calculations as described below. 

0 

li 

0 

1 0 
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111 
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Variables 

AVTT 

VARTT 

AVTP 

VARTP 

AVPP 

VARPP 

AVll 

VARll 

S11(20%) 

$„(50«) 

$„(80%) 

Descriptions 

Average echo In 

Variance of the 

Average echo In 

Variance of the 

Average echo In 

Variance of the 

Average echo In 

Variance of the 

The level under 

The level under 

The level under 

e-e polarization 

echo in e-e polarization 

e-* polarization 

echo In e-* polarization 

♦-♦ polarization 

echo In ♦-♦ polarization 

both e-e and ♦-♦ polarizations 

echo In both e-e and ♦-♦ polarizations 

which 20% of the return signals belong 

which 50% of the return signals belong 

which 80% of the return signals belong 

Finally the starting number of the random generator for the next computer 
run Is indicated. 

B 

0 

0 
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1 
f 
■ 
i  ■ 

w*  "*.' 

&■ • i 
^ v   ' ^ 

W:\ 

rr 
1 C** 
2 C* 
4 r* 
H c* 
b c* 
b c* 
7 r» 
b c* 
9 r* 

10 c* 
11 c* 
liJ c* 
13 c* 
1H c* 
15 c* 
16 o 
17 c* 
16 c* 
19 c* 
2U c* 
21 c* 
22 c* 
25 c* 
2H c* 
2b r* 
26 c* 
27 c* 
2b c* 
29 c* 
3Ü c* 
SI c* 
32 c* 
33 c* 
3H c* 
35 c* 
36 c* 
37 c* 
30 c* 
39 c* 
HO r* 
«a c* 
«♦P c* 
«♦A c* 
«♦H c* 
«fS c* 
<I6 c* 
«f? c* 
«♦Ü r* 
U9 c* 
50 c* 

CHAXS - fAIM PROGRAM 

PUKPOSt 
CALCULATION UF SOMF! STATISTICAL PARAMETERS OF THE 
BACKSCATTFK FROM A »RAMDuM» CHAFF CLOUD. THE AVERAGE 
VALUES AMD VARIANCES OF THETA-THETAt THETA-PHI» AND 
PHi-PHI POLARIZATIONS ARE OBTAINED. AN AVERAGE AND 
VAKIANCF FOR LINEAR-SAME SENSE LINEAR POLARISATION 
ARt ALSO ESriMATED. THREE POINTS ON THE CUMULATIVE 
PROBABILITY CURVE ARE ALSO CALCULATED, 

INPUT DATA 

NSLTS 

N 
TL 
STUXtSTDYtSTüZ 

CF 

TZ 

L2NPHI 

ANGi*lIN,ANGMAX 

OTHEK PAHAWFTERS 

OiU 

X«Y,Z 

CAiCBtCG 

IltJ 
AVTT.flVTP»AVPP 
AV11 

VAKTTtVAPTP 
VAKPP«VAR11 
PAKAMETERS IN 

THE NUMBER OF DATA SETS «CLOUDS) TO BE 
RUN» 
THE NUMöER OF ÜlPOLES IN THE CLOUD 
THE LFN6TH OF THE ÜlPOLES IN WAVELENGTHS 
STANDARD DEVIATIONS Op THE OIPOLE 
COORDINATES ALUNG THE THREE PRINCIPAL 
AXES TN WAVELENGTHS 
A SCALING FACTUK FOR THE COUPLING 
BETWEEN OIPOLESJ USUALLY SEy EQUAL TO 1.Ü 
A STARTING NUMBER FOR THE RANDOM 
NUMBER GENEKATORS USED TO SET UP THE 
CLOUDS. THIS ALLOWS A GIVEN "RANDOM" 
CLOUD TO BE RESENERATED AT ANY TIME. 
LOG BASE 2 OF THE NUMBER OF »LOOK 
ANGLES" TO BE USED. 
RANGE OVER WHICH THESE LOOK ANGLES 
WILL BE SPACEDI USUALLY 0.0»360,0 

COMPLEX ARRAYS 
MATRIX IN SPAR 
ARRAYS CONTAIN 
THE CENTERS OF 
ARRAYS CONTAIN 
OF THE UIPOLE 
POINTER ARRAYS 
CALCULATED AVE 
THETA-THETA» T 
LINEAR-SAME SE 

- CALCULATED VAR 
AVERAGES 

/SORT/ ARE USED B 

CONTAINING THE COUPLING 
SE MATRIX FORM 
IN6 THE COORDINATES OF 
THE 01P0LES 

ING THE DIRECTION COSINES 
ORIENTATIONS 
FOR THE SPARSE MATRIX 

RAGE BACKSCATTER FOR 
HETA-PHi, PHI-PHI, AND 
NSE LINEAR POLARIZATIONS 
IANCES ABOUT THE ABOVE 

Y THE REOROEPING ROUTINES 

REMARKS 
DATA IS ONLY CALCULATED IN THE THETA EQUALS 90 DEGREES 

il 

0 

0 

0 

i 
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D 

i. 

i 

D 

[ 

1 
c 

si 
V 

5H 
SO 
Sb 

St' 

£i' 
ol 
u»' 

K'l 

( 3 

&-■ 

r,? 

f>V 
7t 
71 
7^ 

7» 
7 > 
7'.- 
7? 
7^' 
7-J 
Pi' 
rJ 
?■,<! 

Pi 
A'< 

(U 
r^ 

9(i 

9<; 

91« 
^M 
9h 
97 

HO**h   li'l   ?SPAH&E,   ii/>lifix   fCi<«,   i>FF   KU 

Ii,CLUuE   ^ l Cb.i.lbj 
r 
HSH-UUt    r t '  '   O»|,IUJ 

.«if1LfiSlO(j  x t^"' i • Y (i-iii) »/UM ' i »CAtüin l »r 
^■i^) iFit i. (J.( ) ,S1.:.(1^»> 
ilflL'^SIui.   11 (M «CCtül 

^"t (^Jl ' «It K{t!fi) »» TüCdtlJJ .M|V|OFF U01 > » I 

ChLL   FrHK(l) 
u   f u^MAI (7»-U . 5») 

iU/Vi   i'lil   r^Air.   ftui:   IfiiTl^LlZl"   HAR >.'n 

/«THlV   t    IS   SIOKLD   UY * 

>;  SYoKAut   ''Ore, * 
* 

***»♦■♦♦«♦♦♦♦♦♦♦♦♦♦♦♦♦»**** 

"izi i >iC(,(<!iii ),n (;»OJ > • Jd 

1 I t J.f /SDM/IOI!Ul K(2Cil » ..a) 

CH<<X<IUüb 

CHAXOUUB 

Tt;r<S * 

« 

rKSU.Ul 7'it^r " 

rt.AÜCi..? J   ,t: IS 
UL AOI J» .'■l' 
l t.AC)('^H) tl 

.m.sTL/?.iJ 
AurHL/lOf.i. 

rnSHK/jnu.ü 
' t.Ar;(r...4 J ; it y ,^TiiY,^ri7.rr 
'nJTt (fullO'iTt »bT'jXiSTOY.ST'ViCF 

1|.   (-otWAT (i«HiH<)S« lKtbH   Lf Nt;TH=,Fi n.b.AUH   HO<irinr   slA'VÜAl-ü   Ot VIA! 10iiS= 

<; |UXtvsIp*5-1 My 
P|!ltK=TP*i.'' Y 
Slf.'ZKs lt>*£-lf'? 
'. t A 'J < a t 21) ) 1 / 

^n   ryMMAl(I/) 
I'tAUi ■j.'ii' ILr^IPMl ' ''^GClIM. Alyl^ftX 
FU'^ATdtltgllO.Hl 
AKGDIFsA'-t.^AX-ÄMb^IN 
''ttJHl = Ü**Li:Nf)hl 
nfHsAT'ittOif /(FL"A1 («'HHI ) ) 
'.. KITF. (^^ = )' PHTtl.;   iPHj.Ar ^,l1"I^ tA|\j&f.AX 
» (jH^ifiT (Pint f UMr'fK   ÜF   Lt>QK   A^J^LLSS ♦ 15 « ^Hs 

«;.l»iH   -    « F e-. 1 / / I 
r«LL   GIYAhCfrtTT«CC) 

{  Hf.> Pült7 
CH/XJUUb 
CHA<i.H)U9 

rHAXL!oJiC 

CMAXOÜli 

CHAXOOIH 
CHAXOUiS 

:P»*»l?.i3H      ANüLt    KAhjGttFb 

CHAXOO«»7 
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101   r* CALCUlATt   ?riF    PIHeu/JK'CL   r.NJ   SLT   THKf S«0L0   FUR   fUTUAtS • 
ind r* • 
10^ r*****•*****♦•*•******«*******•«****«***•**fr»************«**»**«***««*«* 
ir«* rflfts2nM(A|,tti,o«HL«HL) 
l^s TMKsnn=rA^s(CAr>*(t.i 
10b C^KsCOSChK) CHAXOÜHB    '   i 
107 StjKESlNJHK J ChAXOUHS 
10b DU   tJO   nSLT = l tfoiütTS 
in-rf ix=i7- 
II U i-;KlU.(f'trt ) U 
III ÜK   F(jHi«iAT(aüHli«ANnnM   GE^fKATuK   IJ'U TI ALlZE-li   AlMlb//) 
ii«; «iPcDso.ij 

il« no ?j MSit.= itir>o 
11t> »RttKNSlijisi'.ii 
iih       «f9 «-iGtt^iR-nissj^ifr.ii-i+r sib 
11/ ptv*:Qiionsu,i. 
Uli  r****««***»***««»♦♦♦♦♦«♦»•»«»♦♦»■♦«♦«»»'»♦•♦■♦♦»«•♦•♦»♦•♦»♦■♦♦♦«»»»«♦♦♦♦I»*»»» 
IT.*  r« « 
1J?Ü   r* SEI   U»'   tLOl.r»   JSf.'jtHATE   X»Y« iitf A tCBtCF ) * 
1?1   r« * 
l?c: r**»*«*»«******»♦♦»•♦*»♦♦»»♦♦«•♦♦»♦»♦»«♦•♦♦♦»^♦♦♦•♦»»♦♦«♦♦♦♦«♦♦»♦♦»»♦♦♦» 

12i Pu   SO   I = itt'. CHA*0ü26 

i?1« («iL GAuüi.(j>t,*;iri>K»i'.ii»yn)i 
123 PAUL   b/>U6S( iX,<;T(nf .U.ü.Ytl)) 
lie r.kLL   bAÜ^^J 1X,STII/H .o,f.7«n » 
127 CALL   KANtuC J.X.IYIMJ 
l?o lx=lV 
1?^ PMl=TfJ*AJ CHAX0Ü4H 
15U rr.l-L   KANl.U<lX,tY«Acr) 
151 IX=IY 
lit CüSTHS»,ü»A^-l ,l< CMAXOOdb 
13i riNTHsSOKTd.O-CÜ^THtCCiSTh) CMAXOüö? 

15H r/,U)sSlNtMCn<!l^nl) CHAXÜUdä 
iss cMDsM' U'»sri(HHi) CHAXoooy 
I3fc> At   r0(i)=Cüi>lH CMAXOOHU 

137 tu   Hü    I = i,lw CHAXOOHi» 
13Ö »KJ   I (I»=CAA 
139 r****«♦♦•*♦****»*♦*♦****♦**«*♦♦♦*»**•♦*♦***♦**♦♦*♦*♦*♦♦*♦♦»*«*•*•**«*•♦• 
1'Hl    C.» • 
141   C* SF.T   'JK   If 1TIAL   VALUES   FUR   PUlMtH   AKBAYS   Af)D   PAKAMETEfS • 
m^   r* N£Erif_u   M)R   jut   RtOKPERIfjfr • 
l1*^   f* ♦ 
IHH  t««*#«*•*•*****t*»*»**'**'*«****«'*******«*«••••#*«*»«**•**••«««***»**«*••• 
l«*t) I u   «U    I=i»^ 
mt. TuKutrtm = i 
im fuunD-i 
XHti m   riuMOFMl»sü 

ISO TidJsl 
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151 NMl»^-l 
152 DU HS I = l«NM 
155 Ipl=I+l 
15«+ nu «tj JCsiPi^r' 
15b CALL   2GAUS(M1)«Y(I)«Z(I)IX(JC),Y(JC).Z(JC)»CA(I)»CB(I)»CG(I)ICA(J 

15fa 2C)tCö< JCI ♦€(.'(UC»«ZIU«6»TTiCCJ 
157 IF(CABSUIJ),LT,THRSHD)GO   TO   «ti 
15Ö j{Tt;)=JC 
159 TC=IC+1 
16U NU^OFFtDsNUMOFFtD+l 
161 NUM0FF( JC)=r UI^OFF(JC)+l 
162 Hi   CÜlvITIfMUe: 
163 <+5   II(I+l)sIC 
16H IF(IC.GT.15U0)WRITE(0I«*6)IC 
16b «4e,   PoRMAKaVHOARR/VY   j   OVt-RRUN   DURING   iNITIAUZATlON/lX, 15«IbH   CELLS   R 
166 ^^UIRLÖ) 
167 CALL EXPA(MLM1I,J«N) 
16Ö c♦*♦***♦♦•♦***♦•♦**»*♦♦**♦♦♦♦♦«♦♦*♦*»♦♦♦♦»*•♦*♦♦♦♦**«♦*•*♦»♦•**»»*•»♦•♦• 
169 c* • 
170 C* GENLRATL POINTER ARRAYS FOR THE REORDERED SYSTEM              « 
171 C* * 
172 (•♦*♦♦*««*♦*♦♦♦*♦-♦*♦*♦*♦*♦******»*♦**♦*♦*♦****♦**»********»♦****♦♦*♦•*♦*• 
173 TALL ORDtR(II«JtNj 
174 (-♦*♦♦♦♦♦♦**♦*♦*♦*♦**♦♦♦**♦*♦•**♦»**♦♦»#♦♦»»♦♦♦♦♦*♦**♦»♦«»♦»»•«««•♦»»••*• 
17b r»                                                                   • 
176 C* CALCULATE MUTUAL IMPEDANCES AND STOKE IN D AND U              • 
177 C* * 
17Ö £♦♦♦»*♦♦*»*♦♦♦»*»♦*♦♦**«*♦*♦♦♦♦***♦♦♦♦♦♦♦♦•**♦**♦*•«♦*♦♦*♦•♦»***♦♦*••♦♦• 
179 CO «♦9 Isl,N«l 
16U JFSTsIKl) 
1B1 JLSTsIKl + D-l 
182 ISUB=IORUER<I> 
163 IF(JFST,bT.JLST)GD TO «49 
16H 00 «*7 JC=JFST,JLST 
18b JuC=d(JC» 
186 JSUB=IORUtH(JJC> 
187 «♦? TALL ZGAUS( X (I«;UB )« Y USUP )»2 (ISUt ) » X ( JSUR) « Y (JSUB) «2 (JSUB ) «CA (ISUB 
188 2)«CB(ISüe)«CG(lSUB)»CA(JSUB).Cd(JSUB)»CR(JSUP)»0(JC),6«TT»CC) 
189 H9 CONTINUE 

191 C* * 
192 C* GENERATL "SQUARE KOOT" METHOD AUXILIARY MATRIX OF C           • 
193 r* • 
19H f***^******«*********«***»*******»**♦*♦♦**♦♦♦♦♦♦»♦**»♦*♦♦*♦»♦♦**♦»*»**** 
19b CALL SPSUTl(OtU«II«JiN) 
196 (■♦»**»♦**♦*♦♦♦*****♦♦*♦*♦♦**♦******♦**♦♦♦*♦♦♦♦♦********♦♦♦*•♦♦**♦♦♦••♦•• 
197 C* 
19b c* 
199 C* 
20Ü £♦**♦♦♦«♦*♦**♦*♦***♦*♦♦♦**•********♦*****♦***♦♦♦*♦*♦****♦*♦♦«•♦*♦♦»••••• 

ACCUHULATE SUMS FOR AVERAGES AND VARIANCES 

'Tgpwwwiwiyii.,..   .|ll».i  ■""""■"."1   "' "      '^     ^"l  '■ 



T^m^ rnmmmmmmmmmmmm wmm^m ^mm^m^^ 

CONSTKUC'   HISTOGRAM   OF   THE   dACKSCATTER   FOR   THE   CUWULATIVE 
DISTRiBUTlON   CALCULATION 

PH=0.0 
CPH=1.0 
SpH=0,0 
AvTTsO.O 
AVTP=0,0 
OVPPsO.O 
VARTT=O.O 
VARTPsll.U 
VA«PP=0.U 
PO   66   MPH=1«MPHI 
CALL   FPT(CPH,SPH«0.0fECTT»tCTP,ECPP.IORDER) 
AVTTsAVTUECTT 
äVTP=AVTH+ECTP 
AVPP=AVPK+£CHP 
VARTT=VAHTT+ECTT*ECTT 
VARTP=VAHTP+ECTP*ECTP 
VARPP=VAKPP'»-ECPH*ECPP 

******************m*****»*^*******************************mmmmmtfrnm* 
« 

* 
***********************************m**************************nt#*** 
PO 50 NSIG=1»101 
TEMP=SI6tNSlG) 
IF(ECTT-TEMP)60«bO»50 
CüNTINUE 
PO TO 62 
FREÖ(NSIb)sFRE(3<NSIG)-».l,0 
CONTINUE 
HO 63 NSi&sltinl 
TEMPsSIG<NSlG) 
IF(ECPP-lEMP)64tb3«6i 
CONTINUE 
GO TO 65 
FKEQ(NSIG)sFREO<NSIG)+1.0 
CONTINUE 
PH=PH+DPH 
PHR=PH*DK 
CPH=COS(PHR) 
SpH=SIN(PHR) 

**************j*m****************m*************L***iii^*^ni**********mm* 
* 

CALCULATE BftCKSCATTER AVERAGES AND VARIANCES • 
« 

****************,***ifm***********ii*m**************************)**iJ»m*m 
MPH2=2*NHHI 
AV11=AVT1+AVPP 
VARH = (VARTT+VARPP-AVll*AVll/FLOAT(NPH2)>/FLOAT(NPH2-l) 
AVll=AVll/FLOAT(NPH2) 
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jD 
0 
D 
D 
1, 
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* .■*■ 

■ m 

i . 

D 

;, 

2bl 

Üb«» 
25S 
iM« 

2(,ü 
cfal 

if..-. 

i>f b 
ühi- 
k'i ^ 

• w? 

27Ü 
^71 
2 7^. 
?7A 
^74 

t7i. 
i77 
t7h 
27^ 
2ÖU 
2&1 
2«^ 
2flA 

Z^b 

2C/ 
2eu 
2f-V 
29u 
291 
29<! 
iOA 
29'» 
29i: 
29o 
29/ 
2 9« 
299 
iOU 

VA"TTs(VA4TU/lVl1*AVIT/FLÜATfNHH1 »/FL'V T (rJPM-1 ) 
Av(TI=A\/! l/HOfTtNHM) 

VAttTPafVü^lt'-AVTP^UfP/FLOfiTf^PM» )/FLOA T (iJP('-l > 
f vTP = AVT^-7^ l ÜAT(MIM) 
VA,^P=(VA( (-P-AWP^*/'1VPP/rLüf.T(^PH) )/FLtMT(iJPH-l ) 
f. VPP = A\/Ph'/Fl.OAT(^Prl) 
rKt"J(l)=ML'  (1 )/f;LOAl (MPH1)/?.J 
( US»- U.iMi ) 

r ♦ ■ * 

r* CALCULTT».    TMKf f   Pt'IljTP   Ü^,   ThF.   CUKULATlVt   (. IS I P1 HUT lO'l   CUHVt » 

r*^** ********** «•**««*****»***44**»*****4t*4*«««.«*»*****4* **««««.*«**«**«* 
'o   70   ^Sii^.'.lrt 
f K^.uciuSJi. »=F «( OC^iSI&l/f-L^Al (►PHD/^.O 

P>,=FX*P^L ,,( .sir;) 
I f ( F >;. Lt. r, i-» ST ti20ss I r, (.Mc i G » 
Th (FX .L.ttl..''»S7Gf ri = SlC-.(i\JSi( ) 
IKKA.I f .v,./ )r,T(.MiJ = i:;i!,(«|<. ,,,) 

7n   f n( «JCiSIt-JsFX 
1 ullf. <f../t ) ^VTT. V^KTI tAVTl'.VAinP, AVPP« V'KPPtr.Vll.VAKll.SlGZOtölbsü 

^ «illicit 
7l1   riiHflAHf-HnAVITsi Jwtib.f «7H   VK 1 T= . tX'o. B , (,H   fi VTP= • t Ib.fl, 7»,   vAr,TP=«E 

.^ja.e/bn A^t =,rjti.t.,7H üA,a'ps,t]K,e,f., M.'ii=,» i&.ai7n vfl^iis.f iti.e 
i/lJHOMl      tli'i.-    .(■ i;->,;j,l?M   f.( "   of-   THF   SA-'PLES/UM   Sll   BCUl w   IE1S>.Ö. 

m^M   Kij-!   uf    u,F   SAiPtfc'i/lln   til   df"LO«i   tt1b.ti»39M   tf»   OF   Trft   SATPLLS 

Tt = l.y*'J7U^ 
If (I^)7f,«'3(),lj0 

7«.  i/ = lz*r,ijLo^ 1.7+1 
f\,]   ru'v'IIigUF 

I'KlU. (^.t? )1Z 
6t   FuKMATt7,3tiu/    PnUL'   NiUiv.Pt «   TL'   USt   FCK   lUl TI AL 12 INb   THE   KA'JLOM   GL'MtKA 

^Toti   Oti   Ti'L   I rXT   HUM   IS   , 17.J 
CALL LXII 

«;u«HOUTlfvl.   fUTMM'V,T,C) GTAÖOODC 
C ************************** ***************4 ************ t****^*t*********C,1fHüil\iX 
r* *Gi.oaoüui{ 
r* PUKPObfc «GTAeOüüi 
r» sns up rfuFFiciEMT TARLLS FüR /b,'.;iS *GI<;I'UüI^ 

C» »GTAHOÜUb 
r* USAGE *GTA*OüOb 
r* CALL  üITA«H<V» r»C> *GTfuOUU7 
r« »GTAHOÜLÜ 
r* ÜLSrRlrTIO^   OF   PA.HA^ETt«? »GiAeoouy 
r*                          '.           -      THt   MUwHfR   OF   POIIMTS   ZG/US   IS   TP USE    IN •GTAdUülü 
r*                                                      tMrC^ATIOM *GTAr>OÜJH 
r*                          T           -      THE   ABSCISSA   VALUES   eOR   tCHÜS *GTAdüUi2 
r* «»»UST it: nihfI*'?IONFO in VMH FROGKAI«') »GTrmmn, 
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im 

306 
30? 
3Cf) 
6P'J 
JUi 
311 
31«? 
315 
3)«« 
313 
3lb 
31 7 
3H' 
il'V 
3?o 
.-* -■; 1 

3?< 
3?A 

3?3 
3?h 
3?/ 
3?t- 
3gy 
33U 
33) 
53*i 
333 
33H 
33b 
33t. 
33/ 
33« 
33y 
6U0 
3tJ 
3,*i? 
34 3 
3«»M 
3<*t} 
3'*f- 
3«»/ 
3«»o 
3«.^ 
35i> 

(♦ 
r» 
r» 
r* 
r* 

C« 
r» 

C -      THt    WtlGHTIivib   rOLFFItlf^TS   Fü«   ZGttljS 
(MUST   tft   OIi'iLfJ^UMfj,   JM   n/y^g   pR„(-Kflv) 

"      I«n.l^F   LrN6TW   W,:   lht   ^OLK&   IN   EILCTRIC/L •Tnl) I ANS 
COK      -      rOS(MK) 

.lUu 

c*** 
r * 

r* 
t ♦ 
r * 
r« 
r * 
r* 
r* 
c ♦ 
r» 
r * 

r» 

ril'.L'iUIUl'    T INJ«C( V» .Vt'U:) ...(Uli» 

HATA   V/        .33«mCl04,.frbJliO?M,.i;,»,26ic.ig, 

j.u/l;'-4L^^/,./'fJhOf.A/,/t.V7^oLl.,c;,t#1;,,s^3l)^ 

^.»■17A7f cT, .ys'nnuuj ,.tff.^3I?o,.o«.iib7r ,.i' 

7,tr?nO(lJ9y,,< «<* M 1 br> A,. ri3t ^7'* fc,.97^/;,».,(,, 
'■•ATA   .*/        ."5^v»bi^,.AH7"^4f=:t.i4^7y1>wÄ< 

^.^«^öf)^7'.,.M^7Hf.,(.:,,.^t>?:tl,1x,#Jüli,?,.14< 

.•..i-,i9')'>..-.t,,.mof,r)].v,1,ub(,f;7,?,it?ür)lu7i ^ 

'..j^n  /• ^,..i(u^AC)-.,.r.«+7i7;,M,.,,-9Mrf, ,3, 

^.ie
,tj,".W4..,.3,)<.7ui.7,.ii?'i1 :f-rf .n^^m,,, 

7.u735'*r.^..l?Op5,(w,7,#.)4»H?771+ü#t0i,fe<.,15y< 

lF(lJ,t'>.<>)Mi = ?l 
It- ti\(.f.9,i^)i Ds1'? 

j=l 
Ou   lOi)   ISC.JU,MI 
T(JjzHK^VJ1) 
r(J)BSlfl(MK-T(jn*. (l) 
.|=J*1 

FMt) 

^ut'POUTli'.C   ZC-AitS(XA,TA.ZA,XP.Yü,Zrt.C/>S,L 

********************* mm, „„m.ti^^^ 

******•**».***#****** 

.IHf 

.ic'7 

.64t. 

.^3? 

..)97 

.01? 

■^0939,, 
■J7<433.. 
iiiaut. 
t n3L><4,, 
«0 0^3,. 

7rtü/,. 

^,>b^,. 

«♦333«: 39, 
3f 7j,li >S, 

^tq^(.t 72, 

li-Vl^f 'M. 
I ? 79 A V11, 
fl^fcl1?. If,, 

rii>»Cf,S.tA,tfl,CG«r.Ml?, 

PUKPObt 

CALCULATES   \Ht   MUTUAL   T«HEf)ANft   üf TWELrj   TWO   UIPOLtS 

USA(;L 

CAULJGAUS«yfl.YA,7A.XP.rü,Zb.CAÜ,Cr,5,Cr,S.tÄ.tU,CG.S,M2, 

UES.CMIP1IOM   OF   PAKAIHTLK? 
VA,TA,ZA -   tüORl'l^ATea   OF   TMt 

yfUYH.^fX 

._   . r    Q POSITION   O    I Mt   CfpiTfR 
OF   TML   FIRST   .JlPClt    i.M   FLiCTRItAL   PACIANS 
COOrtniMTL*   PF   THt.   PoülTICN   OF   THt   CrNTtR 

»GTAdOUHf 
»Gi^auoio 
•(7TWL(0Ulfa 
• &IA'30017 
»GlAüüOlfc 
*GTrBüuig 
»GTAöÜüiJü 

Gr^.JOOüJl 
GTf ttüü^d 
GI<thüU^H 
GlAtiOU^D 

GTAHUUÜ7 

GT/.JUüi;y 

Gf/'iJt'Üdl 
Mi jUuic» 
fl/,'Ulü.63 
(> T r ^ {t u i <» 
GKrtOO-Sb 
&T>.iii103e. 
GU-tJüOa? 
öl/3UU3b 

GTAciOüHU 
GTAi?üO»*l 
Gir.^ot««^ 
GlAdüCti 
GT/rJüU'+H 
GlAtiOÜHb 
GTAJUUMf, 
GIAt)00'.7 
Gl/lOCtS 

NtTiCZ&L'SOOtin 
ZGLSüOUl 

♦♦♦»*ZoUSilü(/2 
•ZCUSOüliS 
*/tOS0üiiH 
*iuUSuou:> 
♦/GUSOüüt 
• ZGt'SOOUT 
•ZGuSOUuÖ 
•ZGUS0ÜU9 
«■ZC-OSÜOiü 
«ZGUSUUll 
♦ZGobüOlg 
•ZäUS0013 
• ZbU60üm 

■ ; 

■ I 

I 

U 

0: 

252 
¥ , 

wm^mm^f^r^m- itifesi 
-rr T» 

afefelil«%lflM!»#i11flwtf^iiiiaarir   i r.J; ;>i»ii ^ • ..»^ e.. W 



w*mmmm**mmm 

TMt   prcoM    üIPi Lr   IM   * LCC !!• IC AL   r'/UlAMS 
^liur'   CU?II\lFS   UF    THC   PRlf id ATIOC   OF    THt, 
ST   OTfOuE 
EnH'N   LÜSINFS   CF   TH^    OHIti-UTlON   OF   THt 
O'lf   DT^JLI 

|.'t.SUl TAM   MUTt.AL   lvl-'i > t[NLt 
• iLi^fi-H   Uf-   Kili.T?   USf ■     Ii^   THE   GAl'«.SIÄW 

Ff,Kr.TTO.ii 
rt-v'-rT^oA   y*.Ll.il.S   uLJtfTt-C    t)Y   GlT/.u 
KLirMtiKlf.   COf ^Flfjf :vrS   b^t.«ATM-   dY 

r.r 
MALF   ItlMOTH   Of    TnL   MFOUtS   Ir- 

CTClCAl.   RAUIft.J^ 
(IK) 
(K- ) 

f-Il.l    i-I^T    'f    (MLfu   wTTn   Tut   At'HI-'ol'K I. T^    VaU'r    'jt    ^ 
'•LK t't    /«Al-r.    V-Y   nr   (AILtO.   Ufi[    L'LL   1 V   G U ' ^   IS   .iL   TH(«. f 
7S    ■(■ ■,aJIr't. 1)   r'U3    ANY   ''!U"''.,LI<    Oh    C/.llS    IC     /■Gßi S    AS   LO't.   AS 

bniUMa i l   i S   A.WO   FUMCTTt.fy   «üJupPObRA' S   WKivi'THKu 
OI irr 

Of 
CAi>»U ■St ran " Dlf. 

(■ H- 
CA.CK .er • I) in 

!M f 
S M i i- - iHf. 
ri - ItlF 

IMT 
T > iHf 

C • 
(IT 

HK ■ iHt 

tUK 
'leu . CtJij 
S')rv - Sir 

KTHOH 
Irji'iiL'H   fr-u    tVALl'ATll'   r>Y   C-'USSI'IJ   IW f M ^ A I 1 irv. .   PlMt 
SlMi,.b( KML   rUKhJNlS    (Ti/O   SK-.nFMb   PC'<   L'llJOLf»    Aft. 
AS.^v'f I   ) 

I St 

«f J'O »i JK'^.r.iHitrTl«! Kl 

^, r OK 

(1) 

♦ ♦ « 4 » * 

y  .V" i, 
JDI-J  T( 
H^.S1' 

L  A.'+t 
li,L,t, 
I.=J..|M 

) 

T*LM 

1»C ' 
l*Cl- 
- V *« ) ♦ f. A s + 1 Y - r A ) v c ^ s- + < 7 - ^ A ) * C bS 
<>■»■> r 

/2^»C' S 
/^c •( l-S 
v/ 
Y2 

♦ ZtLSüÜl!? 
♦ ZCiOSOOlb 
♦ ?(-.l^'JUi.7 

»?tA SUUl'i 

♦ /.brUSCÜ« ^ 
♦ /(.-.OSUU^i 

*^frLS0Ü«?O 
»i'CibSUO^o 

♦ /CtSt'Uiife 
»/M büOcy 

♦ /'...■Lo'OUJl 
♦ /faU^OOA«! 

♦ ^'.-Oaüüd«» 
♦ ■"' i-'. >0 U jü 

»/(»l »ÜW57 

♦ /bl. SUUH(,' 

♦ZOOSOuu^ 
♦ Zf.tbUÜHi 

**♦ ZCiL sOU'^o 

/bCoUUt-l 
ZtlSUÜSi? 

ZbLSOUöS 
Z6lSOuab 
Ziifsooa? 
ZGLSUUah 
ZCLSUUSS» 
ZbbäüCi0 
ZC-LäUÜM 
ZfcL^Utb«; 
Zf.lSUUt'3 
ZüLifOc«» 
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1 

I1 I 

«♦01 
to«' 
tü4 
HU1* 

«♦nfa 
«♦07 

HO» 
"♦TM 

«♦)!> 
Hll 

«♦lA 
«m 
HID 

•417 
•♦Jf« 
«♦xv 
t2t 
<♦?! 

H?i 

«♦?- 
H?0 

H?7 

«♦su 
k^i 

H3d 

«♦SH 
«♦»*3 
H.M, 

«♦^7 
«♦!.o 

HIV 

«♦»4 11 

»♦•♦^ 

«♦«♦«« 

4'*7 

«»'H 
•♦50 

Ml' 

r <»♦» 
r « 
r* 
r« 
r* 
r* 
r ♦ 
r* 
r* 
r« 
r* 
r» 
'■» 

f ♦ 
r« 
r* 
r» 
r* 
r* 
r« 
r» 
r* 
r» 
r* 
f* 
r» 
r* 
r* 

lei 
ws= 
"1 = 
f J« 
P^ = 

Pa = 
f Jf« 
i n 
!M 
SAY 
f .<! 
f n 
r-hi 
Ti = 

«tT 
f .<!) 

♦ ♦♦* 

XX^ 
SwK 
1 = C 
SfJK 
«i = C 

*=c 
=ct 
KS. 
= (C 
= (t 
=t.l 
2 = i 

Tl 

'Cl- > (COS (HI ) .-SlCilPJ ) )/Hi 
T (hS + t^S*^^^) 
I'l't.xUOi.U'i') .-SlM(f*ü))/f»^ 

N.f'L.v.tcos<KA) ,-siri(«i) )/«i 

LT.l.tn.-u*t'-< )(il'   TO   i.f 
A^XxZ^CP + YY/' + CN*^/?)/» S 

1+Lt- 1*SKY 
■ tt-t n*r( j ) 

"l^M'.1 .fSMi.ii »*(<K/«;i K 

»• 

CALCULATES    I^K   fl\\<   tLrrTi<lC   hlLLOS   Of 
PUCtxlSE   t-jr.'USolOflt   Clf'aLf   CUHHL^.T 

A   TWC   !>tOMtNf 

USAM 
CALL   MKFP« «• Y.Z«CA.CP.C>>fCTM«SlritcPMtf,PM»£T«EP> 

OtSCiUPTIPrvi   Of- 
X.Y.Z 
CAiCH.Cf'   - 

(TM 

STM 

CPH 
JtpH 
FT 
tH 
MK 

S'.)r, 
CUK 

PAHAMFTt«S 
COUaDI'.'ATE«;   ÜF   THE   CLMTLK   PF    rnf   OIPOLF 
OlHECTIOu rUaptS c»-   Tnt  (mtNTAllONi  OF 
TML   I'lPuLF 
r.0S«THrjA> 
SIwiTHEfA) 
(OSIfHIJ 
siruFHij 
THITA   rUi'T'nAttMT   OF   »Mr   CAI. C ULATEO   t-FILLD 
PHI   COWCC^F'Hf   OF   THt-   CVLCULATLP   t-HLLf 
HALF   LFMJT»   OF   THE   i IPoLE   Ih   ELFLT^ICAU 
HA"I ANS 
SIfvUhK) 
COS(UK) 

TMtT^   Ah"   PHI 
CALCULATFP 

T*lt   I OOA   ANPLLS   FO«   '...HICH F ILLO 

ruf'PLi.y KT.tH.Fji-.ts 
rur,f'0(j »ir.si'KtruK 

*•**«« •«««*»«««*«« *««>****«« 

Z&LSOObi» 
ztisoubfe 
ZC-0SÜU67 
ZulSOUbfc 
Z6l)SOÜt.9 
Z&tS0U7ü 
Z6OS0U71 
ZfcijSOÜ/i: 
2&LSüu7d 
Zbl'iOO?«^ 
ZGLiOU/S 
Z&tS007b 
Z(>"Ü00 7 7 
Z^USPüVh 
/C-l'S.JUFS 
Zl-lbOUOU 
ztusoo.i 
ZGOiÜüöü 
FrtFDÜÜUÜ 

♦ »»»♦«•FKF-OÜÜl'l 
*Ff<»-000U4f 
»FXt-jOUUa 
• FHI-OüOUU 
•FRFCOULö 
• F«HJ00üb 
»FHhuüCO/ 
»FKhÜOÜOÖ 
♦FRFl000« 
»FRFOÜÜiO 
»FUJOIUI 
*^■H^^oüli' 
»FWFOOCii 
• FKHiUÜiH 
»FRFUUÜiO 
»FW JOOlfe 
•FKhiJOi»i7 
»FRhJUUAö 
♦ FF(t-'JUüiy 
•FRhüOüiC 
»F>;-ü00ii 
»FKFUOO/a 
»FKFJOOi-A 
♦ FKhiJOOat 
»FP» JüüifS 

S   AHL   ♦F'<FüüU«:b 
• FKF00Ü«;7 
•FKhJUÜio 

• ♦«»•»♦FhtFU0ü^9 
FRF at)ü40 
FRFJUbAl 
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I 
[ 

D 

n 
LJ 

i 

L 
n i  ü 

H51 

Mr)A 
U5H 

<+ri' 

«♦t.4. 
Mb? 

<+r,-j 
H7l.' 
H7) 
*»/. 
M75 

HI* 

«♦77 

«♦7.» 

«♦(?" 
"♦,■■1 

Hf>4 
^nt 
H«6 
Hfl/ 

4 on 
«t«Sl 

•♦9..' 
»»OH 

4 9t. 
HS? 
•4')'-' 

H9V 
bnu 

r«♦»« 
r» 
r • 

t « 
r • 

r ♦ 
r» 
r ♦ 
r* 
r» 
r» 
c* 
r* 
'-« 

r» 
" * 

r ♦ 
r ♦ 
r ♦ 
r* 
r* 
C* 
r * 
<- * 
r* 
r« 
r» 
r« 
r« 
r* 
r * 

f=(CA 

f I s ( 11 
r^ = (i) 
T(- (GK 

i ^=( i 
T = (CA 

^f = T * 
I- ^rP.» 

I Of'Tl 
«-tTüH 

«♦♦*♦» 

♦ CPU 

ü-(,« 
.11,0 
.". f 
.11. 

•lI'lA 
.i. -, „ 
«CPU 
»sn 
ts 
r.? 
Ul'K 

♦ C''»r,nH)»STH*rG«(.TH 

.1)) 

.C ) 

.('( i )r.ii  rn irin 
t»^PM|*STK*<;*CTH 
(C''S("I «SI'H^ ) ) 
I ,. »**" JH*tCUK-CPS<G*HKn/bK/ar,H 
♦ (  -♦sr'H) i CTH-CG*ijTH 
+ ( "»f t>n 

iJTl..t    hHT(CHH,SHH.CTh,FrTl ,( C I'', t CCp , lO'M f r< ) 
****»******** i ********** trtftmit *■**»** * fm + ffti mimtm 

PUKPOiu 
CUUUu   Of    t'IPCUS   AT   A 

CALL   f-PTtCHHiSfHiCTIitFrT I «t C I Pi t-CPP) 

rpti 
SPH 
CTH 

FCU 
» CIK 

repp 

cur 
f'tU 

X.T.i 

CA»Ch»Cr, 

lOKtt'♦ 
II»J 
f 

'it 

OY-   PAKAMETtKS 
- COS(PHI) 
- SIT'(PHI) 

- C0E(TMf:TA) 
THLTA-TntT-V   LJACKSr AT 11.,' 
THtTA-P(U   '-''cKSC ATTt.« 

- PHI-PHI ^ArKicn rtn 
- rALf    LH'L-Tt-'   OP   THE   1'lPCLES   ITJ   ELtCTHlCAL 

K Aul A\P5: 
SIlM(t'K) 
rO>S(HK) 

- «RPAYS   CÜ^TAlNlfJG   THE   OlAGOMAL   TLPr S   AI'U 
OPt-   I'TAt-OrAL   TtHhS   «LSPECTIVELY   OF   Tht 
»VUX1LIAKT   "ATRU   CALCl'LAIEl    FKO'''   ThL    f l-IUAL 
I'tPE^A^Ct   »'AIKIX   PY   SP5yU.    iHtl   ^'AT'dX    1 >;    If, 
THt    SPAP^F   *ATHX   ?10W;;GE   »iCDt, 
AKKAYS   torjTAirjlf t,   Hip   cOOFrtJNATf.b   OF   THL 

CEhTtHS   Of-'   InE   PlPOLES 
- AKHAYS   Ll'NTAiNING    Tut    '> I hi(. r T IU,,   CUSlflfcii   OF    THL 

C^lf':T VI 1ÜPS   UF    Ti f    Ü1PÜLES 
- l\ll>F>II,i,   A""AYS   ( O1*    TMt    SPAt-SL   ^AliJJK 

STCKAGF    i-Ont 
- iMt  MIJVMER OF nPrus 
- 'iöl usrü 

fRt- 
FRF 
FKF 
FRF 
FRF 
FKF 
FRF 
FPF 
FRF 
FRF 
FRF 
FRF 
FRF 
FPF 
FRF 

FP 
♦ ♦ FP 

FC 
FP 
tp 
FH 
FP 
FP 
Ft 
FP 
FP 
FP 
i-f 
FP 

FP 
FP 
FP 
FP 
FP 

FP 
FP 

THt 

OUtMi; 
ÜOOiä 
UUt >«< 
UCO^t) 
UÜUab 
Düu^7 
OOÜ.Vl 
uuo.vy 
ÜUUMO 

ÜUU'O 
ÜUUHM 

ü n u s *- 
ICÜoL 
lOui i 

roun«: 
T U U u .'i 

TOUui 

ll'Uv.|^ 

IUUii7 
T ü Ü i- to 

lUliJO 

TÜUil 
TUUl«; 
TUl/ii> 
T 0 Ü l 4 
Tüuj o 

TUUio 
ruui7 
TOülJ 

1(1019 
TÜUüü 

rp 
FP 

FP 

FP 
FP 
FP 

T0U,4 

10 0 <; 's 

TUU^6 

r o u r- 7 
TUU^r» 
rou.i'j» 

10 
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1 

i 

bOi 
bO^ 
bü-l 
b'lM 
bOb 
bOb 
bO/ 
bO« 
boy 
blO 
511 
bli- 
u14 
bl«» 
bib 
bib 
bl/ 
316 
biy 
b?lt 
b?l 
b?' 
b?A 
bt'M 
52S. 
b^i. 
b?.l 
b?^ 

b3n 
bil 
b3«i 
b^d 
bSH 
bio 
b36 
b2^ 
b5h 
b^y 
b«<Ü 
bm 
b<«2 
5«» A 
b»JH 

bU? 
b«<6 
b«»y 
5?U 

r* 
r* 
c» 
r » 
r* 
C* 
C* 
r* 
r ♦♦*t 

SP6(sTl    MIST   Hfc   TAULLLI   TO   GFjJLRAIt.   THt.   ftUXiLlA^r   MATivIX 
1-fc.hÜFt   TMt   FiHST   CALL   TO   FPT,   TntTA   A(jn   Phi   ft.Rt   THL 
!.OlM   (MMtS 

SULiHOUUf.LS   AWO   FUNCTION   PLMPKObRAf S   REQUlRfÜ 
SPSUTl,   SPSillü,   MPK; 

7ii 

vn 

iro 

f ♦ 
r» 
r* 
(•♦ 
r* 
r» 
r » 
f • 

riirPLL^   iMiff 
f'irLiiSiiiu  x( 

^ilT{i»CHtü|i 
ruf MUH UK,SU 
tpS&.ÜRdlf'bS 
STHsSUHTtJ.( 
•■»ü 70 T = Jtl' 
TiL'üaKfRKLKl 
( ALL FAMF'. ( A 

i;S|H»cPMti,Ph« 
«•(J J=LlT« J )♦ 
»"ALL it>SuI^( 
i l»J=(U.(',i,.u 
FHH=( O.Ü.l. .U 

JO  öu   1 = 1,r> 
f.THsLlt+bd ) 
rph=tPH+i(i> 

rLTHsCAflSitl 
'■L»'H = CAH.s(f> 
FtTT = ^,iJ*U« 
*-LtP=«;.0»TH« 
:."j 90 I = i,N 
S»n=LP'Ml)* 
TALL SPSUiM 
f PMB(Ü,Ü»t:.Ü 
"0   100   1 = 1,r 
tPH=tPH+i,n) 
Ct^HsCARöit P 
FcfJF>=«J,0*U'» 
RLTUKI'I 

F.'JÜ 
Cü^PLt«   t-UNC 

PüKPObt 

COriPUl 
PAhALL 

1 ),tMi, K^j.fTr (P^n aPP(?i'l),S(?ri ? »LTf1,LPH 
i^fl >,Y<i»oi»,7(,''Oj »,CA«i2nli ,rt\(,7ni),C(i(?0]) ,i(jui)Est2yi» 

K , rUK / FF/fi, U, X , Y , 2 , CA , CP , L C,, j I, j, i.. 

-CTH*f: rn) 

i) 
H^'II ),Y(trUM».Z   lüül liCA(lS'jUI,C,iJlSUB}.CülIbtJP),ClH, 

•: TT(1 ) ,tP^( I ) > 
(n,it»j .iD/Tp/öf.r 
f.»il,t), IftUiNJ 
) 
) 

»f TT(I» 
♦ LPPII ) 
h) 
H) 
Cf.THtCETh 
crp^*crpb 

(o.i>, i.u»/Tp/ari,n 

li,!),i»«l 1,J,M) 
) 

*KPf (1) 
H) 
CFPH»Cr.PH 

USAGF 

TION   2^N(ptHr;,LE,l i 

fS   1HE   lüTUAL   IMPfcuANCt   BtT'^EN   TUO tPUAL   LtKCiTH             * 
tL   fMPOLLS. * 

PfHCtLCL) , 

FPIOUAö 
FPT0UA1 
FPTü0d2 
FHTOUo^ 
FPrOüC"* 
FPJOOdb 
FPTÜOJb 
PP100A7 

FPTUU4Ü 
■FPI'liiMA 
FPIOUUi* 

KP I00"7 

Ff TU IM 9 
FPTlIOüf) 
FKlJUnj. 
FPTOua«! 

Fpruua^ 
FPTU035 
FPri'UMÖ 
FPlOOb? 
FPTOLbrt 
FPTÜ0b9 

FPTOübl 
FPTOüfc^ 
FPrOÜ».3 
FPTOüfeH 
FPrOU^b 
FPTOUcfe 
FPTüü*:? 

/riNouo 
ZiiMU-Jl 

ZflNUUb 
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i 

.1 

■ 

10 

0 
0 

G 
0 
1 
U 

5S^ 

Jb^ 
but 
bb/ 
bist» 
'jri1.' 

b6^ 

bC--'? 
b7ll 
571 
br^ 
b75 

b7? 
b7t. 
b7/ 
b7<) 
•37 i 
bPl' 
bftl 
bf».' 
b83 
bt'.M 

beu 
b8fc 
bö 7 

b0<' 

b^l 
b9>: 
bSA 
ü"« 

b^b 
597 
b9«> 

09^ 

r« 
r* 
C» 
r* 
r ♦ 

r» 
r ♦ 
r4 

r « 
r * 

c* 
r ♦ 
r » 
r i 
f k 

f » 

< « 
f * 
r * 

r ♦ 

ÜESCHli-TJON   Üh   PWA^ETLKS 
7 -      THe    Kt.SULTAliT   V^LU»    QF   iMf    MUTi.'AL   l«PECANCt. 
P -      m    HUKl^U^lfL   UASTftNCf   HfTwE(i     The   Ü1P0LLS   lU 

HC -      THt.   u.nTJC^L   DTSTAfXt   PtT, ft-N   1 ^t-   ul^OitS   lw 

Lf -      THL   "C^FICTIVF    HALF    Lr^lSr^M   OF    THt;   CIPPULS   I1-.' 
MftVf LF.iljTHS   (S^E.   FOF.    IMST'.-ICE   ^CHtL^U'-'CFF   >   t-H11S 

L -       THt    PHYSICAL   HALF    l.ENf'TH   tK    TK    UlPi^LES 

SU'.if'OUUMS   W\)  FLii-irTiü^i  «üjprübPAi'S   e<EGUl"FU 

'ULI       -   C,.SH   i.CH UMF   FTP   iJMI-    B^U   r .TSlWt     IMTfCiHALS 

HLFFKLHCt£ 
MOfcAKt1   F.,   fl^S»    "riJIUAL    iMFFUAMLL   OF   L   f QUAl    LHMCJTH 

AIMltriliAS    H'   f CMf LO' "i    7«c   ThAT'S.    f'lTE'   '."S    '   PWCPAbAl.i 
VCL    "H-^,   OJI. Y    IV6;?   >,    äl)<»-al? 

r « 
r » 
r* 

r * 
r « 

r» 

« ♦ ♦ * ♦ 

r 
s 
r 

r 

r 

r 
i 
v 

+♦♦*♦* 

LAL L. 

L^ =H*L 
aAysln 
L = Lt 
yL=H-fL 

HiL = ri + 
■lL = H-L 

Ml sSi'l 
eL = C()'; 

t.M = LO^ 

dHMLrS 
LiH.SL = C 
oHHL=S 

ijMPL = C 
UtlfJ^L = 
ÜHP/L= 

•*MPiL = 
HHP.SL = 
L'VP = S3 

i=P*0« 
«»«♦♦♦ 

LI   ,1 L 

!■: 

C)-L 

>4Jt«4t»»*4«t«4   <   * * t  4   »«««^  I*««»«    !«**»»»*« 

L 

->. 
A. 

L 

(1 

(• 
(' 
(< 
IM 

nts 
ll\ 
Üb 
Si 
Cu 

Si 
cu 
Kl 

D/ 
♦ » 

l»LL 
I »LL 

lit 
UP 
F.A 

U > 
Lt ) 
*M ) 
"I   ) 

{tv * HM   ) 
UltHt'l. ) 
(1   »MPI   > 

I   (I. »»-iP^l ) 
^{(.'♦HPüL) 
r (I «HPfL ) 
S (i- ♦HP.'SL ) 
(I «li + MtHUH 

I * i   P 
*44«4:«r*** «*««*«««:*»**«• lit««'»**«****«'»«**«***«**»**«*»***« 

« 
t,(.KT»n*ü*'i*h)-H   =   r«C/|t.(.»<T(f.*r+H*li»-»-H) ♦ 

I ürtr.   UM    THt    KIC-hl    "AwÜ   SlOf   OF    THI1    LUL'M If'M   Hob * 

tPlUP   RUU'.'U   OFF   CMA^ACIU'ISTIC?   AM'   1-flS   LlSsf.P   Ft»     THIS ♦ 
St'i. , * 

t.-M OJIA 

/ If.'OAM 

/Mfv'Uib 

<;M.*JUI 7 
i.-l'OJ 6 

^.iMu.'f i.' 

/I'IMO^I 

/.'it Ü.- 2 

//iivuaa 

/n(\iüa7 

„""»•um 

ZlllMUHfe 

/,1NU'>7 

^UNUbO 

I iMLan 
/ 1fJ0^^ 

^vlNUJfc 

1. 
I 
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bOl 
bOtt 
eli 
bOH 
o0;> 
6' i b 
f.; 7 

on'.* 

til 

falM 

bia 

fclfe 
bt? 
bit 
b'-s 

b?l 

faZi 
bi?1« 
b?3 
bPf 
fa27 
6iJ^ 
b?'.' 
fc5(i 

o.^l 
bä/ 

b «(B 

bib 
63 7 
6iti 

b'V 
btd 

6^1 
61^ 
6Md 
bM^ 
b*** 
b<46 

bt/ 

64^ 
bi.9 

6Sl' 

r* 
r#»< ^»4♦»♦♦■ 

ltMP = 

t!i = 3* 

lV = il* 
V^ = H« 

Tt.ik,tJ = 
'.•♦ = c)» 

If-    (l< 
r„l.L 

CALL 
C/vLL 

C^LL 
i/yt.L 
TALL 

CALL 
Tal-L 

(AIL 
CALL 

rj = l5. 

i^fVL* 
v = J 5. 

iTu-^ + C 

bl-CIU 

b?L*< 
f-O   TU 

or   Cu^TI 
CALL 
TALL 
CALL 
CALL 
CiLL 
»■•=1*«. 

/    {'•* 
.''"L00< 

t} a.*c 

*♦♦»«t• 

1 K 1(: 

SfJH I (T* 
T ( i^K 

U + U/lf' 
Sf.RI (tJ* 
If MK 

bUKI1(♦ 

lltU/lt'1' 
IF IK 
S.JM I t(  ♦ 
U*-1/ 11'" 
If' I- 

I F. . u , i. 
S I C i « S 
S T C1    (' 
s i r i < ♦■ i 
STCl   (.- 
;4 U: 1 

U + HML^HilD+M^L 

P 

0 + HHL»rftJL)-»-HFJL 

(' 
l: + i-iPi-.l.»nK;-L )+hP?l 
P 

0 + »P^L*H(\-,l., l-n-tf ?l 

SICl 

üCi 
SICl 

SILI 
Ü*(L 
(^.♦cjv 

STUi-M 
(-S1V3* 

♦ (-<■.«s 
iup-r.n 
-CIU«+f 

i-CiVA* 
crvA+ci 

IM UP 
STCl 
STCl 
btCl 
SICl 
iTCi 
0* (triH* 
SlUA -L 
H    /MHl» 

♦ Ct'L'L^ 

UL*Ct hf- 

) r,!) 

I V1 • t 
Il'l tC 
llo.Cl 
I V n , C 

1U » i C 
1V^»C 

Iff'tt 
IV'tt 
ll"i .C 
IV J.t 
LMf 1 
6+'*,* 
Ul+SJ 

V3-»S1 
SI "A* 
l.*<-S 
1V«-^ 
^-<-IL' 
IV'i ) + 
Cl'iM 
Hä + Cl 

TO 

i V 

III 
Ufi 

IV 
TU 
IW 
III 

IV 
IV 
IV 
11'/ 

n 

) 
iJä 
SI 
ID 
. * 
1 + 

i* • 

*',■ 

tu 
liVl 
Itlll 
tl'ü» 
in vn 

.■i» V A 

X« V'^i 

»♦, v« 
♦Civ 
UA-f. 

blV 
+•■.* 

0-S] 

SJI'.A 
CIV1 
♦ LLM 

.»CH 
-LIV 

o-c in 
lUr-C» 
ä)+CHH 
Cf'.L*C° 
♦(•bL*C 

IV,:») 
wn+bin 
•♦■c'.lUi' + 
|4L>"MP 
•Cl)H*f 
L*CMHP 

Z)) 

-CIV 
Vc-( 

P^L* 

: j-si'MfLM-c-ioin-sm+siL i-sm )+c 
iui-cr'i )■♦•!•"hHPi-»(-sjtfj+riu^+siua- 
(-CIUi'-ClV? + CIlJ»*+Clv'*» + - I Hl-'L'SL*««! 
CIVJ-CI'H+C l Vä+CIUA) ♦ J,»Löt*SHH*( 
L*«ClV.iS + CH S-Cl J>-ClV^)*«i,*rHL*Se 

( 

ILIOit Tl'UtUP) 

lui tcuiiiui) 
lV?tCIV«itV?) 
IV'»t(. 1 VU« Vv ) 

lL"»»ClU3tU4) 
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<:iviNüt,bj j 
(TlNlK £»L3 
< ».Ulit 7 
^'I.Utbf  . 

/. i.vu /7 
ii'.ivo /e. 

/"■'INU /V 

Z 

^ 

^|l.Nit >..<;'" 

Z-miUf.Hn 
«MlVUtiil 
^liMiflb1-- 

/.MNl/d7 
Z.INUf-ö 

^itlvUvi) 

/ iwoy? 

/rlMfjü 

/■iM'Jl 

^ -If Aoc: 

/MM II3 I   j 
/MNinti** 
/iirjlo / 
/«rjli.cifl 
^Mi^'iuyh' 

-I 
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(L ■(,' l.» (SiU3 -MH0>4S(M«L»(CJlL>0-CtUi*/,t OC^M^L/H    > )*C8I f-'t* 
.siL.'i-;j.*siü.- ) + si MpL*(''.*cii.|ä-ri v?-cii I + ALOI (HCt/nfku)* 
I /,. i )+rt'MP 'L* (?1 V^-RTV^j+.HbHPiL* ( C I V<i--C'I Vi ♦ Al 'J(, ( Mt'.iL/HPüL ) 
L»Lt • *(C,U|1 -S] ü.-1 ) ••^.♦r,(L*SeH*(r. Il!A-C1"l+AL' (-(HPL/H > »♦i!»*Cn 
L * (SIVJ'-SlU.' ) + ?.*rLJL*«:»rifVL*(ClU.''-CIV ♦AL01-(HHL/Htk:l.) ) ) 

*1 < 4  4 

H T (t>) , r: i, x ) 
K « * • * k 

USAbt 
CALL   sir T(s   .ci.x ) 

DKSCKU-I IOC    Uh HAhAFCTtlvS 
:"-I -    THt HESULTAI.1    "ALUt     ÜIO) 
Cl -   TMt PFi.ij| T 91' !   wrtuuf    CIO') 
v -   THL f ^-liM-'■ j   or   ol(y)   A'U   cl<>) 

Kf-jlAHni, 
THL   ftif)L

J'l-^r   WAilc   Ht.fi^lUS   ONCH.'iMr.tO 

SUBHOUHuf.S   ANO   FUncTTon   ^UbPlUbP A'-S   REWL TPEL' 
Nil,"-,(- 

DtHHTlnM 
SKXjririTtf AUSIf ( l )/T) 
f) (X>5lt'TtUH/.L«COS(l )/T) 
» VALl ATinw 
'»FJH'LHO'i   Of   HA'j^e   llSI^!l»   SYM^ifT^Y 
OIt-^K'tl-;T   APPHUXl •'lA F lPf'S   /iRt   llSt i>   PUi<    "hS(y)   GKEMfK 
THAM   H   A'll^   Ft'K   A!<S(x)   L F.oS   THAW   H, 

KEFFKtl.CF S 
IMll   SriFf'TJtFIC    SUPPUüTIWt   F'AtKAL-.t.   p.    371' 
LUiNt   ^Nn   Hl^P,    MülY^OflAL   APPHC XliAFlor 5   10   Ii.TfbKAL 
TRANSKUpf'S'«    "lATME^/vf ICAL   TAbLfS   CuiÜ   CTHeH   ^l'Js   TU 
rcmpiiTATtou.  VOL.  ie>.  i^bi.  iss^t  7**  c. iT^-ire 

♦ ♦ *♦!»**♦♦♦««♦♦»•»»»*♦♦♦»»«♦«»** »♦•»♦!,*»»«»«♦*< »♦4.»*»**» ««♦«»»^4 »»*»»««;* 

IF (^-'».n»! . J «u 
1    ¥=(■+.0-^1» (<. .0 + /') 

Sl = -1.57u79/F ü 
T F ( Z ) A t a i i 
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tmiiz 

/*iMii7 

blLiUt'O 
F1C1U. 1 
SiCIOl'i 
.SIClüü^ 
SICIÜO«« 
bIClOl'ti 
biCluub 

SJCIOIU 

siciui« 
MCIUIA 
VlC10i»4 
SiCIUlt» 
S-lClUit. 

s i c i u 11> 
SlCiU19 

SiCIOüJ 

SIClUcH 

SJC1ÜÜ7 

SIClUiü 
SILIOdl 
SICIUA2 
sicitm 

SlC10d7 
SlC105t> 

SIC1UHU 
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[ 
-^ ■""■■" !■" '"■ ' "" ■■' '   ' "i'■'""■■i " >..wm*wmm«m\i'mmm" IJI .■■'■MI ^^mmmmmmmmmmmmmmm^ 

l 

i 

me-'' 

751 
75* 
754 
75H 
75S 
75fa 
757 
75Ö 
75y 
760 
761 
762 
765 
76'+ 
765 
76b 
767 
76ö 
769 
770 
771 
772 
77i 
77'+ 
77D 
776 
777 
778 
779 
7AÜ 
761 
762 
785 
78'+ 
765 
786 
767 
768 
769 
790 
791 
792 
795 
79«+ 
795 
79fa 
797 
798 
799 
SOU 

r* 
r* 
r* 
r* 
r* 
c* 

r* 
r* 

id 

i? 

ITA 

KtFFHtlMCLb 
HEKKY« R, D 
EQUftTlO^R F 
ON C1HCUIT 

rüi^MüN /bOKT/inrtD 
2ITA(201) 
niMENSION 1I(1>,J 
IUR(1)=1 
TTA(1)=1 
PL) 3 0 1 = 1,^ 
Iplal+l 
luR(IPl) = lUK(l)-t.N 

lTA(lPl»elUMIpJ ) 
IKIUKCN+3 ).GT.16 
FüHMAT(2bHÜARRÄY 
NMISN-I 
DU   30   1=1,NM 
JFST=II(1) 
JLST = IIU+1)-1 
IF(JFST,bT.JLST)G 
Ii,UB = lTA(l) 
DO   20   JC=JFST»,JLC 
JjC=J(JC) 
IUr.(ISUB)=JJC 
JSUB=ITAtJjC) 
TUC(JSUB)=I 
ISU8=ISUb+l 
ITÖ(JJC) = IT/\(J,JC) 
CONTINUE 
RtTUHN 
E IMO 

f^UBROUTlNt.   ORDfR« 

PURPOSE. 
OEUR^INFS 
MATRIX EQUA 
CRtATfcU PY 
SPANÜf MATH 
C(I,J) .WE. 
THAT C(I,J) 

DIAGONAL TERMS IN EACH ROW OF THE FULL MATRIX 
"1UST PF SET BY THE CALLING PROGRAM! 
NOT USfU 

. "AN OPTIMAL ORDERING OF ELECTRONIC CIRCUIT 
OR A SPARSE MATRIX SOLUTlOM" IEEE TRANSACTIONS 
THEORY VUL rT-16 NO. 1 JANUARY 1971 R, i+Q-SQ 

« 
* 

» 
« 
« 

* 
* 

********************* »I***«*****«*****««**«***«««« 

EK(201)«NODF(20l)fIUK(?ol)«IUC(1613)«NUM0FF(201)« 

(1) 

UMO» Fd) 

J3)WRITE(0,12)IUR(N+1) 
1UC OVERRUN IN EXPANU/1X»15,IX»IHMCELLS REQUIRED) 

0 TO 30 

r 

USAGE 
CALL 

+ 1 

111 Uvl ♦ N ) 

* 
* 

A REORDERING OF THE UNKNOWNS IN A SPARSE        • 
TION SUCH THAT THE NUMBE« Op NÜN-ZEPO TERMS     ♦ 

* 
« 
* 

* 
« 

AN   L-U   TYPE   OLCOMPOSITION   IS   RtOUCED,   THE 
IX   MUST   nAVE   A   SYMMETRIC   STRUCURE,   I.E.   IF 

0   THEN   C(J.I)   .NE,   0   IT   IS   NOT   NECESSARY 
«C(JiI) 

OROrRdltJfN) 
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^ 

Ö01 
00«^ 
603 
80H 
Ö05 
80b 
607 
80b 
609 
810 
811 
612 
old 
8l«* 
61b 
616 
817 
818 
81V 
620 
621 
622 
623 
82H 
820 
82b 
627 
626 
629 
830 
831 
632 
633 
83'+ 
835 
636 
637 
858 
839 
8*»0 
6^1 
842 
843 
8«4H 
6<*b 
64b 
847 
846 
849 
6b0 

C* 
C* 
r* 
c* 
c* 
c* 
r» 
r* 
r* 
c* 
r» 
r* 
c* 
r* 
c* 

c* 
c* 
r* 
r* 
c* 
r* 
t;* 
C* 
C* 
c* 
c* 
r* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
c* 
r* 
c* 
c* 
c**** 

üESCRlPTlOr- 
n 
n 

N 
lOKUt« 

N0ÜL 

IUK 

IOC 
NUMOFF 

ITA 

OF PAHAMETeRS 

- ARHAY CONTAINING THE STA«TING INDICES FOR THE 
POkS OF THr UPPER TKIäIMSUE OF THE REORDERED 
«lAlKlX UN rXIT, 1I(J)=K IMPLIES THAT J(K) 
AND U(K) COIMIAIN THfc CDUU^N INDEX AND VALUE 
«ESPtCTm.LY OF THE FIHST OFF DIAGONAL TERM 
IN ROW J OF THF UPPtK TRIANGLE 

- ARRAY CONTftlWlNG THE COLUMN INDICES OF THE 
UPPER ThlAMGuE OF THE REORDERED MATRIX ON 
EXIT 

- THE NUMBER OF MUWS (COLUMNS) IN THE MATRIX 
- ARHAY CONTMNING THt ORIGINAL INDICES OF THE 

UNKNOWNS IM THE KEOHDEREO SEQUENCE, lOROER(I) 
MUST EQUAL I ON ENTRY 

- ARRAY COMPLIMENTARY TO lORDERl IF IORD£R(J)sK 
THEN NODE(K)=J NODE(I) MUST EQUAL I ON ENTRY 

- SAME AS II BUT FOR THE FULL MATRIX, NOT JUST 
THE UPPER TRIANGLE (DESTROYED) 

- SAME AS J RUT FOR THE FULL MATRIX (DESTROYED) 
- ARRAY CONTAlwiNG THE NUMBER OF OFF DIAGONAL 

TERMS IN EACH ROW OF THE ORIGINAL FULL MATRIX 
ON ENTRY (DESTROYED) 

- WORK ARRAY USED BY fHE ROUTINE 

r**** 
r* 
c* 

REMARKS 
ALL ARRAYS IN COMMON EXCEPT ITA MUST BE INITIALIZED 
BEFORt. FNTRY, THE ACTUAL VALUES OF THF MATRIX ELEMENTS ARE 
NOT USED BY THIS ROUTINE, THE DIAGONAL ELEMENTS AND THE 
OFF DIAGONAL ELEMENTS ARE STORED IN SEPARATE ARRAYS WITH 
THt OFF DIAGONAL ELEMENTS INDEXED BY II AND J, IUR(N<»1) 
MUST BE DEFIMtD BEFORE ENTRY 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
RENMBR» INSERT 

REFERtMCES 
BEKRY» R, D, "AN OPTIMAL ORDERING OF ELECTRONIC CIRCUIT 
EQUATIONS FOR A SPARSE MATRIX SOLUTION» IEEE TRANSACTZONS 
ON CIRCUIT THEORY VOL ewe NO. I JäNUARY i97i P, 40-50 

COMMON /SOFT/inRUER(201),NODE(201)vIUR(?Ol)»IUC(1613),NUH0FF(201)f 
iJITA',201) 
DIMENSION lFILL(201)«im)tJJU) 
ASSIGN ISO TO IRTN 

*********************************#*#******************************* 
» 

BEGIN PAKT I • 
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0 

i 

10 
Ü 

D 
D 
D 
I! 

o 
% 

I .     ''a*  ? D 
8  *» 

D 

Ö51 C* PICK UP HOUS   WITH ZFHO OK ONE OFF UIAQONAL TERM               • 
85«! C*                                                                      • 
655 C**♦*♦♦»♦♦****♦***♦♦*•*************♦♦**♦•♦•*♦*•*♦*♦••*•*••*•••••♦••*•••• 
Ö5H L0AD=1 
Ö5b Ou ).0 I^i»^ 
65b IK=rOKn£K(I) 
657 Tj:(MUiV|Or>-(IK),|.E.l)CALL RENMRR {lRtLOAÜ«Nt IRTN ) 
65Ö It, CONTINUE 
05? c******«*«*****«**********************»*****************»******1»****»»* 
660 c* 
861 f* ENQ 01- MHT I BEGIN PART 11 
662 C* PICK uP HOWS WHICH WILL NOT INCHEASt THE NUMBER OF 
663 T* OFF DIAGONAL TEKMS 
86*+ r* 
865 c****************************'*'♦*♦**♦*♦**♦*♦*******♦**♦*♦♦•*♦ **♦♦***♦*♦* 
866 HvjSRTSsO 
867 H   LüADEÜ=0 
868 IKOsLOAD 
869 1?   TK=IOKOER(IKO) 
870 IFILL{XRO)=0 
871 ICS=IUR(1K+1)-1 
872 lcT=IUR(iR) 
870 MUlwl=U 
87H 15   IC=1UC(ILT) 
875 IF<NOÜt(iC).LT,LOAD)GO   TO   20 
876 MUMsNUM+l 
877 ITA(iMUM) = lC 
876 2o   ICT=ICT+1 
879 IF(ICT.LL,ICS)R0   TO   15 
880 Isl 
881 26   J=I+1 
882 ic(J,GT,NUM)GO   TO   65 
88i 3ü   TKT=ITA(i) 
88'4 IC = ITA(J) 
885 ICS=IUR(1RT+1)-1 
886 ICT=IUK(1RT) 
887 4o   IF(IC.EO.IUC(ICT))GO   TO   50 
886 KTsICT + i 
869 IFaCT.LE.ICS)50   ::0   40 
890 IFILL(IRÜ)rIFlLL(IROI+l 
891 tF(INSRT5>,EiJ,l)CALL INSERT (IRT , IC»N) 
892 50 IF(J.EQtNUM)GO TO 60 
693 JsJ+1 
894 GO TO 30 
895 60 1=1+1 
896 GO TO 25 
89/ 65 lF(INSRT6,(Vt.l)G0 TO 70 
89Ö CALL RENMBR{IR,LOAOiNlIRTN) 
899 INSRTS=0 
900 GO TO 11 
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901 
902 
90* 
90H 
90b 
90^ 
907 
90b 
909 
910 
911 

916 
91% 
91Ö 
91b 
917 
91Ö 
919 
920 
921 
922 
925 
92H 
92a 
926 
927 
926 
929 
950 
931 
952 
933 
93H 
93& 
936 
937 
93b 
939 
940 
9U1 
9H2 
9H3 

9fb 
9«*b 
9<*7 
9«*b 
949 
950 

D 
D 

7r    lF(IFlLL(IRO).NEt0)GO   TO   75 
LOAOED=l 
CALL   REMMBRdP^OÄOiN.IRTN) 

75   IRO=IKO+i 
IKIRO,Lt,N)GO   TO   12 
IF(LOADtUtfviL.0)GO   TO   11 

(-♦*♦♦♦*»♦♦♦♦♦♦»♦*♦♦♦♦*♦♦***♦♦♦♦»♦»**♦♦*♦♦♦**♦♦♦♦♦*•♦*♦*♦*♦»**♦♦♦»**♦••»♦. j 

C» • 
C* €NO   PART   II BEGIN   PART   III                                                                                            *n 
C« PICK   UP   ROW WHICH   WILL   ADP   THE   FEWEST   ^ON-ZERQ   OFF   DIAGONAL        iJJ 
C* TERMS                                                          ♦ 
C* * 
C«**4 ****««**i[*ir***i»t*#****»****«»♦**»*♦»»♦♦»*♦***♦*♦****♦»***♦•»♦»♦*♦•♦*; I 

JrLOAD 
fiO ITEST=IOHOtR(J) 

K=J-»-l 
90 lFUFlLHK),GE,If-iLHd))60 TO 100 

IK=IOKDEK(K) 
lüRÜERCK)=lTEST 
IOROER(J>=IR 
N.U0E(IR)=J 
|iüOt.(ITtST)=K 
ITEST=IR 
IRsIFlLUK) 
IFILL(K)=IFILL(J» 
IFILL(J)=IR 

100   K=K+1 
IF(K,LE,N)60  TO  90 
IF(IFILL(LOAD),NE,IFXLL(J))GO   TO   110 
JsJ*! 
IF(J.LT.iM)GO   TO   80 

110   KE=J-1 
ITEST=IOKOER(LOADJ 
K=LOAO+l 

120   IF(K.LE.KE»G0   TO   1^0 
INSRTS=l 
GO   TO   11 

130   IK=I0R0EK(K) 
IF(NUMOFKIR),LE.NUMÜFF(ITEST))GO   TO   IHO 
IORDER(K»=ITEST 
IüRDER(LüAü)=IR 
MOOC(IR)sLOAO 
WOOL(ITEST)rK 
ITESTsIR 

li+O   K=K + 1 
GO TO 120 

(•♦♦«♦♦**♦*«*♦*♦♦»♦**♦♦♦♦***♦♦♦*♦*♦♦»♦»♦»»♦*»♦*«♦♦****♦*♦*♦♦♦♦*«»♦*♦•♦*♦» 

C* •' 
C*       END PART III * 
C*       REORGANIZE POINTE« ARRAYS •! 

2H 
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1. 

k 0 
I  I 

lü 
D 

^j * 
J v 

h m\ u 

I 

D 1 LJ 

D 
y 

IG 

951 
952 
956 
95«* 
950 
95b 
957 
956 
959 
960 
3kl 
96i 
96i 
96H 
96b 
^'66 
967 
960 
969 
971) 
971 
97«! 
974 
97* 
97b 
97b 
977 
97b 
979 
980 
981 
962 
98Ö 
9ö'+ 
9.S5 
966 
987 
986 
989 
99Ü 
991 
992 
993 
VW 
99b 
99b 
99? 
99ö 
999 

1000 

r ************************************************************************ 
15(] 1 = 1 

TF(IÜK(M+l),bT.lblä)WRITF(0,l5ü)IUK(N+l) 
lb^ FORMAT(gAHLARI^Y IUC OVEPRUM IW OR0ER/1X,15,l5H CELLS REOÜIREU) 

f'U 17u LUAl' = l,M 
Tl(LÜAn)=l 
IHsIOKDEK(L0Ar} 

ICT=IUK(iH> 
If-dCT.GI .ICS)R0   TO   170 
PU   160   IL=1CT,TCS 
IUCIC=1UI.(1C) 
Ih(IC.EQ.ICS)GO   TO   Ibk 
KP1 = 1C + 1 
DO   16U   JLSICP1,ICS 
iurjc=iUL(jc) 
IF(MOÜE(lUClC),Lt,MüüE(IUCJC))bO   TU   IfaÜ 
IuC(lC»=lÜCJC 
TuC(JC)=1UCIC 
ToCICslULoC 

160   CuWTINUE 
168   IKNOÜEC1UCIC).LT.LOAD)GO   TO   165 

Jvj(I)=NOU£(lUClC) 
T = I + 1 

lb5 CONTINUE 
17ü CONTINUE 

RLTUKN 
EIMO 
SÜBROÜTIME RENMBH(IR»LOAr)»N«T«TN) 

(I-**t *********** *******************^******** **************** ************* 
r* 
c* 
c* 
c* 
c* 
c* 
r* 
c* 
c* 
r* 
c* 
i~» 

c* 
r* 
c* 
c* 
c* 
r* 
c* 

PURPObL 
TO Kt^UMRfK ONE UNKNÜWM AND UPUATE THE INDEXING 
IUH AWü TUL ACCORDINGLY. CALLED FROM SUBROUTINE. 

ARRAYS 
ORDER 

USAGE 
CALL HEMMBR(IRfLOAD»N«TMrN) 

OF OESCR1PT10N 
IR 
LOAÜ 
M 

RFMARKS 
ALL ARRAYS 

HLF^Rt-lMCLS 

PAKAl^ETtRS 
ORIGINAL I^OEX OF THE UNKNOWN 
THE NEW INDEX TO BE ASSIGNED To THE 
THE NUMBER OF UNKNOWNS IN THE SYSTfM 
EQUATIONS 
ALTERNATE RETURN ADDRESS 

UNKNOWN 
OF 

IN COMMON APE THE SAME AS IN SUBROUTINE ORUER 

* 

» 

♦ 
* 
» 

* 
* 

» 
* 
* 

* 
* 
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.'' 

H 

1001 
lOOi.' 
100.5 
100W 
lüO^ 

lunr 
lO'.o 
luob 
lOH! 
lull 
lol<; 
lOK4' 
lul^ 
UUi 
101^. 
JCT/ 
1 011 
111)'? 

lÜ.?i 

y  ■!.:' 1 

lu?v 
11)^0 

lOP-* 
lo^^ 
lC2b 
\v?t 

lu?^ 
lOJn 
1051 
lUii-' 
1Ü3A 
lust 
10äb 
lost. 
It v/ 
10 at 
lO-S1* 
ICU« 
1141 
104/' 
mi 
lOUH 
lOU') 
lo'»r. 
1UH7 
104''. 
lUuV 
lüSU 

r* 
r* 
r* 
r* 
r**» 

tEKUt»   R,   I).   "AN   OPflKuL   UM't'Ui'b   (F   fiFCU'f'MC   C^tlUT » 
(«uMiCw«!  »-t^   *   S>P«KS>f    "lAlwix   Sff'Tlu'"   Ittf   TKA'iS^crirniS     • 
OH   CIRCUIT   THPUHY   VOL   rT-l".   NO.   1   JAJI^Y   1971   P.   '♦O-t.O » 

» 
(#*«**«*#.4"* ** «i»*^****** »*4'*f'»**« «4* t***-'*'« »«**<«'«'•« ****** ««'***1* *••«-»• 

(•uM|i»r>r.j   /6O(-T/lftRl)tK(i01 ) .liOrrUCJ ) t IHKl^cD.ii.iCOf 14», iiü üff {«»01)« 
?lTft(i?Ul> 

i.ijr.üii<=n 

fi    TF (i^uuf ( ItM .LT,L."',|,)b(>   TCi   MT 
1 u iw.p=iOM:t M (i.n/Ni1) 

U-^üi H (LUMlsl" 
' ui'L( r')=Ll ''I) 
lU'^r.i' U»". 1 )=ITFNP 

JUT 

to 

r* 
r* 
r» 

r* 
r* 
r* 
r» 
r* 

f * 
r» 
r» 
r ♦ 

r» 

it ( i TkhH)zI(.nT 
I 0^0 = 1.1)^1. +1 

11.^=1*.'     ( 1H + 1 )-1 
ltT=lU^(iH) 
Ir <lr r.l^I .XLSjr.f)   10 

^f    J,, = ll)C( tLI ) 
U ('J')ur(lh ) .LT.LO'IJJI'U   TO   50 
«•U^OFK IK >=: UfHFK IK)-1 
lh (MI'SCFKIM.RT.DKO   TO   aO 
t-jf-'FU-sMUrif 1L+1 
I röC-JU^FlL):!« 

ii;   JCI = 1C1+1 
lK'l("l.l.L.KS)r,0   Tu  i-fi 

'»0   I oA0iK = LUAt.JK + 1 
lULUAOlrt.Gl.MlWIUkf TUPl. 
ri<=ITrt«LUAL 1«) 
PU   TO   10 
» ,gl) 
SUHRübTJin     INSiKl H«l , JC.IN.) 

»*«*»«*#***»***«»***•*»*** 

PU'<P()St. 
TÜ   INSt.HT   Trails   I*nc   Tut   FiCLXl^t   ArtK.VY«;   UiP   AfU   ItC 
WHiCf    RrrEK   TO  riü'WLR^   UFF   UIAC^Or AL   TF.RMS   WHICH   WILL   RE 
CHLAU-O  '«T   AM  L-U   ntCO"HJS.lTIOf«t. 
CALl.tO   FPOM   SÜbROUTiUE   üitütK 

CAUL   INSr^MlKI.ICu) 

DCaCRlPlIOfJ   OF   PAfAbCTLHS 
IK1 -      TML   IMfuX   OF   THt   RC«(   l,|Tü   WHlCn   iHt   TEMr.S   ARE 

TU   ['F   T'-^FUTLD 
1C -      THL   tOLUiM   Il^UFX   WHITH   IS   TO   BE   1NSEFTLG 
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APPENDIX F 
ITERATION COMPUTER PROGRAM (SOR) 

Far Zone Mutual Impedance Between Moderate 
and Distantly Separated Sinusoidal Dipoles 

Calculation time for filling in mutual impedance elements 
of A has been improved considerably using a far zone approxima- 
tion for mutuals between general skew dipoles for dipole spacing 
2 U, ffegwre Vr*l shows the complete bistatic pattern for a 100 
dipole array (8 dip/A3) using impedance calculations with two 
criteria for the far zone approximation; >  U, > 1.5X. 
Also included is the pattern obtained without using the far zone 
approximations (exact). Agreement is quite good over these 
patterns and Table vi-1 gives additional data on backscatter, 
360° bistatic average and computation times for this same array 
using the various methods including sparsed matrix solution 
using the 10% rule. Figure VI-2 compares bistatic patterns for 
the full and sparsed matrix calculations. The 10% rule resulted 
in approximately 90% zeroes in the A matrix. Calculations using 
the far zone approximation for N = 1000 resulted in an order of 
magnitude (1/10) savings in time to compute A. The predicted 
time without the approximation was 10-12 hours, whereas the actual 
time using far zone mutuals was 'v 1 hour. Any errors that occur, 
due to this far zone approximation, are not likely to affect the 
scattering and scintillation statistics. 

These simplified mutual impedances are computed based 
on the far zone electric fields of the two sinusoidal dipoles. 
Consider dipole #1 located in Fig.VI-3a to have far zone electric 
field given by 
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(2X) Noiioas SSOMO onvisia 

Figure VW, Bistatic scatter cross section for 100 dipole 
array (8 dip/A3) comparing exact and far zone 
A matrix calculations. 
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Figure VI-3. Sinusoidal dipoles and far zone approximations. 
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where the field pattern functions are given by the usual radiation 
integrals» i.e., 

[T, - (r • J,) r] e (VI-2) ^(e,*)        l   LV] - ,, 

■ 

and 

jk s'-r 
ds' 

Jr jk T'    r 
(r • T^ e   0 ds'     . 

1 

Recall from Chapter II the mutual impedance between two dipoles 
is defined by the following formula. 

(VI-4) '12 j J2- t, df  . 

Consider dipole #2 in Fig.VI-3(b) to be located by r   with respect to 
0^    Then, for moderate to large r . Eq.  (H-4) simplifies to 

(VI-5) a19 % 
f.-^ ■ >.! \ .•"•'. 

12 ^       ATT 
0   0 

1 "^"rrrl l oo     ko r0 7 

•jk.r 0  0 

ko ro (■■fe) 

G1(e1,*1) G2(e2,$2) I 
where pattern functions of dipole #2 are 

D 
D 
Q 

Q 

D 
0 
0 
D 

0 
B 
0 
0 
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(VI-6)      TyiQn^n)   " 
-JkJ,,rn 

J2 e  
0  0 df 
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and 

(VI-7) 
-jk t'-r 

%i*Z**Z* = r•/   J2 e dt' 

Theie^, (t>i) angular variations are measured with respect to origin 0] 
(center dipole #1) and similarly, the (eg, ^o) angles are measured 
with respect to origin Og (center dipole #2). 
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B. Computer Programs 

Note that the "INCLUDE" statement and "CALL ASSIGN" statement in the 
following computer programs are special commands implemented on the ESL 
computer. Their functions are explained in the following paragraphs. 

for use with 
to nine locations 

library I/O system, 
disk file to be 
signed to a logical 
igned by default, 
default assignments 
referenced in READ 
e on which the read 

Nine logical unit numbers (0-8) are available 
Fortran. The nine logical unit numbers correspond 
in the I/O device assignment table of the Fortran 
Before I/O operations can proceed each device or 
used by a Fortran program must either have been as 
unit number by the user's program or have been ass 
The device assignment table is initialized to the 
according to the table. Logical unit numbers are 
and WRITE statements, to specify the device or fil 
or write operation is to be performed. 

Examples: 
READ (8,-)x,y,z 
WRITE(0)(a{i),i=l,100) 
WRITE{6,40)a2,zL3 

Assuming the default assignments are used the first example 
specifies that three variables, x,y, and z be read from the terminal 
keyboard in free format. When input from the terminal keyboard is 
specified the terminal bell is rung to indicate that the READ r",te- 
ment has been executed and the user is expected to supply the i./Jt 
data. The input data should be followed by a carriage return. In 
the second example the WRITE statement specifies that 100 words be 
written unformatted (binary format) on the magnetic tape unit 0. The 
WRITE statement of the third example specifies that formatted output 
be performed to the temporary output file named .OUT. 

Any of the system I/O devices with the exception of the card 
reader (.CDR) and the line printer (.LPT), or any named disk file 
can be assigned to any logical unit number from 0 to 7 by means of 
an OPEN statement or a CALL ASSIGN statement. The user's terminal 
is permanently assigned to logical unit 8 and cannot be altered by 
the Fortran program. Logical unit 8 is unavailable for assignment. 
The format for CALL ASSIGN is: 

CALL ASSIGN(FILE,USER,LU,$N) 

where, FILE is a literal constant of from one to six characters (see 
"Literal Constants" section 2-3 of the Fortran manual) or a floating 
point variable name or an array name containing a one to six character 
file or device name. USER is a literal constant of from one to six 
characters in length, a floating point variable name or array name 
containing a one to six character user name or floating point zero 
(0.0).LU is a logical unit number from 0 through 7. N is an optional 
Fortran statement label number. FILE and USER, if less than six 
characters, must be filled with trailing spaces to make six characters. 
If the names are four or more characters in length this is done 
automatically. If not the names should be extended to be at least 
four characters in length by adding trailing spaces. 
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but must be present. 
.LPT and .CDR are not 
CALL ASSIGN statement 

If the array or floating point variable is used for a name, data 
may be assigned to it using a READ statement with an A format or by 
means of a literal constant in a DATA statement. If floating point 
zero is used as the USER calling paramenter the user name under which 
the program is being executed is assumed. If the FILE calling parameter 
specifies the name of a non-disk device the USER parameter is not used 

A floating point zero may be used. Devices 
available for assignment. The function of the 
is to cause the specified name (file and user) 

to be placed in the Fortran library I/O device assignment table in 
the location corresponding to the specified logical unit number thereby 
assigning that name to the logical unit number. If the file or device 
which was previously assigned as the specified logical unit has been 
engaged in I/O activity and has not been closed it will be auto- 
matically closed by call assign before a new assignment is made. If 
the parameter $N is present, control will be returned to the statement 
having the label N if an error occurs. An error will be indicated if 
a non-disk device has been reserved by another user (i.e., the device 
is busy). 

Default logical 
Logical    Device 
Unit      Number 

unit assignments 
Description 
Assignment 

0 
1 
2 
3 
4 
5 
6 
7 
8 

.MTO 

.DSK 

.MT1 

.LU3 

.LU4 

.IN 

.OUT 

.LU7 
terminal only 

magnetic tape drive 0 
temporary (disk) scratch file 
magnetic tape drive 1 
temporary (disk) scratch file 
temporary (disk) scratch file 
temporary disk input file 
temporary disk output file 
temporary (disk) scratch file 
not reassignable 

The INCLUDE statement provides the user with a means of specifying, 
as part of a Fortran program, that one or more binary object files be 
loaded along with the program containing the include statement during 
thyload operation. The INCLUDE statement is used primarily to load 
subroutines called by Fortran programs or subprograms but not contained 
in either of the Fortran libraries. 

Use of the INCLUDE statement provides the following benefits; 

1) Frequently used subroutines (not contained in the Fortran 
libraries) need not be edited in source language form into each program 
which calls them. This saves both editing time and file space. File 
space is conserved because only one compiled binary object version of 
a subroutine need be kept in the file system even though several 
programs may call it. 

2) Useful subprograms may be easily shared among a number of 
users since any file in any user's directory may be specified in an 
INCLUDE statement. 
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3) A subroutine which is used by many programs may be altered,and 
recompiled without necessitating the recompilation of any of the 
calling program. (This, of course, also holds for a single calling 
program). 

The format for the INCLUDE statement is: 

INCLUDE NAME1 ,USER1 -..NAMEZ ,USER2;... ;NAMEN .USERN 

(1)  File Name: TESBGF.SYSAC 

Main Program TESBGF computes and stores elements of Impedance 
matrix (A) and seTs up SOI submatrices. Include statements (lines 
5-7) are as follows: 

K i WS1 

PAPER.SYSAC 

ZGS.SYSAC 

CLDB.SYSAC 

ADEXB.SYSAC 

STGETB.SYSAC 

ZSKEWB.SYSAC 

Dimensioned variables: 

IJ 

X.Y.Z 

XX.YY.ZZ 

ZR 

XR 

ZDIA 

CALL PAPER advances output paper on 
LU-6 with 1H1 format. 

subroutine used by ZSKEWF subroutine 

SUBROUTINE UNICLD 

contains LDG load-go-execute subroutine 

contains SUBROUTINES STOR, CLSTOR and 
SUBFUNCTION GET 

SUBROUTINE ZSKEWF 

integer array denoting m-j for N SOI 
submatrices 

coordinates of dlpole 1 

coordinates of dlpole j 

one row of impedance matrix (A) 

one row of Impedance matrix separating ZR 
into real and Imaginary parts 
(See Equivalence statement, line 12.) 

diagonal block of impedance matrix - only 
1 x 1 for 2 segment model 

0 
D 
0 
0 
D 
Ü 

D 
0 
0 
B 
0 

D 
0 
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Ü 

0 
0 
0 
Ü 

0 
0 
0 
0 
0 
0 

Assigned files (lines 22-25): 

ZZAT 

ZIND 

ZOUT 

DATA 

LU 3 contains subscripts of SOI 
submftrices (Binary format). 

LU 5 saves iteration method code 
(0 = J, 1 a SOR, 2 * SOI) and OM 
(omega) relaxation factor if SOR 
is used (formated data). 

LU 6 contains error messages (lines 
149 or 152) when TESBGF defaults to 
CALL EXIT or contains bistatlc angle, 
increment and iteration start Infor- 
mation (formated data) for TESBG4. 

LU 1 saves number of dipoles (NOD), 
number of segments (NOS), array den- 
sity (DEN), influence coefficient (CF), 
aspect (TH.PHI), time (IT), max 
submatrix size (ICK) and max broad- 
side mode voltage (EBS) (binary format). 

Input parameters are as follows: 

HAFBIS one-half bistatlc pattern sector 
(degrees); if <0, bistatlc pattern 
is not computed. 

DPHZ bistatlc angle Increment (degrees) 

ISTART Iteration starting step (k). 

NOD number of dipoles in array 

NOS number of segments per dipole 

DEN density of array (dip/X3) 

METH Iteration method code (0 * J, 1 ■ 
SOR, 2 • SOI) 

OM relaxation factor (SOR) 

CF influence coefficient (SOI) 

TH,PHI aspect angle in degrees (eo.*0) 

Variable names used: 

NOSP number of coordinate points per dipole 
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% 

NOSM 

N 

AK 

HK 

DK 

RS 

IP 

number of modes per dipole 

total number of modes 

dipole radius 

dipole half-length 

segment length 

overall radius of array (R0) 

random number generator starting 
number (IBM-SSP RANDU); 7 digit odd 
number preferable. 

Lines 77 through 139 compute positions of array dipoles (UNICLD, 
lines 80 and 102) and mutual impedances are then computed by 
ZSKEWF in line 121. Note, RHO is center to center distance be- 
tween i1"1 and jth dipoles and lines 113 to 120 prescribe type of 
impedance calculation is to be used, e.g., INT < 0 specifies "far 
zone" calculations (see Appendix H), INT - 0 requires exact "closed 
form" integration and INT ■ 4 chooses Simpson's Rule 4-point 
integration. Lines 128 to 132 apply SOI influence criterion to 
generate SOI submatrices. Impedance calculations are only neces- 
sary for the upper triangular elements of the impedance matrix 
(A is symmetric). However, the CALL STOR (line 137) packs and 
stores full rows of matrix on disk storage. The symmetric lower 
triangular" elements of the A matrix are read into the ZR array 
(for the i^h row) in lines 89 to 97. SUBFUNCTION GET (line 97) 
retrieves and unpacks previously stored data from the disk to 
fill in the ith row for j < i. The CALL CLSTOR (line 142) 
permanently closes all "packed" storage disk files. Once this 
is done, files can only be read using the GET subfunction contained 
in binary file GETB,SYSAC found in main program TESBG4,SYSAC. 
Line 157 automatically executes TESBG4,SYSAC (BIGC0,SYSAC) which 
solves the system of equations via the prescribed iterative method. 

(2) File Name: TESBG1,SYSAC 

Main program TESBG1 is identical to TESBGF,SYSAC except it 
does not use "far zone" calculations for mutual impedances, but 
instead uses only closed form and Simpson's four point integration. 

(3) File Name: TESBG4,SYSAC 

Main program TESBG4 solves simultaneous system using either J, 
SOR or SOI iteration. Compiled (binary) version of TESBG4 must 
be under file name BIGC0,SYSAC and is executed by either TESBGF, 
TESBG1 or TESBG5. All input data for TESBG4 are available on 
disk files ZZAT, ZINP and DATA. Parameters are identical to 

234 

Q 

Oj 

Q 

I^^^^^^^^^ •~ .rr 



BliiMWpiiigpiiliiiaii'ii J.MJIJI m:!fmf***»*™'**'1 •"*'■"i-i.*m«m.mi* mpwmmmi^"* .^immm» 

J 

definitions given for TESB6F, except for ITE which corresponds 
to Iteration method code (METH). 

Assigned files (lines 21-29): 

LU t will contain bistatic cross 
section pattern output data (formated 
data). 

ZZAT LU 3 same as for TESBGF 

ZADT LU 4 sample of output which can be 
read without removing program from 
"background" running mode (formated data). 

ZINP LU 5 same as for TESBGF 

DATA LU 1 same as for TESBGF 

LU 6 contains output data from iter- 
ation (formated data). 

All iterations are performed between lines 93 to 222. CALL EZFFD 
sets up excitation column (b) and lines 98-129 solve N subsystems 
using the SOI submatrices and SUBROUTINE SQROT (Cholesky). Lines 
130-156 compute the residuals for SOI (line 148) or solve system 
via J or SOR (lines 150-153). Lines 157-159 save "latest" solution 
information in the event the Iteration is stopped and restarted 
with ISTART f  1. Lines 160-175 compute residual 1-norm ||r*K'|li 
and lines 176 to 196 compute bistatic cross section pattern SIGG 
(x2). Bistatic pattern is written into file name PLOT. Line 197 
computes bistatic pattern average (SIG) oypr sector and line 198 

computes normalized average residual e'^'. Lines 199-204 com- 
pute total scatter cross section o-r(TSC) via Forward Scatter Theorem. 

Lines 205-219 write and rewrite output data in following form: 

SIG 

A 

TSC 

ETH 

iteration k 

bistatic average <o> 

e^ norm 

total scatter cross section o- 

forward scattered electric field 
(complex) 

dipole mode current on N^ dipole 
(complex) 
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Reading and writing into LU 4 and 5 allows the latest accumula- 
tion of output data to be observed without removing program from 
background. Final output is accumulated in file ZOUT and is 
closed by escaping (ESC) program. Note, o backscatter data are 
available only in PLOT as the "center" data point in the bistatic 
pattern. 

(4) File Name: TESBG5.SYSAC 

Main program TESBG5 is a utility program to be used to 
execute TESBG4 (BIGCO) when a new impedance matrix is not re- 
quired. TESBG5 has two modes oT^operation. Both modes request 
input data (same as TRfeGF) in line 18, then PAUSE (line 19). 
A transfer directly to TESBG4 is affected at this point, by 
pressing ESCAPE (ESC); however, file ZINP must already have the 
prescribed method code written on line 1 (and relaxation factor 
on line 2) in any format. This mode is especial'y useful when 
changing bistatic pattern cut or restarting SOR with a different 
relaxation factor. The second mode is initiated by pressing 
RETURN after the PAUSE. The "old data" will be displayed and a 
request for new parameters will occur. This mode can be used 
to change all parameters including SOI matrices; however, it is 
most used for changing only the desired aspect angle. 

(5) File Name: UNI CLP. SYSAC 

SUBROUTINE UNICLD computes position and orientation of one 
dipole-at-a-time. The calling parameters are as follows: 

IX 

RS 

HK 

DK 

NOSP 

X.Y.Z 

random number initialization on entry 
and next random number in sequence on 
return to main program. 

random array max radius 

dipole half-length 

segment length 

number of coordinate points per dipole 

dipole coordinates returned to main 
program 

Subroutine call to RANDU uses following I/O parameters: 

IX random number initialization 

IY 

Al 

next random number 

uniformly distributed random variable 
in range 0 < Al < 1. 
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J 

D 

D 

0 

0 

(6)      File Name:    ZSKEWF.SYSAC 

SUBROUTINE ZSKEWF computes mutual impedance between two 
general skew dlpoles.   Calling parameters are as follows: 

XA.YA,ZA 
XB.YB.ZB 
XC.YC.ZC 

Xl.Yl.Zl 
X2.Y2,Z2 
X3.Y3,Z3 

INT 

CDK 

SDK 

D 

R 

Z12 

three coordinate points of dipole 1 

three coordinate points of dipole j 

type of calculation; INT < 0 ■ far 
zone approx, INT » 0 closed form 
integrals, INT = 4 Simpson's integration 
(4pt.). 

Cos (DK) 

Sin (DK) 

dipole half-length 

center-to-center spacing between 1^ 
and jth dlpoles. 

mutual impedance returned to main program. 

Lines 5-31 calculate far zone approximation and lines 32-50 calcu- 
late "exact" values using SUBROUTINE ZGS, a standard Richmond sub- 
routine for calculating mutual Impedances between two general skew 
monopoles. 

(7)  File Name: EZFFDjSYSAC 

SUBROUTINE EZFFD computes far zone electric fields scattered 
from random array assuming one ampere of current flows on each 
dipole. Calling parameters are as follows: 

X.Y.Z 

ET.EP 

ETT 

NOD 

array dipole coordinates (dummy 
variables) 

e polarized and * polarized electric 
fields (dummy variables) 
A 

e polarized electric field (N dimen- 
sional) returned to main program. 

same as TESBGF 
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NOSM 

NOSP 

IP 

RS 

HK 

DK 

CTH 

STH 

PHI 

same as TESBGF 

same as TESBGF 

same as TESBGF 

same as TESBGF 

same as TESBGF 

same as TESBGF 

Cos (e) scattering angle 

Sin (e) scattering angle 

41 scattering angle (degrees). 

Subroutine regenerates random array with UNICLD and calculates the 
far zone electric field of each dipole using SUBROUTINE ZFFD, a 
standard Richmond routine for computing the far zone electric 
field of a single skew dipole located near the origin. 

(8) File Name: STGETS.SYSAC 

SUBROUTINES STOR, CLSTOR and SUBFUNCTION GET are listed here 
in assembler programming language. The assembled version of this 
program must be included in TESBGF and TESBG1 under file name 
STGETB.SYSAC. 

(9) File Name:    GETS.SYSAC 

SUBFUNCTION GET is listed here in assembler language. The 
assembled version of this program must be included in TESBG4 under 
file name GETB.SYSAC. 

D 
D 
o: 

Q 

0 
0 
0 
I 
D 
D 
0 
D 
ö: 

0 
0 
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*» 
SO 
SI 
S2 
99 

THIS PMü*** COPPHUS nuruti l^ruAMCt: n*Tmx rnn N CLKMCNT 
»»NPO"   «HP«T  UF   RrSÜMMlT  'lIPULfA   »W  MOCCKSCS  TMC  P*Tft|X 
FOH  tiSC   V<  TESBCti I'HICU COMPiiTES  Tnr  R«0*M  r«099  SCCTIOM SV 
JACnUlt   Sr-R «H1 Sri   HCKATIPM rriHOrs**«»*» 

XNcU'Ot mprotS.TSAtiZf.'.SYSAc 
iNcL'.'ot ciop,s»s^cuitrKa»s»s*c 
INCL'iOt   Sl6rTn«STS»ClZMCU*<9iT9«C 
INTt-rK   IJ«11?» 
oiMt'sir»» yi"iixy(6i«Y<bitVV(fti«ZiB>«2y|Sl 
coMPt.» x im j »no 
nil»t"SION   XRlZHfltll 
coüiviLcr<re i2Hiniy«Mii 
COHPI.EX cJitriiiPiitPsit^a» 
COrtl'LEX   trCi^OMIfttSI 
n»TA  Pl,T»'.tT«/<.l'HS».fc.aP94»,97».7»7/ 
0*T» cji/in.n.-i'iüftÄer-i!»/ 
C«LL   EiCl^lCOl 
WMITriO.Tl 

7 »0<>M«T(lk,«H«|c PISTATTC »^6. INCH 9 ItTART ■•! 
HE»üt8«-»K«f(>IStr.PH2.1ST*PT 
CALL FCRH 101 
CALL   ASSir.N|«H2?»TtCHSYSWCI>4l 
CALL   AbSK-M«H2l*'Pi(HSV<»VCIt9l 
CALL   A&Sir-V««H70UT.4MSVSVC»«fcl 
CALL   ASSH.NlhMflMÄtfcHSVSVCf »Al 
lOMcllb 
WKIlUft.iSO) 

290   FO^^AU'HtAO  NC9t^0S*nCNtMCTH  ■•» 
«CAÜlltt-l^'OP.NStPtN.PCTM 
UNlTf:i6t2)*<Pn»h9<JC>l 
WRITFIdcinETM 
IFIfUTH.r.C.mO  TO  II 
WRITf (Ctftl 

|  FORMAT I•   PLAO  fltCSA   ••! 
REAOlOt-IO« 
WRlTrlSt-IO* 

ff Fü'«lATll»t'«tLr»,tlI*»?X»»lt9r6»».Ht»2I»»CLE nCN9|TVB«*U9*>l 
«   WHITE«".?» 
«  PQRHAT««ht*1   Z   THRESHOLD  ■•) 

RCADiafiCF 

9 
19 

2« 

99» 

WRITF(fc.SICF 
roKnAT(tAfiCB>ttC**9t 
NOSBNS 

WRITfIC.20I 
FüRHATI«   RIAD  THt   PHI   a«! 

RCAOISt-ITH.PHl 
wRirrif,e»«>THiPHi 

F0R«ATI MM,   PHT   ■••i<C9.9l 
CALL   OtASSN 
THRBTH*,U1T««9 
PHRsPHl*.aiT«S3 
C«IB^1MTHRI*C0SIPHR| 
CBIar>IMTHR)*SIN<Phftl 
CeiaCOSlTHRI 
CALL «tTCPUT» 

289 
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■• 

*tM. TfSMT.tTMC 

ft» NOSP>KOS*l 
ST NOSnaNUS-1 
9« NN»M)0*M)S 
99 NP«NOi)»Nl»SP 
«0 wno»"esp->,o«/2 
»1 Hi.»,f»l*>y 
«2 CK»?P/l(l 
«3 HrNOP«N(/S*l 
«* Z0S>^6bU*TP«TP 
69 *L=MI /100 
A6 AMtAttTf 
t« HKeHl.*TP 
60 DKs2*HH/K0S 
«9 COKsroSIUKI 
TO SüKsSINCL'1«! 
Tl »NnssNir/r-E^ 
T8 RS3.<>?li!9*«r<r<S*t(l/8.)»TP 
T» tfvtFAHIS 
T* NISNOS 
TS ICK«" 
T* IXBIP 

TT DO a» x>itM 
T« iriNI.LT.KOSItO  TO 92 
T9 IValV 
•0 CALL UI«ICl.0ITX«M«HNtOI'<M0Mt«.TtZI 

•1 NXBl 
•» ••   tl»'ll 
•> ItaNUl 
•* I5«NI«2 
•S NJBNI'S 

•* ioi»«i-i»/»ir^*i 
•T INS« 
•• XFii.ce.sioo TO ee 
•9 18L«l-l 
90 00  HO   UZsl.rSL 
91 KPBI*M*IINZ-1I 

92 KIBKP^KP-1 

99 JPsIN2*lN«-l 
9* no «0   lueo.l 
99 UPBjP*lf 
9fc K|BKI*IM 
9T •n   «RlJPIsGtTIHll 
9« So no 60 JBI.N 
99 IF»J.tT,II80  TO  •* 

100 10J»<J»»l/NOtf1*l 
101 IMNj.tt.fOStRO  TO  93 
102 CALL  UNILLOI lV<RtiHK»OK«NOSPiHXtTr*ZZt 
105 Nllst 
lO* SS  Jl>MJ 
109 J2sNJ«l 
106 J9BNO«2 

10T INTaO 
100 IDIAsI-NOS'*|ini>li 
109 joiABj-i»«8n*fioj>i) 
in XflXDX.NC.IOJieO TO »1 

290 

D 
0 
U 

y 
■ i 

o 
D 
0 
D 
I 
0 
D 
D 
0 
0 
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b 

l% t- 

Ü 

0 
I  Lü 

L 

1 
Ü 

ü 
D 
B 
D 
D 

1 

P««C 

111 
112 
11» 
11« 
119 
Ilk 
ItT 
11* 
119 
12U 
121 
122 
129 
12» 
125 
12C 
12T 
12« 
129 
ISO 
I »I 
1«2 
19S 
IS« 
1SS 
IS« 
137 
1SS 
IS* 
1«0 m 
1*2 
1«»» 
l«« 
1*9 
I«* 
l»T 
tl» 
1«« 
190 
191 
192 
193 
19* 
199 
19* 
19T 
199 
1»« 

TUMCMWC 

91 

am 

IFdni.Mi.lDtO TO T4 
CO TO M 

TiiTa»! 
RHOBSeKTUxviMrni-iiirinniiaiiriitooi-iiiM^uiuiVTtMiwi.vlhhOlM 

«(VY|M«"l-Y(*'Ml*|7Z(m'0l-Zl>xun*<r7(N»'>l>2|WN0l|l 
tF|l>»<0.6T.CKl6C   TO S« 
INTsn 
60   TO  t>t 

TFIRHO.GT.TPISO   TO   9« 

9ft r«LL ZSKt.l<F<Xlrn.Y<tll«rillltXfi2I.V(|?i.ZiTtl«li(|SltVllAlt 
X7|l5»<V)'(11l«Vv(IlliZ2(II>f)rvli«l«VVII2».2IIT2l«ilX]lSI«VTIIII 
«tyzdsiti'iTtcoKtsoKtfiNt^HuirxiJü) 

IP(lrl.lb.lC.I>ZniA<IPUt^n|ft)B2R<<il 
Z0f*sC«US<70I*njUtIL't«l) 
GO fn a« 

ir<CAB7UNtJII.LT.CF«ZOM|bO  TO 90 
XHul. *l 
IFd^.GT.ICKllCKsIN 
IF<ICN.riT.M>lbO  Tb  »0 
IJII'llBtl 

irilCN.ST.lPxliSC   TO  At 
WRIT» ISllKtMJIJKltjKalilMl 

TR»N»2 
CALL  SfOf><?R<t»ttS<ItDRt 
IF|KNH,KC.O|60  TO  1« 

NfBNI^I 
CLosr « 
CALL  CLSTOR 
CALL  «tTCr'lJTl 
IlBt.lT«lT)/|nO 
KM«*-t|''IM»H|%9 
WRIT, AlN0Üt"S*nri4tCF»THtrMIt|T<iICN«CI*!l 
IF|lrN,|.T.in««AV0.f>CTN.lO.riWO TO  19 
60  tt  99« 

URlTC(*tHlll 
»uRnAT<lX«*PVFRFLOW RANSr   IN »<•«•» 

60  Ti>  100P 
UNITCI^.W12IICK 
FuHflATI'rtA»   Ul<1 IXCCCDCO   ICKB*tll«l 

40   TO  IQCO 
99«  CLOSC   ft . 
«9» CALL A*tle*(ttMrOur,tHsvsvci«*> 

WNITCUt->HAr«ISiDFHZ«ISTAIlT     ' 
CALL L0«|9HttK0.9NtVtAtt 

TALL C»IT 

7ft 
•« 

• 0 

• 1 

•2 

1« 
•11 

19 
«1» 

1000 
CNO 

2^1 

w>,1 
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^i1 TCSMl.tUM 

5 
9 
95 

f     THIS  PROGOftK COMPMTfS  mjTU*l   I«PCü*MCt  ««mix  FOR  N CLCI"ENT 
r     RUfjnO«   A"«»»   OP   HrSCWNl   plPöLrS   «No  HROCt«!SES   THC   mf1*lK 
C     FOH   USE   l*> TTSBCL   vHICH  CüfPiJTES   t»f.   HAD/««   TROSS  SECTION  BY 
r üftc^Ht. S'm tNo sm ITERATION nrTnons....'.. 

OPTIONS a^n 
IhCLUU'    H*KRt*TSM, iZijStSYSftr 
IhirtUliF   CCOM,syS?Ci»UFX>».SiYS»C 
imrLUU^    STbl TB.SficC 
OlfEMSION   XC«l^»'»<ll 

iNTEGt.«   K<(115{ tl'iJMZOOl.IJJdlS» 
OlfiENSION   XOI.XXIieiTISl.YVf^l.rcOlttZml 
CoMPLF"   indftmt 
ni^t^SION   XN|}>llH|l> 
raUivAir.Nc^   i7n(liixH(iii 
rjlHLE»   CCIht?«» 
fuUlVAi.EfcCL   «Xr«l),cC(H» 
rCPLtt   IjMPlKPlPtPSl.P^Z 
roNPLt* Ec(:>zor«><rt9i 
PAT A  P;tTP,E1l/5.1<»lb9ik.2tt9]ai5Tf.T27/ 
DATA   01/(0.0,-.MPefiftf-?»/ 
TALL E^c<*»ron) 
WHlTf(",7) 

^T  FORIATIIX^HALF   P1STATIC   AN6,   »NCR   I   1STABT   «•! 
REAÜlbt-tHAPfli^tfiPHitlSTAht 
TALL   F'RH   (01 
CALt   ASSlOfJmMTiAT.fchSYSVCI.S» 
r»Li. A^sIl..M(^HTT^p,6hSYSvcl,'^» 
CALL   A^SlGf («MyOlJl.CKSYSVCI.»» 
TALL   A<;sX»,N«HHnAT«.6MSYSVCU1» 

WtfTf i^tftMi 
8Sn   ruRnATCHF.AO   NOO.NOSIOEN,METM   st| 

REA0«a.-INOO,NS«n£HtHETM 
WRITE (•<•<) MOO t^StOEN 
UKlTEf't-IMETH 
TFlNETM.NE.UGO   TO  » 
hRlTt(n,9l 

K  roRKATI*   READ   P*E6«   ««I1 

«f «0(ä.-»Oii 
w«iTE«n.-ior 

»  FORMAT(1X,tt,eLrB>,1Ii»t2X.>NSr6««tlI»i8X.*CLr  ntMSlTT»»,XE».»l 
•   I.'KITE«1.9» 
9  roRMATf'HfAD   I   THHESHOLO  ■•> 

PEAJJCBt-tCF 
UHlTEC^.dlCF 

S   rüRNATitX,<Ca%tL9.9» 
IB  MjjSsNS 

WKUfOtkU) 
20   roRWATC   HEAD   Trt«   PHI   ■•) 

PrA0«6«-ITH,PHT 
WRlTEIfxbBIITH.PHI 

BÄH   FoRnAM'fH.   PHT   ••«titflt 
TALL   OtASSN 
THRsTH«.0l7H99 

Ö 

0 

0 
0 
Ö 

«y 

0: 
0 
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1 

PAGl 

59 

TCBMl.STSAC 

90 

93 

PHB»«>Mt«.017«»9S 
r«lBSIt'ITHNI*rnS(PKNI 
ruffSI'(TMR|«$rM(PHRI 

CAtL   C» TtfIITI 
WüSPsN'iS»! 

kP=NOO«NOSP 
f'hOs^CT P-fJÜS/? 
Ml.«.?3r-7 
rK=TP»rp/ioo 
•isMOUViOSn 
7üSsSbnO»TP»TP 

»K«»L*TP 
MK«HL*TP 
rN*2*H></Mu8 
CltKcCOMI')1! 
SOKBSI    IUKI 
«NUSaN in/nt'■ 
PS«.6Jc«:4!i«*riOS**tl/S*l«TP 
IPsT3B''lil 
NI'NOS 
ICKcO 
IXBjp 
no 62   l*l,u 
IFINI.IT.MOSICn   TO  98 
TTBIK 
CALL   0'IICLU(IX.RS.HK.CiK.NCSP«««VtZ> 
Ml = l 
Il=NI 

lä«Nl*;' 
K'jsNOS 
TüIs|I-tl/NOS»«t 
iNJIIIsO 
IFU.Cl.lK-O   Tn  90 
fil.«t>1 
ro «0   tig^si.t^i 
*9*l*H*tlHi-U 
KI«KP*''P«1 

no »0  lH«o.l 
jprjp*t« 
NI*KI«IH 
»H«JP)=<itTlt«|) 
no 6o  Jsl.M 
TF«J,LT.X>r'0   TO  M 
IU>J«IJ-ll/MOSP*l 
IP<NJ.l.T.NOS»r.O  TO  53 
TALL   U IICLOIIT.RS.HK.PKtNOSP.XX.TTftZ 
Ma«» 

0 
0 
i 
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• 

r 
p»»e 

m 
119 
11* 
US 
116 
11T 
II« 
11* 
180 
121 
122 
125 
12» 
12b 
12« 
127 
126 
129 
ISO 
1S1 
152 
155 
19» 
199 
19« 
137 
199 
199 
100 
101 
1*2 
1*5 
1«« 
1«9 
1«« 
1*7 
1*9 
1*9 
ISO 
191 
193 
1S9 
19* 
199 
IS« 
197 
199 
199 
1«0 
1*1 
1*2 
165 
I«* 
1*9 

i 

K. ^ 

TCtMt.m«C 

INTai) 

.iliI*sJ**K'S**l|nj-n 
Tf IIUI.NL.K Jlr,0   TO  »1 
lf^tOl.Ht,litO   70   7« 
nu To "« 

91   TM«* 
Oü  59  **I«I1II9 
TO   99  »JBJltJS 
RHOSsOxrixjt-XCMDIailXXlHjI-VIPiilMCVTI 

IVinil>»l/.ZtMj).ZI<t|||*|{j|MJ|«{(Ptn 
T»IRHO^.bT.CK|nn   TO   99 
TNTcD 
«0 TO *<« 

9* roNTlNi't 
9ft  7RlJ>«(0.UtO.0l 

C»LL ^■smin.Tuiitznii.vft^i.Yitsi, 
«tZZIJlttXXIJ2l,Yr(J2l,;Z|ji2),4K.OKtcOK« 
«pat<p2r> 
Zt(IJ|s7Rlj|*P»9 
r«lL Z<<StXlIll.YIIU.ZIt|liX(I^t,Tlf»)( 

|(7ZIJ2)tXKIJ9»«VT|J5iiZZ(j9»,«K(0K»C0Kt 

ZhlJ|c7Rlut*P2t 
r»LL 2'SCxlI»lfV(I!t.ZII2l<XIIil.yiT9l. 

».72|JllfX«IJ8I.TT|J2l,ZZ(^<8ttAK,0l(iC0Kt 
SP21tP2?> 

ZRIJ|S?R(J>«P1» 
f»LL 2(SlX(IZItriI»»«ZM»lfX«I4l«V(T9lt 

• tZZ|J2>.>X«J9|.yV(J4|lZZ(ji|,*H(Pll«c0l(« 
«paiiP2Pi 
ZNOicwijt^pn 
TFllOI.Cb.|l)JI]r0I«II0tAtJttI«>»(2R(*tl 
7O*sC«l>S(Z0I«(T0I*<l0tM| 
«0  TO   ** 

7*   7M(Ji3^OI«<I0I*«J0I«t 
9«   TFIC«BK(2K(JM.LT.CP*ZPM|S0 TO •• 

lM-J«I|cir'JIIt*V 
T»i«JNJItl 
TFllN..nT.IDMI6n TO 19 
IrllN.r.T.ICMICNalM 
T.|(IN|BJ 

•0  NJBNJ^I 
URlTC(5llMillJIJKt«JKBltINI 
I»>N*2 
r«LL   9T0H(2Hll»tIS>ICM) 
TFItOO.NC.OIOn TO  1* 

•t  N|sNI«l 
CLOS« S 
r«LL  CLSTOR 
CALL GfTCPtJTI 
IT«»JT-IT1/100 
Ce9s.2«267*l»« 
imlTCIllNODt«fS,OCMiCftTN(PHTtXTtICKtCM 

»'J»»t»»»lll»«TT|p,J»» 

7il2I.VXIJlltYr(Jll 
SONiOKtSOftlNTtPlItPlPi 

ZfI2I.XXIj2liTYIJt( 
5nK«0K,s0KtlNT«Pll>Plt« 

2<I9i.XXIJl»<YYIJII 
«nKtdK.sOKtiNTtPii^Pir« 

Z«I9).XXIj2ltVY(Jai 
ftnNiOKtSOK*INTiPll«Plf* 
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D 
0 
0 

D 
D 
0 
0 
0 
I 
I 
0 
0 
D 
0 
0 
0 
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0 
D 
0 

Ü 

D 

^^i 

p«cr 
TCsBBl.tTSAC 

16b 
167 
166 
169 
170 
171 
172 
173 
17« 
17b 
176 
177 
17« 

RO TO 09U 
I« WHlTt(' t<»ll I 

•11 co«f1Artl«,«ovrRFLO« R«N6r IN Surzti 
r-o TO ini,ü 

l*   WHITE«' .••JiMC,< 
■•19   cuPf^Mci^x   DIM   E«C£t0E0   ICKsSwu, 

9*»« rtosf: • 

999   TALL   A,;SI(Nt'»>'70UT,SMSYSwCI.«l 
HtITU..,-|h(.»ptS.PP.^,lSTftt(T 
r«ii i.'T.jbHcirirot'HsrE/ici 

loon rai.L iktl 
ruiü 
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P»Gt 
rc tec«, »rue 

21 
2i 
29 
a» 
?5 
?6 
»7 
a» 
»» 
su 
si 
S2 
93 
St 
95 
36 
37 
90 
S9 
«0 
«II 
«2 
«S 
*<♦ 
«9 
4« 
*7 
«a 
«9 
SO 
91 
52 
59 
SH 
59 

DATA 
CALL 
CALL 
CALL 

THI"!  PROüMAM  COMPUTES   SCATTlTH   C"»OSS   StCTIOH  OF  u  CLCtNT  RANOOH 
ARKAT   USPG   JAC0OT,   «so«   t   SOI   iTrKAtiON.      tlllOH.   I»IPEOANCC 
hAiniK  mj'T   Ht   PPrPPncCSSEO  ÜY IKBI»,  OSBOl or TE5B05  

OPTIC-45   >;•(< 
INCLIUL   EZ^FntSTfACl&Oeorp.STSAC 
INCL'Ot rLl/W.SrS0C«7FFr>.GY«!/'L 
iNCLoot i-'wro.rtsAcirrro.sv^AC 
DIHE'ISION   Xrill'MO» 
COhPLE»   CC(i«7u).CCmi3) 
INTEi.EK   {Jllill 
omtwsioN xim>i'K(M>V(a)trri9it^iri«77i5) 
COIPI EX   Ciel'nii),CJ(12nu),rTTjJil'0(.iH(120n| 

EgUI«M.L(NCE   iZhdt.XKHM.ICCIlltyCd)! 
COflhfiM Ct 
COIPl fX   rJl.FTT.FTP,FPP,FPT,tTH.tPH.E»,EP 
DATA  f«,TH.rTA/.1.mj59,t..2«.,)ie.S76.727/ 
""• CJi/(r.o.-.biOBeer-^i/ 

ftRP   (0> 
»!.SI(.;.'('lHZ0llT»6HSVSVCI.*| 

REA3l6.-MiÄF"IS.'.PH/.ISIfRT 
niSflteMAFOI«;»? 
CLOS»   f. 
CALL A5SIGNI<»MPLnT.6»SYSVC»»UI 
CALL AhSll^lkM/Z/tT^HSruVC'tAI 
CALL A5Slf.N««M7A')T,f,f,SrSWCI«»l 
CALL   ASSItjMitM/l'P.fcl'STbVCf «a» 
CALL Assir-Miunr /'TAit» svsvrt .11 
REACMllridll.rir.t^^iCF.TM.PMT.lT.TCK.CbS 
IFCI'TAKT.EO.llCLOSr 1 
WHIT* Ib.Slmpn.fS.filM 

S  rnRMAT(lXl>|iELF = ,«lI*.2<((t|;srGs>.lI2.2Xt*CLC  DENSITY*» ,lE9.9t 
WHITI (6.101 

10   FoR^lATI»   js(i,   »0(<»1.   Sris2      .    »| 
REAOtS.-MTr 
IFIITt.Er.OlwRITElS.ai 

9' F0RnAtllX»,UAC',91,> 
IFdTf.Cit.iKO   TO   12 
URITK(<>t3) 

CoRIATdX.'üOI"! 
IFIITE.NE.DGO   TU   13 

URIT» «O.l'.l 
rüR^ATI*   urtGAs   M 

REAUIS.-IOWrr.A 
WRITF(f .HIOtTGA 

«  PORIATdX.'SOfc'^X.to^CSAB'.lCt.a» 
1»  NüSsXS 

WRiii-(i>.ea<*irH.PMt 
F«RMATI«Th.   PMT   *'.2E9.S» ,       • 

FoPHAH« TIhE TO COPP I   ■••lTia.«StC,> 
WRIT» (b.UICF.ICH 

FORMATdX.,Cs,.lC9.9.2Xf»nAX OlMa'ttlSI 
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I 

D 

D 

n 

p«»c ntee«.tvsAC 

8» C»LL   OlA.SSM 
s/ THKsrH«.(iirit*; 
A« CALL   GLTCfllTTI 
b» NOSP-'lOS»! 
60 HC!S.'I-MO;>I 

ftl NUxNIO'MOS 
62 »gP=fi')n»i,Oi,p 
6S NMO = ' OS^-t PS/2 
m ML=.9<t7 • 
6S CKsfP»IP/T00 
6b NsNOi »NOi« 
67 «L = HI./l00 
66 AK = AI..1H 
69 HKsHL'TP 
70 nKsi»HK/(w(,S 
71 COK=roa((f.l 
72 Srjn = t.iij(iK| 
74 ONOSr^OD/uflM 
7* RSs.t ?<•■^•>•«^r^S•»ll/S.»•1^» 
79 r CHS=.2C'?67m»6 
76 EUS = - 
77 r Hit ,ni)^   AM'  ^Y   «i 
76 ip=2'*,mii 
7» r RAfjnoM   AM'/U   Mi- 
80   C 1P=7.«'»9111 
61 NlstdS 
62 102 112 = 1 
63 CTH=roS(TMH) 
6<t STH=Slr(TKR» 
6» IKIST'.KI.EP.IIGC   TO   121 
66 NEAUItll&TART.IcJCJKI.CKJKItJKBt.NI 
67 ISTA''T=ISI«RT»1 
66 CLdSf   i 
89 GO   TO   i?i 
9Ü 121 00   12<»   It-Ksl.M 
91 12H riUFMsdi.'itO.O) 
92 Mi*, IBfsi 
43 00   9«3   irtfsTSTARTtlPOO 
9» Aso 
9S PHZcPMl 
96 CALL   EiFFtl(y,Y.i.rT,fP,tTT.MOo.WOS««NOSP tlP«lt$tHKfCK 
97 IMlTr.lMt..2lr,0   TO   131 
96 IFtlf'EF,!-,» .l»GO   TO  123 ' 
99 DO   1??   I = J,fj 

too 122 ij<i)£-F.Tr(ii*rJi 
101 123 00   13U   L=liM 
102 ^CAUfSIINilIJlJKI.JKsl,!«!) 
103 no hut 1=1.I»I 
109 lOlBlJIII 
IDS CCtlTlsCJUOTl 
106 no ban J=I,I»I 
107 lOjBljtJI 
106 iupstoj»N»iini-i» 
109 Ki«n-n»in-cx»i-ii/«*j 
110 IOFK10»'«XUF.1 

•CTHttTHtPHZ» 
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LJ 
1 ^ 

PAtC 

111 
na 
114 
11« 
IIS 
It« 
117 
11* 
119 
120 
121 
192 
123 
12« 
12» 
126 
12T 
12S 
121» 
130 
131 
132 
133 
13« 
13» 
IS« 
157 
IS« 
139 
1«0 
1«1 
1«2 
1«« 
w« 
11» 
!•« 
1»7 
i«e 
1«9 
190 
1S1 
192 
193 
19« 
19» 
19« 
197 
196 
199 
1*0 
1*1 
1«2 
143 
1ft« 
I»» 

TCMS«,tTt«C 

00 «'■O IHBO<1 

KlaKWln 
«40 yctKIIsotiiinrt 

CALL   SUHOT|CrtCCIiO,l<TNI 
IFII I.LU.KIGQ  10   12« 
00  *>!"*   1*1,W 
IFIIJIII.NC.liPO TO «69 
CTsCKIl 
GO   It)  (E,At 

«85  rQlltti'lt 
«06  rilL|z|-|(LI«LT 
130   roNTlNif 

NCWI'vO   i 
60   TO   Ml 

12*   no   179   ls|«>l 
12« ridlsrclll) 
191   ruNTlMC 

00   15S   licit* 
I'll 
IF<I»K.LT.n|TBN*I|*l 
rPBtb.CtO.O) 
00   lA«,   J«ltM 
KlBO*M*(l>ll 
JPaj«J-l 

00  1*5   !n=0t1 
i JPsjr^tM 

135   yH<JP>-GLT(Kl» 
IF|XTF.rit.2.ANP.I.eu«JI60   TO   IS« 

13«  rp«CP*7*IJI*CX(JI 
IS«  CüNTINUE 

ClatTT«n«CJf 
CTTrisCAüSCCTI 
IFetTTK.bT.rnSlEBSmCTTH 

17? rJ^ll■-e^-tT 
lF«lTE,t«.?)r.O  TO 1SB 
CJ(IlcCj|I>/7*«III 
iFiur.ft.ii«o in is« 
ciii>i>ci(n««»*t'rl«*(cjiii«fT(tii 

13« roNTiNiir 
|F||TC«Nl.OICO  TO  im 
00   l<t2   iBltN 

1«2 ri(lis('J<ii 
l«t   WMlTCIIItODtNSiOCNtCFtTHtPHliITtrCK.rBS 

URlTi:(lMPCP.ICJIJK)«CIIUN|.iNBl,N| 
CLOSF   1 
IBKS.IUK 
00   1«0   IBl.N 
CPB|0.0,0,0) 
CTBETTUMCJT 
00  !••«  «IBltN 
KlaJ«N«|I*ll 
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0 
0 

Ü 

D 

0 
D 
0 

M»r 

U* 
1«« 
170 
171 
172 
175 
17H 
17ft 
176 
177 
17« 

100 
1M1 
182 
1»S 
l%* 
1Ä5 
1A« 
1A7 
1«6 
169 
190 
191 
192 
19« 
19H 
199 
19( 
197 
19« 
19» 
200 
201 
202 
205 
20« 
209 

18 
200 
209 
210 
211 
212 
215 
219 

217 
216 
219 
820 

TCM9«itTt«C 

K|aKUKl-l 
no   i''3   IHBD.1 
JPcjr'*Ii« 
K|siM*In 

19»  »HlJP>-rt».T(Kl» 
19«.  r^sCP*7HIJI*CI|JI 

AsCAi'S«eP*lT| 

160 rowriN IE 
IFlH^FblSIl«»«»«!!«* 

16»   PM/sPMI 
DPH2:0 
INUMt 
GO   TO   1(6 

16«   TNU«=H'KI IS/OhHi 
PHZs^HI-üf'Mitir.U"' 
INU<l1c|f<Ur*2*1 

16« «in«o 
00  lr'0   ITI'BI.I'UH 
If «HAFtiIStl6Ail67il67 

167 CALL  l7PF.)(XtY.?>C1tCPtCTT«NnntNOtNtNOM.IP,ri6«HKtOKtCTHtSTN«PH2l 
16«  rTHXU.OtO.U» 

oo i^n isi.M 
150  rTH«ETM*tl|l»»rTT«l| 

ET^aCAeSHTM» 
SIStts't'Pl'tTM'Ff« 
SIr.ESIb*Sl6ß 
MRMf lü.lUPrPtPHZ.SICr, 

t   PO')nATl1)'tlI«t9yilF6.2>2«.lC9>i| 
19«  PH2=PM7*lHMi 

,   sicxsif/iNun 
ABA/t /f ns 
PHZsPHIOUO 
CALL C^KFOiy.r.ZtCT.CPtCTTtNUotNUtNtNOtPtlP.Kt.HNibKfCTHtlTHtPHZI 
CTHs(0.0tut0l 
00 170 Isl.N 

170 rTH«£TM*CUl»»rTTin 
7SCs-2«»xrA6«rTHl 
IFIIHrP,|O,s«G0   TO  ?««     . 
IOUTc|>tP-l 
00   2<*7   ISC'Bl.tKUT 
RCAO(«t600)UCtSmPt«AtTStrT«eP 

2«7  u«ITC(MlfC.Sl«P.«».TS.tT,CP 
«CWPO   • 

8««   Wl-ITC«»-.a00»IPrP«SI6»A.TSC»tTM.CU»»l 
WRITf (bUfEP.Slr.tAtTSC.CTM.CI«») 
WRIT- (b.300ITPF.PtSI6«AtTSCirtHtCI(NI 
RtwiNO  9 
DO  2«9   lOSBl.It-eP 
RCAUigtlFCtSTG^tAAtTStFTfCP 

29«  WHITE «<«,Ano)irr.&tGP«AA,TStCT«CP 
REWI'O 9 
REWINC  « 

100 roRM«Tll»tlI«*lXtieiO.«itX<inu.««lK*lClfl.«t1K(«ClO««| 
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272 
275 
22* 
22» 
2?(i 
227 

22? 
230 
211 
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TFII'i.EO.MIGn   TO   996 
9M roWTINIlC 
99n   r«LL   fat TCPCJTl 

JT=(jr-iTT)/inn 
WHIP fb.TtJT 

7   roPMAT(/.M1f N   Tl»c   =».1U2,'<;LC'I 
IF(H''Fl>lsiP0u.eU2tO02 

PU?   I'HIIFC .9)HST'Tt.)PM^ 
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0 
D 
L 
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D 
D 
D 
D 
0 
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D 
D 

i 
i 
3 
H 
S 
» 
T 
S 
•» 

10 
11 
12 
15 
t* 
lb 
16 
IT 
16 
19 
zn 
21 
22 
23 
?H 
9i> 
76 
27 
?e 
29 
SO 
31 
32 
33 
3<» 
35 
36 
37 
36 
39 
«0 
«1 
Hi 
«3 
"»•» 
Hi 
«6 
»7 
«e 
«9 
90 
91 
92 
93 
6H 
99 

THIS PR0Gf/\?i cofipnTts New soi FOR A ftivcn 7 «tTnix AND/CK 

5BT3 UP NTW INaDIICE ASPECT WCIF.... 

rmCLUOf »-At'M,«!Y5AriGFTB,SYS«C 
fMCUUOr    mi iH'.rVttc 
iwTtr.t1'   uii^t 
([»•triS'o^  )i(f<l.vxiMir(9i.rYt?>«zi9l«^ZMl 

niPtMS'OJ   Xt'ti'iiPft 
rDUI«ftl.f.i'Xf    I2"() ItXK (1|) 
ro''PLty   tJI »PH •^1»«P21«PZ2 

"ATA   HI,lP,LT«/3.l'H5n,6.26Sl»,3T6.727/ 
HATA   C.ll/tO.O.-.'jJOIKlF-?!/ 
r«LL   tSC(»919) 
WhllrC.T) 

T   r(iRi>lAT(lXt «HAIC   MSTATTC   ««Ft   IKCR  S   ISTART   sM 
fl» AÜ(ftt-IHAFHI<!tl"»HZ.ISTAHT 
PAÜSt 
CAlL   F»f<H    (01 
TAIL ASSl(,fJ(HH7ZAT,6MSYSVCl»»» 
TALL A-iSU,H(<»H7l''0.6MSYSvCI»^» 
TALL A'".SI l N(ttHTni|T,»,HSYSWl.l «At 
TAIL   A^SiCMHMrATA.bHSVSVCI.I» 

^lHtTE(', tM 
A   ro«''ATHX,,(iLn   OATAM 

PI AU» V •'•iOi,,'iS.Pt^l«CF.TH.pKl.TTtlcK 
WHlTEl-'t^JNdO.^StUEM 
WHlTtC-.AtCF 
wnm<ft.t>fl'»n«,PHi 
WHITE«' •imiTt'CH 

1«   FuRr<Ar(lX,MIPi-x*«l|6taXf »MA«  ÜI^c',113) 
RrUINU   1 
WHITE! >>lbt 

I«, roRMATdHt'rf W ASPECT ONLY? P«TFS 1»N0»J 

V.HlTEt-'.Üt.O» 
29n f üftAK//,»» tA" ^OOtNOStntNt^CTH ■•» 

(»k.A0(a.-H'0i|.N^t0£rj<,1ETM 
WRlIE<<-.21Mitl.MS.,DFN 
WHlTrC-.-l^r IM 
IP(MLl'<.ME.l)Rn TO "♦ 

5 FüfMAr«» RtfO 01EGA =•! 
RtAU(«.-IOM 
WHlTE«!-.-IOI' 

? C0»«AT(XX,«Mf i.r = ',U<*.2X,»iiSrr.s«,lI2«2X,.ELr OENSlTYs»,lE9.3) 
N UKlTf(i ,9) 
9 FoR^iAT»'HtAO Z THRESHOLD sM 

PtftO(i)t-»CF 
WHlTEC.AICf 

S   F0»1*T(1X,»C=«.1E^.SI 
%%   ^'0SsNS 

t>KlTE<"«<eOI 
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h 

r»«c 

M 
»7 
ss 

«0 
it 
«a 
«<* 
49 
4b 
47 
44 
4» 
70 
71 
M 
7S 
7* 
75 41 
74 
77 
7« 
7» 
40 
41 
42 
48        4n 
4*» 
49 
•4        4» 
47 
44 98 
4f 
90 
«1 It, 
92       «1» 
94 
9»       994 
9»       999 
94 
97 
M     1444 
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FORMAT I«   HlHi  THt   PHI   ■•! 

roHM*T(»TH,   PNT   ■•,2I.<»,>| 
•'■Li,  t^CltlOOOt 
TPIsiASi'.tB.OJCrt  TO  9» 
r»LL  OfAi-Sft 

TCKSO 
no 42  1*1,u 
IN*0 
1*0  4S   JaltM 

jt<aj*u>l 

no 43 INaufl 
JPaJP*IH 

XM«JPt=GtTlfII 
?n''«c*"s«zhiiM»cr 
tu 4b Ja),N ' 
IFIC«H«(<:i'|JM.LT.70h)40 10 40 

tFnN.KT.lCKIICKaitj 
IFIICK.Gl.lMIRO   TO  SO 
TJdNlsJ 

tF(IC*.r>T.I(.M|r.O   TO  42 
WRlTC(£tlh(|IJ|JM),jHs}f|Nt 
MiaNI^t 
ClOSC   .< 
WRlTtmfOOt«iS,0»:v.rFtTMtPM|,ITtICR«tBI 
TF(ICK.CT.irM.«NI).»eTH.C4.tf|«0   TO  IS 
«0  TO   '»9« 
b(iTTe(««<»19IICIf 
Fbftn*TI*r«k oi« iXcCCOFO ICKa*«iI«t 
60   TO   10CU 
rtOSC •• 
CALL  A3Sl6Ml»H70UT«4HSTSVCI*4t 
WRlTCIn«-|HAFPTS«OPHZtISTAHt 
C»LL Ln6(»hPt4r0tSHsr««ci 
CALL CXIT 

t** 
€ TA i*4 

■■i - % 
f * JjJ 
tv-1^  . 

f   Kf 
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M»C S iMICLO.Mtt« 

r   THIS PRoecA* COHPUTJS UNIFO*H orNsiTT tPHCRiCtt ctouo OISTKIHUTION... 
r 

«imRoumr. UNirLi'ii«iHS«HKinwtrtAtP«M«v«zi 
OlMtNSlOM   Xll.YllltZll» 

CtU   «"NfunX.TttAD 
Il«IT 
PPHsM'tf 
TILL  ftflhOullXiTT««!! 
IXElY 
roSTa<!*Al-l 
SlNTaS'i'Tjl-cO'iT'COSTI 
rtsStNliCO&fPf'Ul 
CHcSI^I^iM^PMI 
CfasCOST 
C»tL  KnNl'UilX.TVtAU 
|X>IY 

«CsHfii/h.l 
xksRC*':« 
VTsRC*rB 
7itRC»r6 
CALL   MNOuiXKilVtAll 
IxalY 
Pf»H«»l*T>' 
CALL  R^OutlX.YVtAti 
TXSIY 
roST«2»Al-l 
Rl*IT«S^Rr|l«Cn<T»C0S1t 
CAsSIMraCnSlt'Pu) 
CB«SINT«SlNIPPHl 
C&sCOSt 
Ss-HK 
PO  «9   iBltMBP 
y'MlsXv«S*C* 
TII)cVY«S*C(l 
zin>zz«s*ce 

PCTURN 

SUBROUTINt   RAMnUIIX.IYtAtl 
iv«ix*rii*HS 
IFllYIÜiktfc 

1 TV'IV»*90S«07*1 
• Al'IY 
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mo 
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^ 11 

^«•ff ItNKHFttTSAC 

n 
4 9 

13 

15 
Xft 

If 
20 

•J 
*J 
19 
t* 
»T 
M 
a« 
10 
•i 
si 
S3 
>* 

1  S9 
»* 
17 
1* 
I« 
«0 
«1 
«2 
«1 
** 
«S 
m 
«T 
ü 
«9 
80 P 
M 

«UBROUTINt   ZSKrUflirA^yf.ZA.Kii.rB.MtXC^TCiIC.llltVltXltVtvVti 

rü^LCf ijKH.itst^iitPittPiti.^a 
tf(I'4l.Gt,OI60  TO so 

rhT«nrr-Ti»/n 
rbTsu-'-iD/ü 
4«s««yH-x»)/0 

C6RBU:>»£HI/)> 
Sr,TsC«s»C»T«CB«*CeT»C68*C6T 
CTMlcCAS*CAx*CnS*Ce«*C6S*CPI» 
rTH2s*(CAT*CAP+Cür*Cil)(4CGT«C6M| 
SSl»l.-ClHl»CT^t 
«S?»t..-CTt»»CTM2 

ri*i:o8io*ciHii 
risCUK>CX 
FVBCOK-CUSIÜ*eTri?l 
l»Bft«N 
rjKR.cptmcosi^if-siNjsn 
OK»«0»VH? 
(•«■o*ii.*(>i<y*s!tn»si»«iP*crHSi«4.*niit*ct*rTNa 
«HB*)>S(SSI»SS»| 
ff(*B.rT.,0Ot|<sO   TC   50 
rMatO.tCTHiT'FP'O/IAaalOKI 

fit) 10 «0 
FNB«CTH9*Fh/ll 
FT«ri«   li01*CTMl»CTHiJ/S$l 
rsTBl8n,*F»/IR*SUKS*Ssai 
ria'FR^FlBCfPLVU./H.l.-l./R»! 
ri2BCST*ldl«R*Zia 
«0  TO  ».0 

so «Ksu/a^ 
cut 2nsix».r«.z«ixD«rB«re<x«fTi.;i.x2.T»«z» 

2.*K,n«rOK,SUK«n,SnK<lNTtPUtPlitiPifltP2ai 
7l2sP»i> 
r«U  Z'-Sly«tT«,ZA,X><.TB.2n,X»,V2.28(Xl.TA.Z)l 

?,*K.O<rD)(,si)K,n,snK«XNT«Pil«Pli(iP21.P22| 
tlitlU+Vil 
CALL 2<;s<xH«VBfZHtxctYCtZc«yi«ntZ&ixa«v»fta 

»•AK>ni('0i>»8UKtntsnKiiMT«piitPi4fPettPaa) 
2iaazi2«pia 
P»LL 2!>SIXBtVH(ZF<tXCtVCiZC«K>tV8«Z2iXl«VS«Za 

^«AKt0tP0t't8l>Kt»«*0N«lNTiP»ltPti(*P»tMai 
Z12BZ12«P11 

40 fttMH 
CNO 

90 
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P»Cc CZFFO«^«^^* 

1 JSUMKOÜTIfT.   f.ZFCT(r.Y.2tETtLP.ElT.NÜO«'«OS4.NCr.PtIP.«S.HK.nKt 
i »rTHtStHtPHll 

* ruMPLE*   tT.lP.rTTIl 1 
5 PM^sPrit^.olTHr^ 
(. CPHsCU^IHitR) 
7 SMHsSH (PHHI 
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APPENDIX G 
SPLIT-GATE AND LEADING EDGE TRACKER PERFORMANCE ON SHORT PULSE ECHOES 

INTRODUCTION 

This report considers the tracking behavior of split-gate and 
leading edge range trackers against short pulse target returns with 
several peaks. The objective is to learn where these trackers tend to 
track on such waveforms. 

Section II of this report discusses the characteristics of 
split-gate and leading edge trackers, and explains the effects of lockup. 
Section III of the report describes a computer simulation used to observe 
tracker behavior in typical missile attack situations. Section IV shows 
some typical curves of tracking performance. 

B. DISCUSSION OF TRACKER PERFORMANCE 

The performance of a range tracker with an extended target echo 
depends on several factors, the two most important being the shape of the 
waveform and the design of the tracker. In this report, we consider two 
types of range trackers, a split-gate tracker and a leading edge tracker. 

A split-gate tracker multiplies the received echo pulse by a pair 
of gates. The video waveform during each gate is integrated and the two 
integrator outputs are subtracted. The resulting difference voltage is 
proportional to the gate offset from the center of the pulse. This dif- 
ference voltage is used to correct the gate position for the next pulse. 

A leading edge tracker first differentiates the received waveform 
and then tracks the result with a split gate tracker. Only the positive 
side of the differentiated waveform is used by the split gate tracker. 
Negative values of the derivative are excluded. 

In the absence of thermal noise, a split gate tracker may track 
at any point in the echo waveform where there is equal area under each 
gate. In a waveform with multiple peaks, there may be several such points, 
depending on the gate width and the specific waveform. For example, if the 
echo waveform is as shown in Figure 1, and the gate width is as indicated. 

A 

B 
C 

/riV /\. /iV —1__^— 

GATE 
y" 

Figure G-l. An extended target echo. 
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there will be at least three points where the gate can track, points A,B and C. 
Which point is actually tracked in a given situation depends on the method 
used to lock up the tracker, as discussed below. 

Similarly, a leading edge tracker will track at any point where the 
differentiated video waveform has equal area under each gate. Figure G-2 
shows a possible video waveform v(t) and its derivative v'U). (The regions 
where v'U) is negative are not included in the differentiated version). 

v(t) 

SPLIT-GATE 
Figure G-2. A differential target echo. 

When v'U) is tracked by a split gate tracker, the waveform in Figure G-2 will 
have three points where the tracker can track. A', B' and C. Again, the 
actual point chosen by the tracker depends on how the tracker locks up. 

The most conmon method for locking up a split gate tracker uses two 
different gates, a wide gate and a narrow gate. The wide gate is much wider 
than the target echo width and is used for locking up the tracker. The nar- 
row gate is matched to the target echo width and is used for tracking. In 
the search mode, the range is tracked with the wide gate until successive 
samples of the error voltage indicate that the wide gate is centered on the 
echo pulse. When this happens, the tracker switches to the narrow gate, 
which tracks with greater accuracy because it admits less noise than the 
wide gate. 

With this method of lockup, the wide gate tends to align itself with 
the point which divides the area under the entire echo pulse in half. When 
the tracker switches to the narrow gate, the tracker then moves to the local 
peak in the waveform nearest this point. In an echo waveform with several 
peaks, the particular peak chosen by the tracker depends on the relative 
strengths and locations of the peaks. 

A second method of locking up a split gate tracker is to slew the 
gate position across the range interval where the target is located. The 
two gate outputs are summed and compared with a threshold. When the gate 
enters the echo pulse, the sum output will rise and cross.the threshold. 
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At this point, the loop is changed to a tracking mode, and the difference 
output is used to time the gate. 

With this method of lockup, the tracker locks on the first part of 
the waveform it encounters where the early and late gates have equal output. 
Normally, one slews from short range out towards longer range. In this case, 
the tracker locks on the earliest part of the waveform where the gate out- 
puts are equal, i.e., on the first pulse of the extended echo. 

Thermal noise in the tracking loop complicates the situation because 
it produces tracking jitter. If the tracker is tracking a low amplitude peak, 
the tracking jitter may be large enough to make the loop drop out of lock. 
If this happens, the loop will then try to relock. Where it winds up depends 
on the loc! ;p procedure used. A wide gate technique will return the tracker 
to the point which divides the area of the total echo waveform in half. A 
slewing technique moves the gate to the next peak of the waveform in the 
direction slewed. 

Typically, the short pulse return from an aircraft contains several 
peaks with different amplitudes. The shape of the waveform is highly depend- 
ent on viewing angle. The number of peaks, their locations, widths and ampli- 
tudes all change with viewing angle. During a missile attack against an air- 
craft, the echo waveform seen by the missile radar changes continuously. 

It is obvious that the part of the echo tracked by the split gate or 
leading edge tracker depends on the shape of the waveform. With wide gate- 
narrow gate lockup technique, some waveforms will cause the tracker to track 
the earliest peak and other waveforms will cause it to track a later peak. 
Since the shape of the echo from an aircraft target changes rapidly with 
aspect angle, and since thermal noise also causes the loop to unlock at 
random times and then relock, it is impossible to generalize about where a 
tracker will track. 

For a missile attacking an aircraft, the evolution of the echo wave- 
form with time during the track is difficult to predict unless all parameters 
of the attack situation are taken into account. For example, the performance 
of the range tracker depends on the angle tracker, because the angle tracker 
affects the trajectory of the missile and hence the target look angle. 
Range tracker performance is also dependent on aircraft and missile dynamics 
(acceleration rates, turning rates, etc.), since these also affect the 
trajectories and hence the look angle. Of course, the signal-to-noise ratio 
is dependent on target range, so tracking loop jitter changes as the missile 
closes on the aircraft. 

For these reasons, the most realistic way to determine how a tracker 
behaves is to simulate a missile attack with the important dynamic variables 
included and observe the tracker performance. Such a simulation was developed 
and is described in the next section. 

THE SIMULATION 

A Fortran program has been written to simulate the important aspects 
of the missile attack situation. The missile is fired from the ground at the 
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aircraft; the aircraft trajectory is controlled by the computer operator. 
Realistic velocities, turning rates, etc.» are prograrmed for both the 
aircraft and missile (see details below). The missile has a monopulse 
angle tracker, and homes on a predicted intercept point continuously up- 
dated during the attack. The echo waveform of the aircraft is simulated 
as the sum of three gaussian pulses whose relative strengths and time 
delays depend on the aircraft viewing angle. The aircraft can drop a 
chaff scatterer on command, modeled as a single scatterer contributing 
an additional gaussian pulse to the target echo. The chaff scatterer 
decelerates instantly to zero velocity when dropped from the aircraft. 
The Fortran program used for this simulation is given below. 
Some of the detailed characteristics are described below. 

The simulation details can be broken down into six areas — air- 
plane maneuvering, missile maneuvering, range tracker characteristics, 
angle tracker characteristics, radar properties of the aircraft, and 
intercept point prediction. We briefly describe the assumptions below. 

Airplane Maneuvering 

The airplane is maneuvered by the computer operator. The program 
allows a maximum turning rate of 4.50/second in steps of 0.6° per second. 
There is no interrelation in e and $ maneuvering. The velocity of the 
plane can be set from 100 meters/second to 410 meters/second in steps of 
10 meters/second with no acceleration restrictions. These figures give 
a turning radius of about 0.5 km at full speed. 

Missile Maneuvering 

The missile speed is controlled automatically. The velocity is 
50 meters/second at launch and the missile accelerates at 0.1 meter/second/ 
second. These numbers result in a typical Impact velocity of about 
60 meters/second, since most encounters take approximately 100 seconds. 
The missile has a maximum turning rate of n.50/second, controlled by the 
angle tracker described below. 

Range Tracker Characteristics 

Two types of range trackers are used, a split-gate and a leading 
edge tracker. The leading edge tracker operates by differentiating the 
received video waveform, excluding negative values of the derivative, and 
tracking the resultant waveform with a split-gate tracker, as discussed 
earlier. 

The range tracker uses two gate widths to lock up. A wide gate Is 
used for initial acquisition and a narrow gate for tracking. The narrow 
gate width is 10 meters and the wide gate width is 100 meters. 

Angle Tracker Characteristics 

The angle tracker is a conventional 4-channel monopulse tracker 
that derives pointing error information in both angular coordinates. The 
sum beamwidth is 20°. 
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Radar Properties of the Target 

The target echo waveform is modelled as a sum of three gaussian 
shaped pulses along the aircraft separated 10 meters apart. Short pulse 
radar returns from scale models under controlled conditions appear to 
have such a structure. From front to back, the throe pulses have 
relative strengths of 5, 3 and 4 units of voltage. 

Intercept Point Prediction 

A predicted path is computed for the target. During the track, if 
the target is found to ueviate from the predicted path by more than 5 meters 
in range and 1° in angle, the predictor readjusts the path calculation. This 
window area is to allow for noise and overshoot in the gates. The prediction 
is based on the assumption of a straight line path. 

D. TYPICAL RESULTS 

Figures G-3 through G-16 show typical plots of range tracking error for 
a nissile attacking an aircraft in straight level flight. The curves show 
the range tracking error as a function of the target range, with the smallest 
range at the left side of the curve. Thus, time runs from right to left on 
the curve, since the missile starts at large range and then closes to zero 
range. Ten second increments are marked with x's on the graphs. 

Figure G-3 nhows a typical curve of tracking error for a leading edge 
tracker. At large range, the range tracker is using the wide gate. At the 
point marked "0" on the curve, the tracker converts to the narrow gate. It 
is seen that the sinusoidal wandering stops at this point, and the tracker 
performance improves. 

It is seen that after the tracker switches to the narrow gate, the 
tracking error persists at about +12 meters. On these curves, range is 
measured from the center pulse in the (three pulse) echo waveform, so this 
residual range error means that the tracker is tracking the leading pulse in 
the echo waveform. 

Figures G4-7 show several additional runs, all with the same leading 
edge tracker. Figures G-3 through G-7 are all run under the same conditions, 
except for aircraft velocity. In Figure G-3, the aircraft velocity is 140 
meters/second, in Figure G-4 it is 180 m/s, in Figure G-5 it is 220 m/s, in 
Figure G-6 it is 260 m/s and in Figure G-7 it is 300 m/s. We note that at ' 
180 m/s (Figure F-4), the steady-state error is approximately -7 meters; in 
this case,, the tracker is tracking the rear pulse. At 220 m/s (Figure G-5), 
the tracker tracks the center pulse. (The residual error is approximately 
+2 meters -- it is not zero because the leading edge tracker tracks the front 
edge of the center pulse). In Figure G-5, the tracker switches to the narrow 
tracking gate at a range of 4.85 km, but then goes back to the wide gate at 
4.5 km, and finally returns to the narrow gate at 3.2 km. This case il- 
lustrates how the tracker returns to the wide gate if the narrow gate drops 
out of lock due to ranae jitter. Figures G-6 and G-7 (aircraft velocities 
of 260 m/s and 300 m/s), the range tracker again tracks the leading pulse. 
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^ Figures G-8 thrqugh G-15 show a similar set of runs using a split 
gate tracker instead of a leading edge tracker. All curves are run 
under the same conditions, except for different aircraft velocities. 
The velocity spans the range 100 meters/second to 410 meters/second, 
as labelled on the individual curves. In this set of runs, it is 
seen that the split-gate tracker tracked any of the three pulses, 
depending on the aircraft velocity. 

Observe the expanded scale used in the split gate tracker 
results. The reason is that the split gate tracker tended to lock 
on to the first pulse it observed with little overshoot. It shifted 
to the narrower gate almost immediately. Tracking jitter is also 
higher for the split gate tracker. This is most likely caused by 
the larger width of the pulse being tracked. Compare pulses A and A' 
Figures G-l and G-2.  These pulse widths tend to correlate with 
the jitter magnitudes observed, approximately 1-1/2 meters peak to 
peak for the leading edge tracker and four meters peak to peak for 
the split gate tracker. Another factor may be the additional 
separation or isolation of the pulses being tracked for the leading 
edge tracker. This would also tend to reduce the jitter for the 
leading edge tracker. 

E.  CONCLUSIONS 

In general, a split-gate tracker may track on any peak in a wave- 
form where there is equal area under each gate. In a waveform with 
several peaks, the particular peak chosen depends on the lockup method 
used and the evolution of the waveform shape during the lockup pro- 
cedure. Moreover, the lockup has a statistical behavior because of 
the thermal noise in the loops. Thus, with a given echo waveform, 
the tracker may sometimes lock on one peak and sometimes on another 
peak. 

A leading edge tracker operates by first differentiating the 
received video waveform and then tracking that waveform with a split- 
gate tracker. Hence the same comments apply to a leading edge tracker. 

Usually, if a particular peak in an echo waveform (or its deriv- 
ative) is predominant, the split-gate tracker will settle on that peak. 
However, during a typical missle attack trajectory, the strongest peak 
in an aircraft echo will sometimes be from the front of the aircraft 
and sometimes from the rear. Hence it is not possible to draw any 
general conclusions about which part of an aircraft is tracked. More- 
over, the tracker does not always track the strongest peak. The 
examples shown in Figures G-4 and G-5 are cases where the tracker 
tracks the intermediate peak and the weakest peak. 

In this study, we assumed the short pulse response for an air- 
craft in the form of three Gaussian pulses of different magnitudes. 
The simulation of the reflections from the scattering centers as a 
Gaussian pulse is probably reasonable in that the precise shape of 
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the individual pulses would not materially alter the results. The 
important feature is the pulse position and duration, their relative 
maximum values, the number and spacing of the received pulses. Of 
particular importance is the manner in which these pulse properties 
change as the relative orientation of the radar and the aircraft 
changes in flight. These parameters were not available to us at the 
time of this study. Any future effort of this type should be 
prefaced by a study that would generate this specific data. 

It is observed that since the precise pulse shape is not 
critical, it may be practical to generate these pulse returns in a 
relatively simple way. It is generally conceded that present GTD 
capabilities are such that the scattered fields can be predicted with 
reasonable accuracy and costs for all parts of the aircraft except 
the jet intake and jet exhausts. It should be practical to obtain 
the appropriate pulse properties experimentally from these critical 
scatterers using a short pulse radar. Used in conjunction with a 
directional antenna to isolate the intake response from other scat- 
terers as the radar is moved around an actual aircraft, this type of 
measurement would provide the additional data required to evaluate the 
performance of the range trackers. 
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Figure G-3. v « 140 m/s. Leading edge tracker. 
en 
4». 

o 

0 
II 

^mmgummm^e -tT -—-'- 



 _ :   -*   ..........   H«..    ...^p^,,     W.IVIUHI. I    I  |.JM»    . Ullllllllll IIMJIlt»*   VU^III   BJIJIJ^ 

» 

1:' 

0 
0 
0 
0 
D 
0 
0 
i 
0 
D 
D 
0 
Ü 

fl 

I 

♦ EVERT 10 SECONDS 

Figure G-4. v = 180 m/s.    Leading edge tracker. 
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CISU 
O/Al^A 
L»f 1 . 

RoCKFT(?),PLA'iE(.H)-f-' PKEKS» 

«mO),lRNG 
^l(OIUPtKNIM) 
+ C0S(THF1*-P0CKFT(tt)))»*2»(i.*Cr?S(PHI-l;*', CKETC») ) >♦•>, 

F4PET 
AN01S 
S*oAr' 

(IP IMG 
rir-i »K 

(IRNG 
K'GI «t 
M ( 1 » « 
F+OFT 
«) 
AWftIS 
P| V+H 
ATr+R 

Y-«LA 
JIIFL = 
V4«:PL 
T)+AF 

URKJ «RAN&E-OKl.RANGt+nRl) 

F J/AUOISt 
F (RAMGM >/S»iR 

) tRfiriGES-uPdnort )^PA^(;FS)■«■ 
A^!GtS-DR(I^■nPE) .RANGES) 
l,RAMGES,RAfir;t.S*t.,MI'ÜPF) ) + 
AMGES^Arir-ES+URCINOCi) » 
AMGF s-n«( i^innt) »KAf'Gts+nKdwont)) 
Urtld.RANl'EP-ORdhOCt j^A'MGcs + OPdMOOr) ) 

I»/AMOlUC 
ftN1lf(RAW«tN)/8N«) 
ANffRAN9£N»/»MK) 
n   TO   150 
TEI/(EAPLY+ALATE) 
APJUbT 
ITAdPNciUcO.JUST+nAf'PnKMr.l )*(AnJlJST-A[.u'ISl ) 
S(ADJLiST-APJÜoL),(iT.SWN;nDE)(.r'   Ti    XZP 
n.LT.5)60  TO   1?P 

ä & ^. ..-_ ._^*J:      iv-'iiu^ 
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Xb-J 
170 
171 
17Ü 
17Ö 
l?^ 
17b 
17fe 
177 
17t 
i7y 
IfilJ 
im 
lö2 
l^A 
ic* 
Ifb 
10b 
107 
15o 
169 
19U 
191 
loü 
193 
I««» 
195 
19b 
197 
19*. 
199 
SOU 
201 
302 
2(1 A 

20b 
2(56 
207 
20Ü 
20,3 
21U 
211 
m 
2]3 
^l"» 
215 
21*. 
217 
218 
2X9 
2?0 

127 
l?« 

13(i 

150 

15*5 

160 

162 

JfS 

168 

166 

167 

170 

100 

l.KlTf:<f~,127l 
PüPMAT(»   Tftl'GFT   flCPUIREO«) 
MjOUSL = 4UjUt>T 
r-u   Tc   '51 
STOP   K/'W&f 
r-0   TO   12U 
ThfTASrTf FTAS*THFT«V 
PhIS=P"IW + ATA^(COS(THF.TAV)«TA^(PMlS)) 
r;u  Tü<1S5il*.Otl70.100).IAMi, 

TME.TflS = Tnfc.TA*RAMF(THETAN)/SNp 
l-clasCi I + MfcrF('3HI^)/SNP 
vUGHTtSI(.MAl,«vFACT 
Tli. (k^l(.HT.t.l.H»'AX)wElr-it'T=W:"rv 
fiU   TO   .rOU 
Ph=Ü. 
PL = U. 
TH=n. 
TL = 0. 

rM.U   A..GLFr(-POCKET<l ).-RüCKFT(?),PLA   E ( *)-P.crKLT (?»t 
• SPLAi^ .Wi-LAMf,PMtFL»TH.TU) 
IFMCH-.Fe.tCOßO   TO   Ifs 
Pö   162   l=l,NiCMftFF 
CALL   At.,GLt.2(CH»'FF(l,II-R0CKFT(U,CHAFF(?,I)-R0CKET(2), 
•CHAFF(3»I)-POrKfT(3)tSCHAFF,WCHAFF,PH,P| tTM.TL» 
foNTIMJf 
TH=AÜS(TH+R^IMF»TI'FTAN)/SMR) 
TL = 63o(TL+hAKF(TH(,TAM)/SMh) 
Ph=ARS(PM+f<ArF»PHIK|)/SMR) 
PL = ABS(Pl.♦K.'^^F(PhI^l)/SMR) 
MHETA=( (H-TL)/<Trt*TL) 
APHI=(PH-PL)/(PH*PL» 
IF(1I. IF..) )G0 TO 168         
TMfTAL=ATH£TA 
PhlLsAPHl 
ATMET/. = AlHtTA*TSPLIT+(ATH£TA-TMETAL)*TD/'lwiP 
AHWlsA^Hl^PSK-LTT+^rHHI-PHIDVPUAMP 
THETAV = TM(- TAV + ATHUA/kANGLS 
PHIV=Pl<IV + AFHI/RA^■G^.S 
IK«AHS«PM1S) .LT.l.f 7(i7969)b0   fü  20V 
THETAS = THf TAS+^,1'H5926 
IF:(P»lIS)166«166<167 
PHlS=-^.lul!:9?«,-('>iIS 
(;o To ^ni) 
PHTS=3.1'*169?6-PhIS 
Gu TO P00 
PH=0. 
PL = 0.   
TM=0. ' 
TL = 0. 

TAIL Ai>lRLr2(-RC'CKETCX)i-RüCKrTt2),Pl.Al.tM)-RorKtT»3),SPLAlME 
♦ ,-IPLAi F.tHH.PL.TH.TL) ' 
00 TO 165 
STOP AHRLE 

D 

D 

D 
D 
D 
D 
D 
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I. 
I 
I 

[ 

B 
'; H 
1 

fa                  . 

5 

y 

1 ■■ ■ 

I- ? 

F 1 1 ! 1*- J , 1 
1 '« - '■■ 

I: 
r 

i   i 
1  ^ 

*' ■■*■■ 

1 

u D 
! ' r 

r e 
!      ' 

^^ 

if. .-ri 

1 

221 200 ruf'TjiiiL 
222 2200 y? = Xii*l;oCKE1 (1 l+H 
224 V^SY^ + '^OCKFTC?)*!; 

2?'* Udl-' li:201,??C2 
22'J ?201 >U = X2 
22t. YU = Y2 
2P7 r,u To r^iu 
k?e 220? >:i=xo 
221? Yi = T(: 
231) \^=(X/-X1)/L-DTT 
231 WY=(Y2-Yl)/l'0TT 
2^2 Vj=SUHT(VX*VX.fVY* 
£M Tl',TLS-«Ar OtS/POC 
IS*» THP«TiHTt« 
2 3t' Tnt'sTllTLH 
256 Rg   To   ^li«. 
257 2203 )fH = Xl»-VX*|,UTT 
2*'-- YH = Yl + \'Y»uüTT 
2?,9 2209 UBtfNrw/Af'ftXJ JMW» 
8«K! Xir = «XP + W»X2)/(1+W 
2'U Yi'=( Yc''tW*Y2)/(1+Ai 
Wc VX=(X2-Xli)/l'rjTT/2 
2'ta Vr=(Y2-YU)/(iüTT/2 
at1* \/j=SjKr< vx^vx+y/Y* 
2U5 2210 ••ItlTERsdlhTf H + Tr 
2i»b 22fU XlWTErt'itXlWTt n + VX 
2^7 YlMTe^-(YJNTfR+VY 
2'i6 r:Hv' = SUi-T« (X'UH^CK 
2'»V füSJjsCOSthOCKFUb 
2SU U»C0S5,   tl-.   0.)C 
t%l TwlJ = liH«/(HOCKV+(l 
2b2 yu = xi 
254 Yli = Yl 
2b'» Xl = X2 
2bb Yl = Y2 
256 n UKlTE(.-.2303>XPtY 
25.7 n *      T«P,TlMTeR,THf 
25P 230 3 Fü^ilAKSCC.F^.b 
^«-9 *'•,<•( •fPü.I.t», ».F 
8*>ü r. Slf'CF   *f.   HUk   KftVE 
töl c. PH-ATIVE: ANüLF  FH 

2^2 PtUIXs^I'MTtK-pnCK 
2fti PttlYsYII'-Tf K-RrtCK 
^6^ PEI.Iü:«*äN(»I S*ST'U 

2f.b TALL   C/>LAMO(RFI IX 
2f>b *MPHI) 
^hf Cl II-(H'g(i.GT,.V)   r,0 
266 n WRlTtlf .2^0« )   Tir. 
2P.9 n *K0CKET(2),F<0rt<n 
270 23(><* FORMAT ( «llJlf RrrHl 
271 221? TK(«S J'i.Lf .T.PJ.l) 
272 ?213 TF(II-m   222p.2i' 
27i C. IIMTTIAI LY   StT   TO 
2T* 2230 THfT/vpsTHETAS 
275 PHlPsPi'IU 

rf'Gf S*C0S(TuFTf.S)*r( ^(uniS) 
''M;Kr*siri(TMF,fls)*cosii'His) 
.2203 

WY) 

f5:( 
> 
) 

1.) 

(9J-YINTKR)»*«;» 

ÜY) 

Pl/2,-0r«TT 
*nwTrR + x2)/?. 
♦ TU'TrR + Y2)/2. 
FT (l)-Xll\iTrR>*»2*<Yn*RorKEl 
)) 
ns5=l. 
v-P-|inTT)«VPpCKl*.b)/COS'i 

H.X2,Y?.XPtYPfWX.VY.XIWTER.YINTfPtVf'OCK» 
TfC.PHlP.PTMETAt^PMI 
t'.'Fft.P.MM.Ffr.S/ 
" , s • ) • ) ) 

X.Y   IIMTLHCrl'l   THtfJ,   FIHÜ 
0*i   ROCKFT   TO   PLANE 
ET(U-X2 
fT(2)-Y2 
PHIS) 
.^LUlY,PELI7.HNG»PTHtT,"., 

TO 2212 
TER«KNG»R0CKV.PLANE(?5 t^OCK 
(?) 

•/Fin.b) 
'?.(T INTER. LT.'tj.Cft.n no. LT. 
JU.2231 
C^LCULATEC VALUES 

t-T<l). 

.«)) (-0 fv   2219 
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276 
277 r 
27^ ?>6l 
Z/'J 
2P0 
aei 2?3? 
2«i 
2Dä 223H 
2f<» 823«. 
2fl5 
206 Cl 
287 n 
2ÖÜ ri 
2P9 2307 
291) 
291 2?Ufe 
29^ 
29A r 
^^^ r 
2nb 2219 
29t. 
297 
296 ri 
299 23? 1 
30 0 r 
3 ill 
302 
303 
301* 
30b 2216 
3üb 
307 ri 
306 ?3?3 
3.-9 r 
310 
311 r 
312 
313 
öl1* r 
315 ?211 
316 
317 
3ia 2217 
319 
320 r 
3?1 n 
322 ?3^^ 
3?3 
3r.>4 
325 ?3?0 
32t 
327 
320 
329 
330 

TtST   Tu   Hit:   IP   GCIMS^tnO   FAST  
TpOfi   =   .0*t'kI!«F(("THeTfl-THtT/iP) 
IF    (aB.S(Tr,OS» .UT..2)   r-.0   Tu   ??3i» 
IF(TCO'»)   Ji232,2233,2253 
TCOR   =   -.2 
r-ü   TO   '■?«4 

rurTAP = T^FTAP+ICüK 

VHllr(S,Ü30^)   yPiYP.VX.VY.VJ 
WHITE <r.,üu7)   Tl^UK.XIMTtH.YINTtR.RNG.PTHET/« ,PPhI .TKETAP 
«,PHIP 
SOCWÄTi'TINTER, XI'!TER.YIMTEB.RNG.PTHFTA,PPHI,THET» 
«•AP,p.<IHV«Fin,b» 
rü'vTIMHF 
GO   TO   ^21^ 
TURN   ROCKET   TOWftRPS   PRFOTCTFn   r^RGLT   IF   cOUPRE   PREOlfTFD 
IF   Nf.AH   Ifih(,r.T   COMPUTE   CPA   fMD   (MECK   If   TlMF   TO   FXPLOUt 
V(l)rRfiChV*C0S »Tut TAP )*roS(PwTP)-PLAr,'f X 
U(?)=^nCKV»SIN<THf TaP)*C"S(PPTH)-HLB[. t-Y • 
V (3) ■KOCRV*S I r-t ( PH i H j -PL AIVE* 

UIKITE (■■<.2321)S'iR. TINTE».T«P 
FüRMAT(»ChtCKlMfi CPA ».SFlü,?» 
raLCUU''Tt   TIi'F   TO   CPA 
51 = 0. 
52 = ü. 
PO   221«   1=1.3 
SlBSl^VtlltlROrKtYilJ-PUAlVCTTr) ' 
Sü=S2+V(i)*V<T) 
Tn-iCPAr-Sl/S? 
VRlTE(f ,2;*2^)V,SJ.S2.TIMrPA,PLAwEX.PLANEv.PLANE2 
FORMATJMLHr-SMaFlC.S» 
OHECK   IF   MSSII E   HUS   Lf'ST   TRACK 
IF(SNK.LV,1.5)r,0   TO   2229 
ThECK IF CP»> CODING UP 
TF»TIMCPA.GT.1.0>r,() TO 2?13 
lF<TIM'-p/,,l_T.o.)ri()T02216 
CftLCUL'Tt   PÜS1TI0\   OF   CPA 
Fl = 0 
PÖ  2217   1=1,3 
CPA<I)=RUCKET(T)-PLAnE(I)+V(I)*TlMCPA 
Sl = Sl+CPA( I)*cr'A(I ) 
Fl = SilKT(i>i) 
IS   CPA   CLdSF   F'iOURH   To   COUNT 
WHlTE(':-.232't)Sl 
FyRMATf•UiS'Fin.&J 
TINTER^TI^T^K.T^'•CPA 
WKlTEC-,^J2t')CoA.Tli«CPA.«51.TTNTEP.R0Ct<V 
FQRMATf MNTtRCFPT-^Fin.B) 
CALL LHTrR(3.,7.fi.ä,4.1?H IMTERCEPT  .n-Kj.l?) 
CALL   Lf TTf.R(2.,7..1.t.fiH   CPA   l.lf.in.h) 
CALL   W.IMM£h(2.-».7...1S.lnOO,*tHAtl).0».1 ) 
CALL   Nl.'Mt*f:R(3.7.7...15.100U,«CPA(2>,P.O ) 
CALL   N,ll«titK(l».7.7...1S.ln0fJ.*CPA(3).r..l » 
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i: 
i: 
i; 

i: 

i: 
i: 

i 

D 

331 
33^ 
433 
Jit 
3.3 B 
33b r 
337 ???9 
33b 
i39 
3ft p 
»«i ?215 
S^i? n 
343 ?3?2 
^U"* 

3'*t> 
34fe ?2?Ö 
Jt? 
stu ?2?7 
3*1? ?21f> 
»?a 
3hl r 
35^- r 
3S>3 c 
3?'* r 
O'IO ??.20 
3^^ 
35? 
3'5fi 
»*i 
UM 
3^1 
3&<: 
363 
3b1* ?05 
3b5 
366 
3^7 
3f-.a 
36^ 3051 
370 
371 
372 ?n52 
373 ?053 
i?" 
375. 
37b 
377 
37ö C 
3""» C 
3H0 c 
3ei 
3"^ 
363 
ShH ?pft 

CftLL l.eTT|hlf»««l«7»»l»*fSM   I   .Iü.I0»3) 
i-ftLL Lf TtTf-(2. »(-.Stl^^H   H/>^'Pt.T0^ln^6l 
CALL NU'IMI K(3..0.?».lbfl0ül'»,:t «11. .1) 
CALL Cr<TfLT(ü.,n.,999) 
r-o TO inuo 
MERE   IF   hm   SMoLL 
IF (I.IO'E.tti.?)^^   TO   2?2B 
IF(TI^CPA   .oT.   H.)P0   TP   Jül? 
iFlTIHCW.LT.l.lfiO   TO  2?m 
r u   TC'   ??lfe _ _ ,     ..     ; 
THlSSBTfllSS*! 
WhITe(':.t2:522)T"ISS,TimCDA 
ruP^iftK'uO   (-OOn'^ciu.s) 
tl^CPftsO. 
IF(T^IPS),"214,?21M,221ft 
I(-|l)Df='  .     . . 
UKITE(",*;>27 ) 
PüWMATt "SfelTCKW   TO   ■'vCQlllSITIÜW   l-iüpe') 
POCKETC* )=THF.TnP 
PUCKET(^)=PI'IP 
OUTPUT lutli TO OPFKAToK 
PUT Fl.-Sf irtEoctPT WUST BE CONVERTEP To PLfiMtS PEF 
rKCPl A"s;i)LUTt pk"F 
SWITCH Tu ACOlJTRi «601 IP   MISSILE LOSSES TRACK 
yif,Tt;i<=xlkTt fJ-v2 

YlNTEH = YIrnti<-v2 
CALL   t'l ThUT 
XTMTEH = KIijTtR*v2 _     
YIMT£R = YIMI-P + Y2 

IS=O 

CALL   P"PtiwtS-I,J) 
TS = IS»-■'••■ <:-J 
räNTiN'iC _   
PLArjVl = BASLV+OV*IS 
IF(AöS(PLANVl.PLANEV).GT.PLAMEA)GO   TO   ZOsl 
PLANEV-PLAMVI      _ 
C-u   Tu   VOiiä 
TF(PLA'iVi.LT.PLAlviEV)6ü   Tp   2P^2 
PL «MEV^PLAM V*PLA^EA 

CO   TO   ?ft»3 
PLANEV-PLA^■tV-PLAMtA 
CuSP=CfiS<PLA^F(5) ) 
F'LANEX = PLAMt V»rOS ( PLANF (ft ) )*rOSP 
PLftNE"r = PLM..t.V*Sl|'l{PLANE(ft) )*cOSP 
PLANE^ = PLA^f:V»<;IN(PLAME.<5) ) 
PLANP(3)=PLAMK(3)+PLAMt Z 
RET   PL^'lt   TUKNTN08 
HtADI'J!,   CHA'T,E   IN   *•» 
<»lSL   A'iGLf.   CHC'iRE   JN   10-13 
TS=0 
Pu   20fe   1=3 ,4 _ „    . 
CALL   P'iPS»l(lü-I,J) 
IS=IS»'+2-J 
PLANE('0=PL'MF(4)*(IS-fl)*TURvS 
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3efa 
Ae7 
3fie 
3^9   ?07 
39(! 
391 r 
3-?? 
3«».^ 
39*« 
395 
39b 
39 7 
35Ö   pofi 
39V   9C9 
HOfi   r 
•♦fi  r 
«*02 
«♦n5 
•»O1* 
"♦nb 
«♦Ofc 
«♦07 
•♦oe ?in 
^09 
«*1U   c 
«tu  r 
«♦12 
«♦13 
Hit 
•♦IS 
«♦lb  r 
•♦17 r 
«♦lö 
«♦19 ' 
HSU   920 
«♦21- 
«♦?^ 
«♦?3 
«♦2"   ?Z5 
«t^n 
«♦2f 

.•♦i>7   930 
«♦Pli   PtO 
«♦^9 r 
H3n       »Sn 
^3l r 
«♦^> r 
«♦33  iono 
«♦5H 
«♦3b   1010 
HM 
«♦37 
•♦3«   10?0 
«»39 

IS=0 
r>o io7 1=1.« 
TOLL HupsMi'i-Tti.1) 

PLANrC^sPLrtriFtbJ^dS-^JÄTLlRMSi 
PHOCE&«   PLAMt-:   (.OOPXNbS 
!♦■ f ASSCPLftlyf («,) ).LT.l .S7079)f:0   TO   ZOV 
PLftNFmsPL'Nf («♦» + 5.11*15? 
TuPMSls-MiP^Sl 
TFIPLA lF(^).l.T.n»prl To ?nt 
PLANrt,>)=:''.lm>-9if6-PLAHFJtjV 
^O   TO   ^fiS 
Pl.'lNE:(^>=.3.1«nS';?ft-PL«Mr(h> 

P'üVt   THt   HL/NF   (HLAlMt   IS   MOVrO   RY   r,.)VIflf;   tVFTVThlMG   k LSfc 
TN   THt    nt-MOSITF   0/»rcT10l>i) 
füCKFKtJrKCCKrTJD-PLn^FX 
PoChtT(?)sKOCKrT(?J-PLANFY 

Y((=Yq + tXAi tY 
OÜ   21U   I = J »fXHAFF 
C HflFF(1,1)SCHAFF«1,I»-PLfiNEX 
CHAFF(^,1)SCHAFF(2,I>-PLANEY  
C()SP=COS(hUCKFT(b>) 
füVE   trt   N.ISSIl F   IN   ITS   STRAIGHT  LlNt   PATH 

T.MrKF/r.t;   SPtEP   VS   TINS 
PüCKV = (iOCt<Vi' + TI*Vft0CKI 
''Ot:KET(ll=Kl..CKrT( J )*KOCKV*CO«!(hOCKeT(m »•COSP 
RuCKET(2)=KiiCKF T(2)+K0CKV»SlM(H0CKET('O »»COSP 
PU^KE^(5J=r<((rK^T(3)+^oCKV•SI^:(l<0CKET(^) I 
PKOP A CHAFF Clnun IF SWITCH 17 IS UP Ann WAR DOWN REFORE 
IICHAFF XMJJCATfS PKtVIOllj; STATE OF CHACp SWITCH» 
CAUL   PriPiiw(17,T» 
t-O   TO   (2^ü,?30)»I 
TF(ICHAFF)RC>   Tf)   2H() 
MCMAFF = ,NCHAFF*1 
PC   2?t>   1 = 1.3 
rHAFF( T,r.cHAFF1sPLÄMt(I) "* 
roWTIfJUF 
ICHAFFr.TRUF. 
ro   TO   ?tt) 
TCHAFF=.FALSE, 
roMlNCE 
CHECK    IF   MlSSH 
rüMTIMi'F 
THTS   iv   THE   SrrTIOM 
♦•AS   nEtN   TEHMIf'ATED 
11=11-1 
l-'HlTK(."',lülÜITT 
F0RhAT(IU/»C0NTirM.IE.C0nE(EXlT,C0rjT.RESTART) •» 
PFA0(6«-»I 
iF(i)ia^u,iPo.« 
CALL LXXI    
FWO 

HAS LOST TRACK 

TO 0EC1PF "HAT TO OC WHEW THE PaoeHAC 

34Q 
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D 
D 
D 
0 
D 

D 
D 
D 
D 

Q 

li    Iriifiriiftiiiii '■. ■■■JU-^.ax 



"*4 

II 
D 
D 

S1*W»pWii* •.-»»•*# r^mi^^Lj..Mm^iK.^m9mm>mmJl^m.Amu^»m'ui,,„ 

D 

D 
D 
D 

* H 

I 
(h 

■ 

REFERENCES 

1. Van de Hülst, H. C, Light Scattering by Small Particles, 
John Wiley and Sons, Inc., 1957. 

2. G'iock, F., M. Hammermesh, and M. Phillips, "Return Cross 
Section from Randomly Oriented Resonant Half-Wavelength 
Chaff," Radio Research Laboratory, Harvard University, 
Cambridge, Massachusetts, Tech. Memo 411-TM-427, June 1944. 

3. Fink, B., "Radar Countermeasures," Electronics, Vol. 19, 
pp. 92-97, January 1946. 

4. Hessenrer, R. A., Jr., "Scatter Communications with Radar 
Chaff," Proc.  IRE, Vol. 49, No. 3, March 1961, pp. 211-217. 

5. Kaiper, G. P., "A Study of Chaff Echoes at 515 MHz," Radio 
Research Lab., Harvard University, Cambridge, Massachusetts, 
Rept. 411-73, December 1943. 

6. Kelly, E. J., and E. C. Lerner, "A Mathematical Model for the 
Radar Echo from a Random Collection of Scatterers," Tech. 
Rept. No. 123, M.I.T. Lincoln Laboratory, 15 June 1956, 
AD 48613. 

7. Wong, J. L., I. S. Reed, and Z. A. Kaprielian, "A Model for 
Radar Echo from a Collection of Rotating Dipole Scatterers," 
IEEE Trans, on Aero, and Elect. Syst., Vol. AES-3, No. 2, 
March 1967. 

8. Wong, J. L., I. S. Reed, and Z. A. Kaprielian, "Scattering by 
Randomly Varying Media with Application to Radar Detection 
and Communications," Report USCEE 247, University of 
S. California, L.A., January 1968, AD 835 645. 

9. Richmond, J. H., "Computer Analysis of Three Dimensional Wire 
Antennas," Report 2708-4, 22 December 1969, The Ohio State 
University ElectroScience Laboratory, Department of Electrical 
Engineering; prepared under Contract DAAD05-69-C-0031 for 
Department of the Arw, Aberdeen Proving Ground, Maryland. 

10. Richmond, J. H., L. Schwab and R. Wickliff,    "Scattering Char- 
acteristics pf Some Thin Wire Chaff Elements," Report 2584-8, 
19 February 1970, The Ohio State University ElectroScience 
Laboratory, Department of Electrical Engineering; prepared 
under Contract F33615-68-C-1252 for Air Force Avionics 
Laboratory, Wright-Patterson Air Force Base, Ohio, 
(AD 865 406) 

341 

•  ii   ' ^ . ..;:■'.... .^'J1:.. "3SH 



i      .. i    IUII■■•■«■ «up ■< nvmmmim~*.mmii<.mM< mmmmm****"^ 

11. Wickliff, R. G., "Scattering from Some Finite Arrays of 
Randomly Oriented Coupled Dipole Elements," Report 2584-12, 
June 1971, The Ohio State University ElectroScience Laboratory, 
Department of Electrical Engineering; prepared under Contract 
F33615-68-C-1252 for Air Force Avionics Laboratory, Wright- 
Patterson Air Force Base, Ohio. (AD 885 859) 

12. Garbacz, R. J., R. Wickliff, V. Cable, R. Caldecott and D. Lam, 
"Advanced Radar Reflector Studies," Report 3401-1, June 1974, 
The Ohio State University ElectroScience Laboratory, Department 
of Electrical Engineering; prepared under Contract F33615-72-C- 
1435 for Wright-Patterson Air Force Base. 

13. Rayleigh. Lord (J. W. Strutt), The Theory of Sound. 1877, 
Dover Publications, pp. 35-42. 

14. Borison, S. L., "Probability Density for the Radar Cross 
Section of One or More Randomly Oriented Dipoles," 
Group Rept. 1964-33, M.I.T. Lincoln Laboratory, 22 June 1964. 
AD 442 679. 

15. Stantar, R., "Chaff Cloud Signature I Measurement Program," 
Rept. AFAL-TR-73-57, Hycor, Inc., Woburn, Mass., under USAF 
Avionics Laboratory Contract F33615-72-C-1606. 

16. Spiegel, M. R,, Theory of Problems of Statistics. Schaum 
Publishing Co., New York, 1961, p. 70. 

17. Spiegel, M. R., op. cit., p. 29. 

18. Spiegel, M. R., op. cit., p. 123. 

19. Hoel, P. G,, Introduction to Mathematical Statistics, 
3rd Ed., John Wiley and Sons.  ' 

* «  i   i *. * 

20. Spiegel, M. R., op. cit., pp. 142-144. 

21. Richmond, J. H., "Reaction Theorems and Plane Surface 
Waves," Engineering Experiment Station, College of 
Engineering, The Ohio State University, Vol. 28, No, 4, 
July 1959, Part I. 

22. Harrington, R. F., Field Computation by Moment Methods 
MacMillan Company, New York, 1968. ~ "*~ 

342 

--r   : ■•■■ •    __   ■   . VÄ . 



STOWSW^.TraW".«»!!?1«»*!«^«"«. ^»»»JWP^.Wfim   1 .Ji Ji .ill imjim ■■-•■-----■'•        .~-»5If»   — ■     "" 

0 
I 

II 
D 
0 

23. Kennaugh, E. M., "Polarization Properties of Radar 
Reflections," Report 389-12, The Ohio State University 
ElectroScience Laboratory, Department of Electrical 
Engineering; prepared under Contract AF 28(099)-90 for 
Rome Air Development Center, March 1952, 

24. Richmond, J. H., "Radiation and Scattering by Thin-Wire 
Structures in the Complex Frequency Domain," Report 2902- 
10, The Ohio State University ElectroScience Laboratory, 
Department of Electrical Engineering; prepared under 
Grant NGL 36-008-138 for National Aeronautics and Space 
Administration, July 1973. 

25. Carson, J. R., "Reciprocal Theorems in Radio Communica- 
tion," Proc. of the IRE, Vol. 17, June 1929, pp. 952-956. 

26. Richmond, J. H,, "Radiation and Scattering by Thin-Wire 
Structures in the Complex Frequency Domain," Report 2902-10, 
July 1973, The Ohio State University ElectroScience Laboratory, 
Department of Electrical Engineering^prepared under 
Grant No, NGL 36-008-138 for National Aeronautics and Space 
Administration, 

27. Kouyoumjian, R. G., "The Calculation of the Echo Areas 
of Perfectly Conducting Objects by the Variational 
Method," Doctoral Thesis, The Ohio State University, 
Columbus, Ohio, 1953. 

28. Wang, N, N., J. H. Richmond, et al., "Sinusoidal Reaction 
Formulation for Radiation and Scattering from Conduting 
Surfaces," IEEE Trans, on Antennas and Propagation, Vol, 
AP-23, No. 3, May 1975, pp.  376-382. 

29. Richmond, J. H., "A Wire-Grid Model for Scattering by 
Conduting Bodies," IEEE Trans, on Antennas and Propaga- 
tion, Vol. AP-14, No, 4, November 1966, pp. 782-786. 

30. Lin, Y. T. and J. H. Richmond, "EM Modeling of Aircraft 
at Low Frequencies," IEEE Trans, on Antennas and Propaga- 
tion, Vol. AP-23, No. 1, January 1975, pp. 53-56. 

31. Thiele, G. A., "Wire Antennas," in Computer Techniques for 
Electromagnetics, ed. by R. Mittra, Pergamon Press, New 
York, 1973, Chapter 2. 

32. Richmond, J. H,, "Computer Analysis of Three-Dimensional 
Wire Antennas," Report 2708-4, The Ohio State University 
ElectroScience Laboratory, Department of Electrical 
Engineering; prepared under Contract DAAD05-69-C-0031 
for Ballistic Research Laboratory, Aberdeen Proving 
Ground, December 1969. 

I 
343 

4' 

AI»JI .).. gaggiiaMaaiafliktig« 



,■»?.,„",.„- •       -- .... ...i.. -^...^ „„.„.. m, .y.., III..^   IMIWIHIIilllllMHHHHIW.III    IWIII '     'I IHN"» 

0 

i. 

33. Miller, E. K. and F. J. Deadrick, "Some Computational 
Aspects of Thin Wire Modeling," Interaction Notes, Note 
153, Lawrence Livermore Laboratory, University of Cali- 
fornia, Livermore, June 19, 1973. 

34. Tai, C. T., "Electromagnetic Back-Scattering from Cylin- 
drical Wires," Journal of Applied Physics, Vol. 23, No. 8, 
August 1952, pp. 909-916. 

35. Miller, E. K. and F. J. Deadrick, "Thin Wire Modeling." 

36. Richmond, J. H., "Computer Analysis," 

37. Ibid, pp. 10-15. 

38. Cable, V.P., "Application of Linear Iteration to Electro- 
magnetic Scattering by Random Arrays of Wires," Report 
3401-2, August 1975, The Ohio State University ElectroScience 
Laboratory, Department of Electrical Engineering; prepared 
under Contract F33615-72-C-1435 for Wright-Patterson Air 
Force Base, Ohio. 

39. Ibid, pp. 10-15. 

40. Rose, D. J. and R.A. Willoghly (Ed.), Sparse Matrices and 
Their Applications, Plenum Press, New York - London, 1972. 

41. Tinney, W. F. and J. W. Walker, "Direct Solutions of Sparse 
Network Equations by Optimally Ordered Triangular Factorization," 
IRRE Proceedings, Vol. 55, No. 11, Novenber 1967, pp. 1801-1809. 

42. Sato, N. And W. F. Tinney, "Techniques for Exploiting the 
Sparsity of the Network Admittance Matrix," IEEE Trans, 
on Power Apparatus and Systems, Vol. 82, December 1963, 
pp. 944-950. 

43. Gustavson, F, G. W. Liniger, and R. Willoughbly, "Symbolic 
Generation of an Optical Crout Algorithm for Sparse Systems 
of Linear Equations," Journal of the Association for 
Computing Machinery, vol. 17, no. 1, January 1970, pp. 87-109. 

44. Berry, R.D., "An optimal Ordering of Electronic Circuit 
Equations for a Sparse Matrix Soluiton," IEEE Trans, on 
Circuit Theory, vol. CT-18, no. 1, January 1971, pp. 40-50. 

45. Tewarson, R. P., Sparse Matrices , Academic Press, New York- 
London, 1973.   " '"   — 

46. Fedeev, D. K. and V. N. Faddeeva, Computational Methods of 
Linear Algebra. W. H. Freeman and Co.. San Francisco, 1963, 
pn. 144-147. 

I 

Ü 

D 
D 
1] 

II 
D 
D 
D 

0 
0 

344 

mm 

«RKIMf    ■    ■   \ 



■V>.,,UM,,WJ.J.«I,„!W„«VB •w-»«»™ra»T»^««r^ww!WP»«rr,^l«^^ 

| 

™4 
? a 

I 
i 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

47. Westlake, J,  R,, A Handbook nf Numprical  Matrix Inversion 
and Solution of Linear Equationsf John Wiley and Sons, Inc., 
New York, London, Sydney, pp. 4-15, 

48. Varga, R. S., Matrix Iterative Analysis,    Prentice-Hall, Inc., 
Englewood Cliffs, New Jersey, 1962, pp. 56-57. 

49. Varga, Matrix Iterative Analysis pp. 56-57. 

50. Ibid, p,  58. 

51. Young, D. M., Iterative Solution of Large Linear Systems. 
Acadeinic Press, New York, 1975, Chapter 11. 

53. Ibid. 

54. Ibid. 

55. Varga, Matrix Iterative Analysis, Chapter 3. 

56. Ibid. 

57. Young, Iterative Solution, p. 41. 

58. Fair, G., "ALLMAT:   ATSS-360 FORTRAN IV Subroutine for 
Eigenvalues and Eigenvectors of a General Complex Matrix," 
Lewis Research Center, NASA TN 0-7032, N71-15833, January 
1971. 

59. Tai, C. T., "An Iterative Method." 

60. Castello, D. and B.A. Munk, "Table of Mutual Impedance 
of Identical Dipoles in Echolon," Report 2382-1, The Ohio 
State University ElectroScience Laboratory, Department of 
Electrical Engineering; prepared under Contract F 33615-67- 
C-1507 for Air Force Avionics Laboratory, Wright-Patterson 
Air Force Base, October 1967. 

61. Garbacz, R. J., "Introduction of Characteristic Modes for 
Chaff Applications," Report 2584-6, April 1970, The Ohio 
State University ElectroScience Laboratory, Department of 
Electrical Engineering; prepared under Contract F33615-68- 
C-1252 for Air Force Avionics Laboratory, Wright-Patterson 
Air Force Base, Ohio.    (AD 869 208) p.  38. 

62.      Potter, E. A. and R. T. Compton, Jr., "Computer Simulation 
of Aircraft Tracker Problems in the Presence of Chaff," 
Report 3401-3, September 1975, The Ohio State University 
ElectroScience Laboratory, Department of Electrical 
Engineering; prepared under Contract F33615-73-C-1173 for 
Aeronautical Systems Division/PPMEB, Wright-Patterson Air 
Force Base, Ohio. 

345 

~ ■ ; ~ ■ ——__— ■.'.'. 

^mrmmm ^_._._^afe.;.. ^ ■■■£ *: i M^L-r,- 



m 

.-.^^■Pt»!]!!,,,,,^,-,^^ 

UPPLE 

.  ; 

y 

t 

i 

«rJ 

!■• 

'   . 
! ■ 

•> 

1     L 
•... 

;. 

-t- 

• 

V 
*"l ■»— 

I 



1 

Errata 

AD-B013 005 

Page 112 is not available. 

DTIC-DDAC 
Ik Dec 8^ 

> 

■   . 

^^^^^^i^^^M 
mitf ii*»«^-**wnTW WjIMI 


